
33 8

2016 8 Control Theory & Applications
Vol. 33 No. 8

Aug. 2016

super twisting

DOI: 10.7641/CTA.2016.50889

1†, 1, 2, 1

(1. , 410073; 2. , 200436)

: super twising , ,

super twisting . .

, , . Lyapunov

, Schur . , ,

, .

: super twisting ; ; ; ; ;

: TP273.2 : A

Adaptive dual layer fast super twisting control algorithm
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Abstract: Two modified super twisting algorithms with adaptive gains are proposed for improving the convergence rate

and averting the overestimation of gains which is often occur in present algorithm. One proposed algorithm is obtained

by adding an additional linear term, and another algorithm is modified by using the fast terminal slide mode trending law.

All variable gains in proposed algorithms are adaptively adjusted by using the dual layer adaptation schema which has

exploited the concept of equivalent control; therefore, the gains are adjusted as small as possible. The proposed algorithms

and dual layer adaptation are formally analyzed by using the Lyapunov methods to prove that the convergence properties are

improved. The parameters setting strategies are proposed base on the bounded-real lemma and Schur complement lemma

for both algorithms, respectively. Simulation results show that the convergence rate and robustness of proposed algorithms

are superior to the original one when the total energy consumption is practically unchanged.
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.

Edwards ,

,
[16] [17] ST ,

, ,

0.

Edwards [17] ,

.

ST ,

,

,

Lyapunov

.

,

, .

2 (Problem formulation)
[17] super twisting :

ṡ(t) = −α(t) |s(t)|1/2 sgn s(t) + z(t) + φ(s, L),

ż(t) = −β(t)sgn s(t) + f(t),
(1)

: s, z ∈ R, f(t) ,

|f(t)| < a0, α(t) > 0, β(t) > 0 L(t)

> l0 > 0 :

α(t) =
√
L(t)α0, (2)

β(t) = L(t)β0, (3)

α0 β0 ,

(1) . L(t) ,

4 . super twisting ,

(1)

φ(s, L) = − L̇(t)

L(t)
s, (4)

L(t) , L̇(t) = 0, φ(s, L) = 0,

super twisting .

L(t) > a0, β0 > 1, α0 = 2
√
2β0,

: (1) Tr s(t) =

ṡ(t) = 0, Lyapunov

V = xTPx, (5)

: x = [
√
L(t)|s(t)|1/2sgn s(t) z]T, P

,

Tr �
2

γ1
V 1/2(0), (6)

: γ1 = ε0l0
√
λmin(P ), ε0 , α0

β0 , λmin(P ) P .

: (1)

super twisting ,

, .

, .

1[18–19] Lyapunov V (t)

λ1 > 0, λ2 > 0 0 < θ < 1

V̇ (t) + λ1V (x) + λ2V
θ(x) � 0,

,

Tr �
1

λ1(1− θ)
ln(1 +

λ1

λ2

V 1−θ(0)).

3 ST (Fast super twisting

algorithm with variable gain)
3.1 1 ST (Fast super twisting algori-

thm: version 1)
super twisting{

ṡ=−α(t)(|s|1/2sgn s+ ks) + z + φ(s, L),

ż=−β(t)(sgn s+ 3k|s|1/2sgn s+ 2k2s) + f(t),
(7)

: k > 0 , α(t) β(t)

, (2) (3). φ(s, L)

φ(s, L) = − L̇(t)

L(t)
(1− k|s(t)|1/2

1 + 2k|s(t)|1/2 )s. (8)

1 (7) (1) [20]

, |s|1/2sgn s+
ks |s|1/2sgn s,

.

,

x =

[
x1

x2

]
=

[√
L
(|s|1/2sgn s+ ks

)
z

]
, (9)

d

dt
|s| = ṡsgn s,

ẋ1 = (
1

2|s|1/2 + k)(−α(t)x1 +
√
Lz). (10)

, φ (8),

:

L̇

2
√
L
(|s|1/2sgn s+ ks) +

√
L(

1

2|s|1/2 + k)φ = 0.

