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Adaptive repetitive learning synchronization of
uncertain fractional order multi-scroll chaotic systems

SUN Mei-mei, HU Yun-an, WEI Jiam—mingJr
(Department of Control Engineering, Naval Astronautical and Aeronautical University, Yantai Shandong 264001, China)

Abstract: The adaptive repetitive learning synchronization problem of uncertain fractional order multi-scroll chaotic
systems is investigated in this paper. A novel kind of fractional order multi-scroll chaotic system is designed by using
hysteresis function, where the number of the scroll can be adjusted by different design parameters. The synchronization
problem of this class of systems with non-parametric uncertainty, periodic time-varying parametric uncertainty, constant
parametric uncertainty and external disturbances is considered and a repetitive learning based synchronization controller is
presented. Adaptive neural network technique is utilized to compensate for the non-parametric uncertainty of the system,
periodic time-varying parametric uncertainty is dealt with by adaptive repetitive learning scheme and the neural network
approximation errors and external disturbance are handled by adaptive robust learning term. The synchronization error
convergence is proven by using frequency distribution models scheme combing with Lyapunov-like energy function. Nu-

merical simulation is given to verify the validity of the proposed method.
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B EN 2 IR RS, 2) B IR T HATIN AR
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2 #E£ T AE(Preliminaries)
2.1 By & G AH 2% 2 X (Relevant definitions of

fractional order system)
Gamma bR ECn HE) T 2 S8 2 40, X
FRAT T, ek F If Gamma pR Rk B 0 F
I'(n) = fooo nletdt. (1)
LR G GAVI D A RS P wups e (] e
T DLIRBCE T 5 R A A S BN R oy ST
DT Jy 1

dCE
— a >0,

a=0, 2

f (do)”, a < 0,
o o W EHL tRasr s E I SRR S
I X Mittag-Lefflerif %) 2 I H T~ 53 $a iz &,
TR ER R A, WIS RS EAPISE N MTE A,
G n RIS

00 Zk
E.(z) = go That D) 3)
FEHL, Mo = 1, Mittag-Leffer e £ & e
o2
CELTHTL “)
P ZH I Mittag-Leffler s 5 ik L n RIS
00 Zk
Eop(z) = kgo Thatd) (5)

Hrf:a>0,8>0,2€C. =1, E,(2) =E,1(2),
ME;1(z) = €.

TE B s FOR i R, V5 2 5238 # AN R (1)
RS, gt T AR e S 3R F 0 oA
Griinwald-Letnikov & X . Riemann-Liouvill i& X #lI
Caputo & X.

EMX 1 Griinwald-Letnikov4) 0 ik 45 7] /75
%[15]
Def(t) = lim — 3 (—17 (¥ ) (= jh). ©
at¢ - hos0 ha = ] .7 I

wp (@)oo Tle+l)
J Ma=t I'(G-DI'(a—j+1)
TENX 2  Riemann-Liouvill4r AR 49 58 AT
Fon kUl
Dif(t) =

1 t f(r)dr
) L (t

F(TL*O[ _T)a—n+1’
n—1<a<n. @)
EX 3 Caputo/ BBy & a2 R Jyld]

1 t f(r)dr
D¢ =
a tf(t) F(n—a) J; (t—T)a7n+17
n—1<a<n. (8)
E 1 Sehr b, AR EMAMET, DLE3RlE SRS

.

R FRIRTE, A FH DRIR, D LA K48
B Rl R S 2 X H Caputo /7 v, F H Griinwald-
Letnikov & X 7L TEUE ) 1.

I 11T SEYRGEDy(t)=v(t),0<a<],
y(t) € R, u(t) € RuJ LB AFE W T — LRz 2
A
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y(t) = jo o (w)z(w, t)dw,

o *XE PR A o (w) = sin(am)/mw®
z(w,t) €

{ M = —wz(w,t) + v(t),

RGN

3|i¥2“8 AR p >0,z e R, A% 2] —
a tanh(2/p) <ypH L, Je by IE# H y=e” 0D
Bk ¥y = 0.2785.

