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The Discrete-Time Controller Design Based on
Sliding Mode for Manipulators”
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Abstract, In this paper, the design approach of the sliding mode tracking controller with boundary
layer in"[17] is developed in discrete-time systems for the computer control of robots. This paper also
deals with the effect of sampling interval on system performance, proposes a new oompensation method
for furtber improving the tracking precision, and a method for sampling interval selection is given.
Finally, the effectiveness and good performance of the proposed design approach is examined through
the gix degrees of freedom Arm PUMAS60 with digital simulations.
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1 Introduction

Recently, considerable attention has been paid on the variable structure control for discrete-
time systems because of the calculating devices being used as the switching elements in Variable
Structure Systems(VSS). Although partial work{'~4] on this field has been done, open problems

still focus on the following questions: 1) the selection of reaching condition for a fast reaching to
the sliding surface; 2) the elimination of chattering; 3) the effect of sampling interval on system
performance and so on. In this paper the design approach of the sliding mode tracking controller
is developed in discrete-time systems in order to study the computer ‘control of a continuous:plant
with bounded parameter vatiations and external disturbances. The results obtained include
comprehensive consideration of the effect of sampling interval on system performance and furth
improvement of tracking performance. And a better design performance is illustrated by :
comparing with the design approach in [17] with digital simulations of PUMA 560 manipulator.
2 VSS Control of Discrete-Time Systems
2.1 Reaching Condition and Equivalent Control

Consider the following discrete- time state equation related to the SISO system s®=
FCLE (X, 0)u(@)+d(t), considered in [1] o

| XA+ 1) = AGDXE® + ¢Wu®) + WE), 2D

where X == (2,&,-,2% D)7 {5 the state and u is the control input,
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discrete—time systems, a sliding surface in state space is defined as)
s(k) = C(X(k) — Xy(k)), 2.2)
o 5, () = @i (k) 84 (k) 5 oos 5 28~V (k) )T, 24(k) is the desired trajectory to be tracked, O'==

: .0 18 the n-dimensional row vector.
I

gimilar to [17, if the desired bandw1dth of system is A, then a matching relation must be

sansflad
[n— 1] o e
¢ == r ‘, G = 1,°°,n). , (2.3
li— 1l , o
gince the discrete- time implementation of .the sliding mode, a special sliding . mode-——
" ssisliding mode is caused, which have been studied in [27]~[4], etc. In order to assure the
existence of a quasisliding motion and convergence of the state trajectory onto the sliding surface,
2 sufficient and necesaty condition must be satisfied as :

— s(B)sgn(s(k)) < sk + 1) < s(k)sgnl(s(k)), @ 0
where sgn (+) is the sign function. And Eq. (2 4) can be derived easily from the sufficient and
gsary condition defined in Eq. (7) by Sarpturk (2],

In sliding mode, the state satisfies the equations
s(k) = s(b -+ 1) == sk 2)es - o ©(2:5)
From Eq. (2. 1) and Eq. (2. 5), an equivalent control is obtained as ‘
ug(B) =— [CCAG,T) — DX®) + OW (k) + C(Xu(®) — X (k A+ 1))]/CGG),  (2.6)
where G (k) and W (%) are the estimations of G(k) and W (k).
2.2 VSS Control Strategy

nece.

In this paper, the following type control 1aw is considered

W) = uy(k) — 7&5‘(@”(“ t( ;(ZZ))) @n

where P (k) is the vibration coefficient, and sat( « ) is defined by
lyl < 1=sat() =y; |y > 1=>sat(y) sgn (y).
Substituting Bq. (2. 7), Eq. (2. §) into s(k+1), Ylelds “

G4 D) = () — ggg:ipm t( ;((’;)))+ B X)), @.8)
Where ; L e

B, X(8)) = C(GE) ~ G(k)Duy (k) + C(W(k) - W(k)) (29
Tepresents the system parameter and disturbance uncertainty. L »
First, assume that. the boundary layer @ (k) is time-invariant. And the control laws are
discussed from the following two cases, ‘
sk is outside the boundary layer
Here, the state trajectory is expected to enter info the boundary layer in one samplmg»

Intervay by control, i.e.