(7),

ẋ2 = ż = −(
1

|s|1/2 + 2k)
β(t)√
L
x1 + f(t). (11)

(10)–(11),

ẋ1 =
√
L(

1

|s|1/2 + 2k)(− α(t)

2
√
L
x1 +

1

2
z),

ẋ2 =
√
L(

1

|s|1/2 + 2k)(−β(t)

L
x1 + f̃),

(12)

f̃(t)
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f̃(t) =
|s|1/2f(t)√

L(1 + 2k|s|1/2) . (13)

|x1| =
√
L|s|1/2(1 + k|s|1/2), (14)

f̃(t)

|f̃(t)| = |s|1/2√
L(1 + 2k|s|1/2) |f(t)| �

|f(t)|
L

|x1|.
(15)

α(t) β(t) ,

(12)

ẋ = D(s)(A0x+B0f̃), (16)

:

A0 =

⎡
⎣−1

2
α0

1

2
−β0 0

⎤
⎦ , B0 =

[
0

1

]
,

D(s) =
√
L(

1

|s|1/2 + 2k).

1 L(t) L(t) > a0 � |f(t)|,
(2)–(3) α0 β0 ,

(17) P

PA0 +AT
0 P + PB0B

T
0 P + CT

0 C0 < −ε0P, (17)

: C0 = [1, 0], ε0 > 0. (7) Tr

2 , s(t) = ṡ(t) = 0,

Tr �
2

γ2
ln(1 +

γ2
γ1

V 1/2(0)), (18)

: γ1 = ε0l0λ
1/2
min(P ), γ2 = 2ε0l

1/2
0 k.

Lyapunov V =
1

2
xTPx,

V̇ = D(s)(xT(AT
0 P + PA0)x+ 2xTPB0f̃) �

D(s)(xT(AT
0 P + PA0 + PB0B

T
0 P )x+ f̃2).

(15), L(t) > a0 � |f(t)|,
|f̃(t)| � |f(t)|

L(t)
|x1| � |x1|,

V̇ �D(s)(xT(AT
0 P+PA0+PB0B

T
0 P )x+x2

1)=

D(s)xT(AT
0 P+PA0+PB0B

T
0 P+CT

0 C0)x.

α0 β0 (17) ,

V̇ � −ε0
√
L

|s|1/2 V − 2ε0
√
LkV

.

λmin(P )‖x‖22 � V � λmax(P )‖x‖22,√
L|s|1/2 < |x1| < ‖x‖,

|s|1/2 �
√

V

λmin(P )L
,

V̇ �− ε0Lλ
1/2
min(P )V 1/2 − 2ε0L

1/2kV �
− γ1V

1/2 − γ2V. (19)

(19) γ1, γ2 0, 1 :

Tr x(t) = 0 , Tr (18). x(t)

(9), , s(t) = 0 z(t) = 0 ,

(7), ṡ(t) = 0 .

3.2 2 ST (Fast super twisting algori-

thm: version 2)
super twisting

ṡ = −α(t)|s|1/2sgn s− η(t)s+ z + φ(s, z, L),

ż = −β(t)sgn s− κ(t)s+ f(t),
(20)

α(t), β(t) , (2) (3).

η(t), κ(t) φ(s, z, L)

η(t) = Ln(t)η0, (21)

κ(t) = L2n(t)κ0, (22)

φ(s, z, L) = − L̇(t)

L(t)
(1− �num(s, z, L)

�den(s, z, L)
)s. (23)

(23) , �num �den

�num = (1− n)L2n−1(2κ0 + η2
0)|s|3/2sgn s+

(1− n)Ln−0.5α0η0s+

(n− 1)Ln−1η0z|s|1/2, (24)

�den = (2β0 +
α2

0

2
)|s|1/2sgn s+

L2n−1(2κ0 + η2
0)|s|3/2sgn s+

3

2
Ln−0.5α0η0s− α0

2
√
L
z − Ln−1η0z|s|1/2.

(25)

2 (20) (7) , ż ,

|s(t)|1/2sgn s(t), (1)

. (21)–(22) n = 1 ,

�num = 0, φ(s, z, L) , (4) .

ST (20), .

2 L(t) L(t) > a0 � |f(t)|,
(2)–(3) (21)–(25) α0, β0, η0 κ0

Q, B P , Q, B P

Q = A− C, (26)

B = η0

⎡
⎢⎣β0 + 2α2

0 0 0

∗ κ0 + η2
0 −η0

∗ ∗ 1

⎤
⎥⎦ , (27)

P =
1

2

⎡
⎢⎣4β0 + α2

0 α0η0 −α0

∗ 2κ0 + η2
0 −η0

∗ ∗ 2

⎤
⎥⎦ , (28)

(26) A C
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A =
α0

2

⎡
⎢⎣2β0 + α2

0 0 −α0

∗ 2κ0 + 5η2
0 −3η0

∗ ∗ 1

⎤
⎥⎦ , (29)

C =

⎡
⎢⎢⎣
−α0ϑ −1

2
η0ϑ ϑ

∗ 0 0

∗ ∗ 0

⎤
⎥⎥⎦ , ϑ =

f(t)sgn s

L(t)
, (30)

ST (20) Tr 2

, s(t) = ṡ(t) = 0. (18),

: γ1= l0
λmin(A−C)λ

1/2
min(P )

λmax(P )
, γ2= ln0

λmin(B)

λmin(P )
.