22 SEMZIREIRIMALG R T (Design of frac-
tional order multi-scroll chaotic system)
BiBOIRAIVEE N 7N O 47 e L E AL E e (e AL
R4

Dafﬁl = T2,
(10)
Dal’g = —a1T + bl,fCQ + ClHyS(dll'l),

Horpe g, o IR &S ay, by, o Fldy o E RS S
B, Hys(dyzy) WA IELNE 2L, U8 Hys(dyay)

m

= hys; (dll’l), HgRE AU
=1

hysi(diz,) =
(i+1)2,  diz > (i+1)2,
— 1 41
hys:(dl.%'7), (Z 2 ) < d1x1 < (Z; ),
1=27—1,7=1,2,3---, (1)
hysi(diz1) =
—1/2, dl.’L'l < (—Z)/2,
—(i =22, diz; > —(i — 2)/2,
. 9
hyS;(dliEi), —% < d1$1 < —(1/ 9 ),

Hrhhys; (-)&Rhys; ()16 L— N 2. 51 5E iFm

5, RGEA0) AT A em + 1M, RIASE—m + 13

L BRI RS

3 BEMNER2EY[FEDEHSS R (Design
of adaptive repetitive learning synchroniza-
tion controller)

A & 8 SR R AN 2 2 B 2
AR R G AT R IR Boh. TR S0
THIVE R IE FIVE L, RO ST — Bk, B
Freit 2 BRI R ZE(10) 20 LR GF
;n—1,

(13)

Daxi = Ti+1, 1= ]-7" :
Daxn = f(x)7

Ho: x=[z 2oz, fz)h C AR P&
£ 2 AN T PERURENHR B 0T RGEI 520, B35 N
RGN

Dayi = Yi+1, 1= ]-a 7n_1)
Dy, = g(y) + Ag(y) + 0" (1)E(y)+ (14
d(t) + u(t),

Horft gy = [yryo- - uynl s g(y) B EHRIIAELE ERRSL,
Ag(y ﬁ*%nﬁﬁfﬁﬁ%lﬁ u(t) A [\l 20 5 0l 4
E(y) € R™EBIR A RREL, d(t) AR5 FAMN T
P, 0(t) € R™ QA 503% 22 Ji B wt A2 2 4, Ho(t) =
E+0(t), ENRMESEL, Ot) AR PES:
WA SH, AT, KRG EES T SEIA
SEI, AL ST AES BN 2 T, A AN i T
HEEELS T WS AT eI, XA E T NS4
AANff Tt
HT0(t) = 2 + O(t), BARO(t) N HIT A1
RANVES: ek ) . [P H bRt E Xy
MRS B TE A iE I il g u(t), A R G144 RER
FERG13) L.

%Xﬂ/i%?éﬂjez -z, 1 =1,2,--- ,n, e=
[er €q---en] ", W 15%@ SRGEN
D%; =e; 1,1 =1,--- ;n—1,
{D“en =g(y) + Ag(y) + 0 (H)E(y)+  (15)
d(t) +u(t) — f(z).
W Xey(t) = [AT 1} et), A=\ M|’

HpA, >0(i=1,2,--- ,n—1) AHurwitzZ I H (s)
="+ Ap18" 2 4 MIREL WHEe (1) =0
ftsol 1, Bl sicile; (t) — 0,4 =1,2,--- ,n

BRig 1 (EEWIsGEE Rz AR, Be; (0)]
<egnt=12,--- n.
e SKEL ik 3
n—1
D%y =D%¢,, + D*( > \ie;) =
i=1
n—1
Daen + Z )\i_Da€i. (16)

i=1
T A BRI GG R ZE 1A
Leffler & 20e X wi FIriL st 2 IZ@L(

18 of 51 A Mittag-

n(t) = eE.(—Kt), K >0, (17)
Hrhe = [AT1][e; &5 -+ &,]".
F 4k Mittag-Leffler pR e AT 50, n(t) &b B

()i, H
n(0) =e,D(t) = eD"Eqo(— K1) =
—KeE.(—Kt) = —Kn(t).