CGa (k)
CG (k)

sk
&)

= (k) <sCh+ 1) = s(k) —

P(k) t( )+ E(k X(k)) <(D(k) (z 10)
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Because of [a(k) |> (), Eq. (2. 10) is a stronger condition than Eq. (2. 1, By,
gives
s — O(k) + Bk, X ()< g‘g%P (")”t(g%%) |
<5 + O + B, X1). 2
If CG(k) is estimated by CG(k) with a gain margin £, and |2k, X (1)) ISP®), by
estimated by V b&
D) = max | 0@k — 6 | lug®) | + max|CW®) — W@ayy |, "

. @1y

then Eq. (2. 11) is satisfied if
Fls®] = 8 + D®) <P®) < (Js® | + 8% — DY)/, . 13)

2° s(k) is inside the boundary layer ) -

Eq. (2. 8) can be written by 1
s(k+ 1) = rs(k) + E(k,X (%)), Q. 14y

| — WP ) i
IOYION (@ 15)

Eq. (2. 14) represents a one-order digital filter with lowpass filteringproperty as 0<7=<1_

where : 7 o=

Similar to [1], a matching condition must besatisfied so as to avoid exciting the unmodelleq high
frequency dynamics,shown as follows

Tt 22— €0S(AT) — /(2 — cosAT)T — 1 +2, Ar<a, (2.16)
where 7y, is the minimum of 7, related to the biggest bandwidth of the digital filter. And Eq,
(2. 15) gives :

CGPR) . , o ,
ey ~ 1 TSI rw <, @1n)

where )
71 = cos(AT) + /(2 = cosiT)? =1 — 1. (2' 18)

A corresponding balance condition of the variable structure control indiscrete-time systems is def'
tived easily from Eq. (2. 17)
P < rd(k)/p. 2.19)
Next, we discuss what a control is required to keep the state trajectorymoving inside bound-
ary layer. o) Lstet1)
Eq. (2. 14) represents a one-order linear function re=====7 O A

of 8(k) correspondingto the sampling instant kT, E @‘r,:u:__', - |
shown in Fig. 1. In Fig. 1, Tan <P < Pl 1, and _,p(”r’cf(k,,@ e : -
Dm=max|E(k,X(Ic))], l(,/ 0 )
From Fig. 1, we know if s(k+1) is inside the | //""E:;’
boundary layer with |s(k) | =@ (k), all the s (k1) ;:::G?‘%‘ [
—&

will be assured inside the boundary layerwith |s(k) |<C

. Fig. 1 Relations among s(k 4 1 ,s(k) and (k)
?(k). So the required control can be obtained by ’
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|38 | =L @) into Ed- (2.13)
D) < P(k) < (20 — D)/B. (2.20)
Eq. (2 14) and Flg' 1, a constrained condition must be imposed on ¢(k) for he

xdefmg
oo of guch 2 control as

D) > Doue/ (1 = Tawds S ez
- ealls ,-lai(k)<2di(k) —D(k), then a control can be obtained from Eq. (2: 19) and Eq,
e ; o
@ Zo) as .
' D) < PR < n®&) /. - ©(2022)
(2 22) represents a control by which s(k-+1) is kept moving inside the boundary layer.
1f the poundary layer can vary with the system parameter uncertamty, then
PG+ < s+ D < OG+ D (2.23)
In this case, the desired dynamic balance equatlon satxsfymg Eq (2.23) can be obtained
casily 28
for Pk, Xa (k) < 7‘1¢(k)/ﬁ, ;
' 40k + 1) = PaCb, Xe(0))/f — rlcv(k)/ﬂ - @2
for Pk, X (k) > T1¢(k)/ﬂ, o F
AP 4 1) = pP(E, Xu(0)) — @)y o o (2.25)
PC0,X.(0))
where o(0) = M”;z-ig"‘)")‘ s
CG k S T R FET R

2.3 Effect of Sampling Interval on System Performance
If A0(k+1)=0, an approximate relationship of the trackmg precision &(k) can be derived

as
e(k) = BD.(k, X, A+ Ea.(k’l’) YT [riddmt, i L2, 2T)
=1 -
where D,(k,X,(k)) is the system parameter uncertzunty corresp’ondmg to 70, and
b J/(nf—z)x (z=1,',°',n)- . o (2.28)

(2. 27) shows that as T—>0, 7, =AT, it is identical to the casé in continuous-time systeﬁis
However,as T is gettmg bigger, such that 7-1<M’, the matching condition in VSS control of
continuous-time systems is not satisfactory here any more. ‘
Fig. 1 shows that two factors affect the tracking precision. One:is the slope of straight line,
7, related to the bandwidth of digital filter, which affects the dynamic trackmg precision. The
bigger the bandwidth is, the better the dynamic trackmg precision is. Another factor is the
parameter uncertainty , E(k, X (k)), assume that the variation of E(k, X (%)) is slow with respect
“to sampling interval, Fig. 1 shows that once the siope of stralght fine is smaller than certain
value, the tracking precision is mainly determined’ by B (%, X (%)). From Eq. (2:°9); “E (&,