Lyapunov

V = 2L(t)β0|s|+ L2n(t)κ0s
2 +

1

2
z2+

1

2
(
√
L(t)α0|s|1/2sgn s+ Ln(t)η0s− z)2.

(31)

(31) :

V = ξTPξ, (32)

: ξ = [
√
L|s|1/2sgn s Lns z]T, P (28)

. Lyapunov φ(s, z, L)

:

V̇ = 2βsgn sṡ1 + 2κsṡ1 + zż+

(α|s|1/2sgn s+ ηs− z)(
α

2|s|1/2 ṡ1 + ηṡ1 − ż),

ṡ1 = −α|s|1/2sgn s− ηs+ z,

V̇ = −
√
L

|s|1/2 ξ
TAξ − LnξTBξ−

α|s|1/2sgn sf(t)− ηsf(t) + 2zf(t), (33)

A B (29) (27) ,√
L

|s|1/2 ξ
TCξ =

− α|s|1/2sgn sf(t)− ηsf(t) + 2zf(t), (34)

C (30) . (33)–(34)

V̇ = −
√
L

|s|1/2 ξ
T (A− C) ξ − LnξTBξ, (35)

α0, β0, η0, κ0 A− C B

, (35)

V̇ � −
√
L

|s|1/2λmin (A− C) ‖ξ‖2 −

Lnλmin(B) ‖ξ‖2 , (36)

: λmin(A− C) > 0, λmin(B) > 0 A

− C B . Lyapunov V

ξ :

‖ξ‖2 � V

λmax(P )
, (37)

√
L|s|1/2 = |ξ1| � ‖ξ‖ � V 1/2

λ
1/2
min(P )

, (38)

(36)–(38)

V̇ �− L
λmin(A−C)λ

1/2
min(P )

λmax(P )
V 1/2−Lnλmin(B)

λmin(P )
V �

− γ1V
1/2 − γ2V. (39)

(39) γ1, γ2 0, 1 ,

Tr ξ(t) = 0 , Tr (18). ξ(t) ,

, s(t) = 0 z(t) = 0 ,

(20), ṡ(t) .

3 ST

TF
sup =

2

γ2
ln(1 +

γ2
γ1

V 1/2(0)),

TO
sup =

2

γ1
V 1/2(0), , : TF

sup = TO
sup

ln(1 + μ)

μ
, μ

=
γ2
γ1

V 1/2(0), μ > 0 ,
ln(1 + μ)

μ
< 1,

TF
sup � TO

sup. ,

, ,

.

3.3 (Control parameters setting)
1 2 :

, , (7)

(20) .

.

(7), k � 0

, k , k=0

(1). (The bounded-real lemma)[21],

A0 Hurwize , [A0, B0, C0] ,

(17) ‖H(p)‖∞ < 1, p ∈
C ,

H(p) = C0 (pI −A0)
−1

B0 =
1

2p2 + α0p+ β0

,

(40)

, β0 > 1 . α0 =

2
√
2β0, : −√

β0/2,

A0 .

(20), Schur , Q, B P

9 . |ϑ| � 1 ,

α0 > 51/4, η0 > 0, β0 > 1,

κ0 >
8η2

0β0 + 22η2
0 + 9α2

0η
2
0

4 (β0 − 1)
,

(41)

(41) , 2 .



8 : super twisting 1123

4 (Adaptive dual layer gain)
1 2 : L(t) > a0 � |f(t)|,

L(t) f(t)

, L(t)

. [16–17] [22–23] ,

, L(t) f(t)

, L(t) >

|f(t)| L(t) .

,

ST .