5 B RR R
s(0) = i) n(se( ). (v
W Ssat()
Sat(') = Sgn(') ’ mln{| : ’7 1}7 (19)
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1, - >0,
Hrsgn(:) =<0, - =0, W TR

—1 , - < 0
BRI
les(0)] =
‘)\161(0) + A262( ) + -+ en(O)‘ g
Arler(0)[ + Az [e2(0)[ + -+ - + [en(0)] <
AEr+ g+ F e, =
e =n(0). (20)
= 65(0) VEva
XERF(0) = es(0) — n(0) 0) = OB,
H s (¢) i) ST 4
s(t)sat(‘;’; ((tt))) _

s(t), es(t) > (),

0, les(t)| < n(t), =[s(®)]. @D
—s(t), es(t) < —n(t)

HEE | L, B S A R S 504

Ziiy i
{ 02(w,t) = —wz(w,t) + D%s

ot o ’ 22)
s(t) = jo wlw)z(w, t)dw.
_ sin(am)

, 2(w, t) € RASEPR IR
Twe

&LV, (¢ 2f p(w)z®(w, t)dw, XK TG
V(t) =
IOOO p(w)z(w, t) 8ZE;;’ ) dw =

IOO p(w)z(w, t)(—wz(w, t) + D¥s)dw =

—f (w,t)dw + sDs =
—f p(w)wz?(w, t)dw + s(t) x
(D%es(t) = Dn(t),  es(t) > n(d),

n
[ @) w, O, le(t)] < (), =
- j0°° p(w)wz2(w, )dw + s(t) x
(De. >+Da (), elt) < —n(t)

-, ,u( (w, t)dw+
s(t)(D%es(t) — Dn(t)sgn(s(t))) <
8(75)(5)2 Aj—ie; +9(y) + Ag(y) + ET¢(y)+

OF(t)s(y) +d(t) +u(t) — fz)+

Kn(t)sen(s(t))) =

S(3 Aj-ae; + 9(y) + Ag(y) + Z7¢(y)+

O (1(y) + d(t) + u(t) ~ f(x)+

Kei(t)) — Ks*(t), (23)
R N IS

s(t)(—Kes(t) + Kn(t)sgn(s(t))) =
s(t)(—Ks(t) — Kn(t)sat(es(t)/m(t) )+

Kn(t)sgn(s(t))) =
— Ks*(t) — Kn(t)|s(t)| + Kn(t) |s(t)| =
— Ks*(t). (24)
FFANZE B2 0t A g (o AT, B
Ag(y) = W o(y) +e(y). (25)
BELh 28 I L5 28 TEAN R, W € RUN AR 3
26 W RUH, o(y) = H[%(’ﬁlz) @a(y) - ou(y)]",
ERi(y) =c T L i=1,2, L e(y)

ARG Mg R R 2. W23) Al
i(t) =

SO(S A-res +9(w) + W o(y)+

u(t) — f(z) + Z7&(y) + 07 ()8 (y)+
e(y) —d(t) +K€s( ) — Ks*(t). (26)
HR A A 22 W 25 R P, |e(y) — d(t)] < p, p AR
RN B
iR PE RS
u(t) =
— 3 Ajmes — gy) - WTo(w)+
fla) = Z"e(y) - 0T (1)é(y) -
ptanh(ps(t)/we™ ") — Key(t), (27)

o by ky,w > OCHBEHSEL W, 5, O(t), por)
W=, 5, O(t), pltiftiHi.
WIS A E NN

o) =
0, [-T,0)
{ a(DEY)s (1), te0,7), (28)
9( T) + qé(y)s(t), t € [T, 00),
Da _CI23() (y), (29)
D*Z = q3¢(y)s(t), (30)
Dp = qq|s(t)], (31)