X (%)) is approximately proportional to 7, so the decrease of sampling interval ¢an improve the
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.
dynamic tracking precision. Theory and experiment analysis shows that in the fixed Sa“mphn

interval, 7, must be more than 0. 15 for a good tracking precision, and as 7,>0. 4, the trackinz
precision improvement is smaller, therefore a constraint of 7, is ;
0.15 <r << 0. 4. : (2. 29y
2.4 Disturbance Compensation Scheme . :
The system tracking precision can be further improved by estimating E(k, X ‘(k)), It the

disturbance dynamics are assumed to be slow with respect to the sampling interval, thep ;

disturbance compensation equations are as follows

up(k) = sCk+ 1) — s(k) + P(k)sat(gf(%), : gy
BG+ 1,X( + 1)) = w(®) — B0, X®)), (2. 31)
g + 1) = gk + 1) — Ky{BG + 1,XC + 1))

+ KB XE)D} /(A + K (2. 32)

Where @, (k+1) is determined by Eq. (2. 6), and Ky=(0. 7~0. 9) or (1. {~1. 8)/CG (),
for K1>>0. 6, f<f,/20. ‘
2.5 The Choice of Design Parameter and Sampling Inferval
Parameter 2 is selected according to the following constraints
A dp = 2mup/3; A< Ay = 1/@31p, (2, 33)
where u, is the frequency of the lowest unmodelled structural resonant mode, T, is the largest
unmodelled time-delay in the actuator.
The sampling interval is selected according to following constraints
@ = (5~ 15wy wT <m; 0.15 < < 0. 4, 23
where ay is the bandwidth of the closed systeni, u, is the frequency of the l‘argest Linmodelled
high-frequency dynamics. g
3 An Application Example ‘ .
In this section, a six degrees of freedom Arm PUMAS560 is used as an application example..
for design and simulations, the effectiveness of the proposed control algorithms fdr manipulators
is examined by comparing with the design method for continuous-time systems in [1]. Inorderto
evaluate the design results of the control algorithms, the following indexes are defined to

represent the tracking precision for positions, orientations and the whole control torque for all
links.

J1=J:°(Ix~z¢! + 1y — vl + |z — z])dt, : 3.1

Jy = J:O([Paa: — Poz,| + |Poy — Poy,| + l]Poz — Poz, | )dt, , k(3- 2)
oo 8 ’

Jy = jo D lwlat, 3.3

' = ' :

where 2, y, z, Po, Poy, Poz are the practical positions and orientations of the manipulator in the
task based coordinate system; i, w4 2z, Pos,, Poys, Poz; are the desired. positions and
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pfations’ 1;(3==1,900,6) are the control torques for each link.

) Simulations are carried out in software package for robot systems at the first stage developed

ihe department of computer science and technology of Tsinghua university, with a integral
o . 001s. , a sampling interval 7 == 0. Ols. and design parameter A== 20. The desired

gaieot"ry is a regular hexagon in X-Y plane with the center (0.3 0.4° 0.6 3.0 ¢
_3.0) | |
Table 1 are the indexes and the corresponding values designed by the following design

qthins with no payload and payload 3kg. Fig. 2 ~ Fig. 3 are the simulation results

algot ,
corresﬁ‘m‘img to the design algorithms, where (D the designed result of the design-algorithm for

continuous-time systems in [17]; @ the desighed result of design algorithm for discrete-time

systems; & the designed result of design algorithm for discrete-time systems with distutbance

compensation scheme. O)the desired trajectory.

Table 1 Simulation results

. es. ) 1 2 3
__npproaches conditions ’

The design approach for | payload(Okg) | 5. 78235E-2 0. 154381 115. 566

continuous-time systems | payload(3kg) | 7. 45568E-2 0. 200216 134. 047

The design approach for | payload(0kg) | 5. 25326E-2 0.144356 | 114775

discrete-time systems payload(3kg) | 6.54592E-2 | 0.184395 132. 646

The discrete approach with | Dayload(Okg) | 3.69054E-3 | 6.62904E-2 | = 113.124
disturbance compensation | payload(3kg) | 4.16448E-3 | 7.9785E-2 |  130.274 |

. YXE-2
39. 40/ 39,57
34,474 34. 62
29. 55 29, 68
24,62 24,73
19‘ 70. I L\ R 19‘ 79‘
25.49  35.82  45.88 X XI-2 25.58  35.82  46.05 XXE-2

Fig. 2 Responses following the desired trajectory Fig- 3 Responses following the desired trajectory

From Table 1, a better tracking precision has been obtained by the design approach for
discrege.. time systems with less control torque compared with that for continuous-time systems in
[1] However, as above- metioned in section 2. 3, in terms of the design approach for
‘ontinuoys-time systems, the matching condition, with the parameter 7, == 0. 2 which is more
than ihe permission value 7;==0. 18 used in the design approach for discrete-time systems, is not

&at"‘faclory as the sampling interval is considered. By using disturbance compensation scheme, a
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desired tracking is obtained with remarkable performance improvement (see Table 1).
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