(7) (20) , ż ≡ 0,

β(t)sgn s :

ueq = β(t) [sgn s(t)]eq + y(s) = f(t). (42)

(7) (20), y(s)

y(s) =

⎧⎨
⎩β(t)

(
3k|s(t)|1/2sgn s(t) + 2k2s

)
,

κ(t)s(t).
(43)

[sgn s(t)]eq
sgn s(t) , [sgn s(t)]eq ∈ (0, 1]. ueq

,

, ueq ,

:

σ̇(t) =
1

τ
(sgn s(t)− σ(t)),

ûeq(t) = β(t)σ(t) + y(s),
(44)

0 < τ � 1, σ [sgn s]eq
, τ , ,

ς(τ) = [sgn s]eq − σ. (45)

τ → 0 , ς(τ) → 0, σ

[sgn s]eq . (42) (44),

sgn s , f(t)

.

L(t), L(t) > |f(t)| .

L(t)

L(t) = l0 + l(t), (46)

: l0 ; l(t) ,

l̇(t) = −ρ(t)sgn δ(t). (47)

ρ(t)

ρ(t) = r0 + r(t), (48)

r0 ; r(t)

ṙ(t) = γ|δ(t)|, (49)

γ > 0 ; (47) (49) δ(t)

δ(t) = L(t)− 1

aβ0

|ûeq(t)| − ε, (50)

a > 0 , 0 < aβ0 < 1, β0

(3) ; ε > 0 .

, ε a

L(t) .

3 f(t)

|f(t)| � a0 < +∞,

|ḟ(t)| � a1 < +∞,

a0 a1 , (44) , ς(τ)

= 0; (46)–(50)

L(t) > |f(t)| .

(42)(44)–(45), , δ(t)

δ(t) = L(t)− 1

aβ0

|f(t)| − ε, (51)

δ(t), (47)–(48)

δ(t)δ̇(t) = δ(t)l̇(t)− δ(t)

aβ0

d

dt
|f(t)| �

− r0 |δ(t)| − r(t) |δ(t)|+ a1

aβ0

|δ(t)| .
(52)

e(t) =
a1

aβ0

− r(t), (53)

(49),

ė(t) = −ṙ(t) = −γ |δ(t)| . (54)

δ(t) e(t) , Lyapunov

V =
1

2
δ2 +

1

2γ
e2, (55)

δ e

V̇ � (
a1

aβ0

− r0 − r(t)− e(t)) |δ(t)| =

− r0 |δ(t)| . (56)

LaSalle , (56) , ∀t > 0,

|e(t)| � sup
t>0

(e(t)) < +∞. , t0,

t > t0 , |δ(t)| < ε/2, (51)

L(t) >
ε

2
+

1

aβ0

|f(t)| > |f(t)|, (57)

0 < aβ0 < 1.

4 3 (ς = 0),

L(t) > |f(t)|. ( ) ,

(ς �= 0), (57)

L(t) > |f(t)− L(t)β0ς|+m(a, ε), (58)

m(a, ε) =
1− aβ0
aβ0

|ûeq(t)|+ ε

2
> 0 , a

ε .

|f(t)− L(t)β0ς| � |f(t)|+ β0 |L(t)ς| ,
|ζ(t)| � |L(t)ς|,
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L(t) > |f(t)|+ β0ζ(t) +m(a, ε), (59)

ε a, m(a, ε) > |β0ζ(t)|,
L(t) > |f(t)|.

5 3 , LaSalle ,

, r(t) l(t) ,

L(t) .

5 (Simulation example)
5.1 (Disturbance observer)

ST
[22].

,

, :

JΩ̇ = u(t) + g(t), (60)

: u(t)

J ; g(t) ; Ω(t)

, ,

ω(t) = Ω(t) + ΔΩ(t), (61)

ΔΩ .

ω(t)

u(t) , g(t)

, , g(t)

g(t) =

⎧⎪⎪⎨
⎪⎪⎩
− cos t− 0.5 cos(3t), t ∈ [0, 5),

−3 cos (t+ 0.78)− 1.5 sin(3t),

t ∈ [5,+∞).

(62)

, s = J(ω − ω̂) .