EFI q1,92,93,q4 > 07'71,211‘%%( q0( )E;A$lﬂ



940 ok o® 5 N A

33 3%

HSBIIELLREL, Hao(0) > 0, ¢o(T) = ¢
E2 O61) =0, te (—oo, ) NEALEREX, T

NI

513 o) [ 00) b IS

ik T (y) R IESK éﬁzlﬁt@( Vet € [kT
(k+1)T) &L Z S5 Wi, k=0,1,2,- -

NI PRSI R = KT O () ITESEE.
1) Hk = 11,
H1 B &N 2 442(28) e s(0) = 0, qo(T) = qo PIAN
lim O(t) =

t—=T~

Jim [go(D)E(y)s(1)] = ai€(y)s(T),  (32)
lim O(t) =

t—T+
T [0 = T) + a:é(y)s(0)] =
©&(y)s(T). (33)
BRI, O (1)1t = Thb RS,
2) Hk > 2,

Jm 00 =

Jim [0t = T) + ai&(y)s(t)] =

O((k — 1)T™) + ai&(y)s(kT), (34
SO0 =

Jim [0t —T) + qi€(y)s(t)] =

O((k — )T™) + qi&(y)s(kT). (35)

HI T (y) Fle, (8) 3ELE, O(H)TEL = kTALIE
KIS T O () TEL = (k — 1)TAIBES:E, kT8
Z53E W13 FIO(t) fit = THb & 3% 42 11, N 1O () 75
t = 2TAb VL (. DAL HE, W LA O (1) it =
KT (k > 2)AbHREELL).

g5 TR, O(t), Vt € [0, co) SIS, HFEE.

SN 2E ARG DA Ep > 0. B fl s AR
AR (26)FFF G| B2, n13

Vi(t) <

— Ks*(t) — s(t) (W o(y) + Z7¢(y)+

O (H)E(y) + pls(t)| -

ps(t) tanh(ps(t)/we 1) =

— Ks*(t) — s(t) (W o(y) + E7¢(y)+

O (t)(y)) + pls(t)| — pls(t )\ +

pls(t)] = ps(t) tanh(ps(t)/we™™* ) <

— Ks*(t) = s(t) (W o(y) + Z"¢(y)+

10" (H)E(y)) — pls(t)] + Bwe™, (36)

;H\:EF‘ZW (CL), t), Z=
R

D*EZ = D*5 — D*E = D°&,

DW = D*W — D*W* = D*W,
Dp = D®p — D% = Dp.

FRA 31 301, 45080 2 B TR A3 A TR
{ P = () + ()0l

~ 8t o0
W) = | )z (@, t)dw,

ot .
() = | nw)z=(w, t)dw,

[

azpét )OO: —wz,(w, ) + g4 |s(t)]
pt) = fo p(w)zp(w, t)dw,

5B S ANBEE THR ZE [ Lyapunov BREUH
Vp(t) =

1 S
% L p(w) zgy (W, 1) 2w (w, t)dw+

1

25
1

0 L f(w)z2(w, t)dw.

Loo 11(w) 28 (w, ) 2=(w, t)dw+

R G

Vi(t) =

1 (oo T Ozw (w, t)
B Jo MWWz (W, )=
1 oo T O0zz(w, )

% Jo M(W)Za(wvt)(T)dw+

1 oo 0z,(w, t)

o e n =

1 S
- — p(w)wzy (W, 1) 2w (w, t)dw+
qz Jo

[ )z (w, dws(D)p(y)-
q13 :O p(w)wzz (w,t)2=
j )2 (@, 1) (3)5(1) -

o T pw)wz (w, tdwt

LOO p(w)wz,(w, t)dw|s(t)] <
S(t)WTqﬁ(y) + S(t)éTg(y) +p ’8(t)| '

dw—+

dw =

(w, t)dw+

{ o = —wzz(w,t) + gs€(y)s(t),

Hobk = & — «Ron AUl THR 22, WA R3O

(37)

(38)

(39)

(40)

(w, t)Flz, (w, t) R SEBR IS H A T

(41)

(42)



%57 W

PINTETEEE: ANIE 0 B 22 i BRI AR St 3G Y ﬁ’E%?IHJJLTﬂBJ 941

€ X LyapunoveR AV (t) = Vi(t) + V,(¢), &4
. (36)F(42) n] A0 T 2
V(t) < —Ks*(t) — s(t)O" (t)&(y) + Bwe ",

(43)

4 WS 43 BT (Convergence analysis)

FE 1 X TFRA3VRAH R 5 Fr iR R
95, CEMRV SO MR R, Bevt B N 2% > sl
QN MSHAE N ) Q28)—(31), AT S FR
Fi1HH ER KA 54 D, B, lim e;(t) = 0,
i=1,2,--.n

Uk iR H 2R Lyapunov B A BE & AT 7
T R R E M) \1‘}? *ﬁﬁﬁé\ﬁéi Hoh

E(t f O"(0)O(0)do.  (44)

hTEE’JﬂEﬂﬁiﬁﬁj\MﬁB

1) E(t)HI2457).