(60)–(61),

ṡ = u+ g + JΔΩ̇ − J ˙̂ω, (63)

˙̂ω(t)

˙̂ω(t) =
1

J
(u+ f̂(s, Z)), (64)

f̂(s, Z) ST . ,

ST — (7) (20)

—f̂(s, Z)⎧⎨
⎩f̂ = α(t)

[|s|1/2sgn s+ ks
]− Z − φ,

Ż = −β(t)
[
sgn s+ 3k|s|1/2sgn s+ 2k2s

] (65)

⎧⎨
⎩f̂ = α(t)|s|1/2sgn s+ η(t)s− Z − φ,

Ż = −β(t)sgn s− κ(t)s.
(66)

g +ΔΩ̇ , (63)–(64)

super twisting , ,

(46)–(50),

s = ṡ = 0 . , f̂(s, Z)

g +Δω̂ . f̂(s, Z)

g(t) , ΔΩ

0 .

(1)(7)(20) [13]

f̂(s, Z). ,

: ADLST, ADLST1, ADLST2 AGST .

,

1 , AGST 10.

, ,

10−5 s. 1–3 .

1

Table 1 The parameters in simulation

β0 1.1 a 0.86

α0 2.97 ε 0.05

k 1 γ 10

η0 0.5 τ 10−3

κ0 68.75 r0 0.1

(a)

(b)

(c)

1

Fig. 1 Trajectories of uncertainty and its estimation
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(a)

(b)

2

Fig. 2 Response curves of sliding variable

(a)

(b)

3 β(t) r(t)

Fig. 3 Curves of variable gain

1

: (a) (0∼10 s)

, 4

, ,

; (b) (0 s)

, AGST 0.58 s

, ADLST1, ADLST2 ADLST 0.75 s, 0.69 s

1.38 s ; (c)

(5 s) , ADLST2

0.25 s , ADLST1, ADLST

AGST 0.55 s, 1.04 s 1.14 s.

2 ,

ST (ADLST1 ADLST2)

. (b) , AGST

,

(

).

3 , (a) β(t) ,

ADLST2

, AGST

, ,

. , 3

, AGST

,

, . (b)

r(t) ,

(49), r(t) , , r(t)

, ( 5)

.

5.2 (2–SM controller)
ST

, .

,

.

,

, ,

(J +ΔJ)Ω̇ = u(t) + g(t), (67)

(60) , (67) ΔJ .

u(t),

ΔJ g(t) , Ω

ΩC . , s = Ω −ΩC,

ṡ =
u

J
+G, (68)

G = − ΔJ

J(J +ΔJ)
u+

g

J +ΔJ
− Ω̇C

.

, (7) (20),

⎧⎨
⎩u = J{−α(t)[|s|1/2sgn s+ ks] + Z + φ},
Ż = −β(t)[sgn s+ 3k|s|1/2sgn s+ 2k2s]

(69)

⎧⎨
⎩u = J{−α(t)|s|1/2sgn s− η(t)s+ Z + φ},
Ż = −β(t)sgn s− κ(t)s.

(70)

G ,

(7) (20) , ,

,

, , Ω = ΩC, Ω̇ = Ω̇C.

(ADLST)
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(ADLST1 ADLST2) . g(t)

(62) , J = 1, ΔJ =

0.5, 1 , 4 6.

4 . , (a)

,

. (b)

( ),

,

.

(a)

(b)

4

Fig. 4 Trajectories of actual rotation speed and control error

5 . , (a)

,

, 2 (ADLST2)

. (b) ,

.

(a)

(b)

5

Fig. 5 The amplitude of control torque and total energy con-

sumption

6

Fig. 6 Curves of variable gain

6 (46) L(t) .

L(t) ,

, .

, 2 (ADLST2)

.

6 (Conclusions)

super twisting , 1

, ,

2 .

super twisting ,

. Lyapunov ,

, ,

.

, ,

, Lyapunov ,

super twisting

,

, .

,

, 2 .

, ,

, ,

.

(References):

[1] LEVANT A. Robust exact differentiation via sliding mode tech-

nique [J]. Automatica, 1998, 34(3): 379 – 384.

[2] LEVANT A. Principles of 2-sliding mode design [J]. Automatica,

2007, 43(4): 576 – 586.

[3] LEVANT A. Homogeneity approach to high-order sliding mode de-

sign [J]. Automatica, 2005, 41(5): 823 – 830.

[4] LEVANT A, PAVLOV Y. Generalized homogeneous quasi-conti-

nuous controllers [J]. International Journal of Robust and Nonlinear
Control, 2008, 18(4): 385 – 398.

[5] MORENO J A, OSORIO M. A Lyapunov approach to second-order

sliding mode controllers and observers [C] //The 47th IEEE Confer-
ence on Decision and Control, 2008. New York: IEEE, 2008: 2856 –

2861.
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