WHE)EL — T,t) LHIZES
AE(t) =

E(t)—E(t—-T) =

V() - V(E—T)+ ;]x

[ 167(0)6(0) — 67 (0 — 1)l — T)ldo:
(45)
3t 43) T
V(O - V(E-T) <

Lt_T[_KSQ(U) — 5(0)0" (0)¢(y) + Bwe "]do.

(46)
HT EE M S (28) W] 47

21q1 [ 167(0)6(0) - 67(r — T)x

O(c—T)]ldo =

s ) 6760 - Blo)+
0(y)s(o >>T<é< )+ nEW)s(o mda:
;TéT( da——f o) 1€ (y)|2do.
(47)
#3046 -@nflnX4s), it
AE(t) <

[ Ks%a)da%—ft Bwe M7da
t—T

t=T

q t
SB[ 2w <

s(t), te[0,T)A

d0_+ ﬁw( —]i)l t— T) e klt).
(48)

—j Ks
2) E(t)7E[0,T) Lrf Sk,

t € [0, T, E(t)HEh

1 rt -~ -
BO)=V(0)+ 5 - |, 0T(@)B(0)do.  @9)
Xf BRI BN (28)-(31) AT 1
E(t) =

6" (1)O(t) <

s(H)0" (1)(y)+
TQT( )O(t) + fwe ™t (50)

= qo(1)&(y)

: 1
V(t)+ —
O+ 5

~ K1) -

385 1 T 52 2 5] B 28) 1T 41O (1)

- CRGEIG] (51)

z;éT(t)é(t) <

— Ks*(t) +

V(t) +

OT(t)O(t) + Pwe ™. (52)

1
2(]0(75)
T
T OO EAT, BL= max (&_O)

t€[0,T] (2(]0(t)) },
xR (52)7E [0, ¢] BRI

E(t) <
)— fot Ks* (J)d0+f0t Lda—i—jot Bwe " 17do <
E(0)+ Lt + kiﬁw(l —e kit (53)
1

MBI 1 S HIE N AT R E(0) =
RTSHAGTH IR R, P

V;,(0), FAEHK
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1
E(t) < V,(0) + Lt + k—ﬂw(l —e Mh. (54
1 i
BAR, te[0, T, E(t)tf 5. fEt 0, T,
Htokbridt. W(S4)HA R |
1 -
E(to) < Vp(0) + Lo + —fuo(1 - e Fito) - (55)
) ]
WE (to) A1 FHH. ]
3) 2 I
KFEZt € KT, (k+ 1)T)(k=1,2,3,---), 1 - 23
BNt =to+ KT WX Tt € kT, (k+1)T), H @ .
m =
E(t) =
b1 1.5 T T T T T T T T T
E(to) + - AE( —jT) < 10F 1
§=0
E k=1 nt—jT K ) 0.5+ i
(to) — J;) L ey K5 (@) < ol |
k=11 o o -05f ]
) 7/3("}(6 ki(t=(G+1)T) _ g=ka(t JT)) —
=0 k1 -1.0f .
k=1 nt—jT 9 . . . . . L . .
E(ty) — J;O L_(j+1)T Ks*(o)do+ 5207151005 (;0 0.5 1.0 L5 2.0 2.5
1 1
Fﬂw(e—kl(t—kT) _ e—k1t)' (56) (b) m =9
1
FENEEES LS
k=1 nt—j5T 1.0F 1
Ks*(o)do <
_];O ‘Lf(j+1)T s (U) 7 05+ N
1
E(to) — E(t) + kfﬂW(e_kl(t_kT) — e_klt) < < 0of ]
1 ' -0.5F .
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