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Abstract
In this paper, the derivation of optimal output feedback control

for the discrete, t1me~- invariant decentralized system is discussed. A

numerical example 111ustratev the application of the theory.

1

introduction st
ihure has been an increasing muerest in the study of deceﬁtral-

1zed uonthT systems ncentl; L=s2 '\Vh«,n @0;111"01 theovy is applled
to so]ve piobiems of 1arge scale *;fstems, an mmo tant feature cal‘ed
dece ntrahzahon arrse:3 i e ma”v,r small statmns Whlch may be Vvide(
ly dis‘tmbuted over a 1arge Ggraphic area makmu tha cenfrahzed
cont101 1rnpos;sxble° Each station is ailowed to observe only 1ocai sys
tem outputs and controx onlv 1ocal 1nput° Since each local statwn 13
mteruonnectea Wﬁh each other, all the lobax con‘uolhrs are 1nvolv°d
in comrollmg the same larm scale s‘vs’fcul In Unxs pape the dtr
ivation of optimal outpu* feedback control with res pect to mhn:te—
time gquadratic performance criterion for the discrete time—inv ariant

decentralized spstem is discussed. One convergent computation algo-

rithm is proved and proposed, and a numerical example is illustrated.

2, The Statement of the pmbiem and the Analysis
Counsider the discrete, time —invariant decentralized control sys-

tem described by

, , N
2+ 1) = dx( + ) Biuik)
i=1
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and 4 Bi, C; are constant matrices with appropriate dimensiofs.
The control u (k), which minimizes the performance index,

o m S N |
];'*“'2‘ { Z Eﬁr(k'}' 1)0x(k+1)+ 2 zlf(k)R,u,(k)] f 2
. . k=0 D L | ,
- el " ,

Qs symme’crzc pos1t1w sem1def1n1te,
_R,y 2—1 2, ,N 1s svmmetmc pos1t1ve defimtm

restricted to be the constant local output feedback form .

' wilh) =~ Fu y,(zo— —F.Cx(k) Ci=1,2, N ”(3)
w‘le;e Fy ERT‘Xm', is the fecdback gain matrix to be detarmmed to
achieve optimization. ‘ '

Let

: - 3 .
’ B’%EBU 2,1""'s BN39 C_.g, Ccu Ci R Clg]:r
) P-== block diag EFHF?, " N] ) B U
R block diag ER”R” LRy

en (1) can be rewmtten as
HEFDEA-BFOx®, )
2t @(k) ‘be the fundamedtal tmnsmxosmn matzzx ok (4)3 then
, HB=pWx© R €
here T A ' L ;

’P(k)”(A BFC)" ¢(0)-— 1
Subs’citutmg (3) and (4) mie (2), ~

i(F)==-~L5 SO "’3 ¢<&:>(@+CTETRFC>¢<1¢>~O] TOT RN
' E' k 0 . N " »

i

, To remove the dependence of the solution on the initial condition,
~ We yge the assumpizon that x(0) is um{ormls distributed on the sur-

face of n- dimensional unit spheres'®', Then (6) yields
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Let

S2{F:|}(A-BFCy|<1-¢, ¢ is fininte and positive} Sla g
where (A4~ B_FC)' denotes the eigenvalues. of (4~ BFC), A B, C)
is output stablhzable, then there always. exists an €0 such. that S 1si
not an empty set. Although S does not include all the stable output;
feedback gam matrices of system (1), e may. be selected to be smalli
" enough to insure that S 1ncludes almost every stable output feedback
gain matrix to be considered. On the other hand, if & is finite and;
extremely small, the stable output feedback matrices, which are not
in S, may be regarded as cr1t1ca11y stable because the system eigen-
values are ‘too close to the unlt c1rc1e Hence, the opt1m1zat10n problem%
can be posed as - AN RRE R
 Fiad F*€ S such’ that ](P*)<I(F}, VFcS
“"Main Results
Let : ~ Domaiaianl g
P (FY20Q+CTFTRFC ‘ , : ; € 1

Pi(F) = 2 PPy G (k) = (&WBFC)TPJ;“lgg)(ATch;grzé,.(F) €1

It con be easily proved that the sequence {P (F), ;>0; is convergen
;,if (4A- BFC) is stable Hence, (7) can be ;rewr,ztten’ as (the,«,‘constant ~

—;has been dropped for simplicity, and Py(FE)=>P(F) is assumed)

IBy =t (P(F)-0) g
P(F) = (A~ BFC)"P(F)(A - BFC) + P, (13
and | 5 |
| Fes, '
Theorem 1

Let (A,B,C) be output stabﬂuabh I Q is positive semxdefimte
and R is posxtne def1n1te, then ](F) has a minjimum in: S,
Proof, : : : :
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By assumption, 00 and K>0, we have

CPU(F)=0
- . |
L P)= 2[(.4 BFC)K]T P, (F)(4 BFC)*>0 .
| T , *fé”"’*"’”“ ‘
It ;mphes JCE =0, VFeS Let ]*& inf ](F), thus I*>0-;‘Then there |

FeS
k“ff";""'};ex;sts a sequence {Ff ;>0} in S such that ](F’)>7(F’), <], and ‘

. J(FH->J(F*). Now, let F® be the first term of {F/,j>0} and
Sy&{F|FeS, and 0ST(F)<J(F)}. (1)
L"Thus, {F’,1>0} is a subset of nonempty set SD, Because S is closed
~and J(F) is continuous: over -S, S, is.a closed subset of S[” Suppose

S, is not bounded then there ex1sts an. unbounuded sequence {F’
>0} CS such that for some; 3 ][ B ||-+oo By (10), (12) and (13); .
‘the follovnng equatlon : ’

](Ff)>-é- tr {CTFf RFIC}

i 8 \\;:, ¢

implies ](Ff) is not - bounded,, thh/‘kcontradfcts (14) Therefore S,

is bounded, ‘ :
By theorem 3—40 of [7], every. 1nf1n1te ysubset say {F" 7'>0}w:‘
So, Therefore E{F*E

,,of a closed boanded set, say. SU, has a 11m1t' in
0 such that / \ -

I = inf I(F)<I(F) yFes. Q. E.D,
- FeS R

Theorem 2 : , o o
Let F* 2 block chag [F F>, s V] be a nxm matrm of real

constant and (A BF* C) be table, i, e, FCS If ](l**)‘ is mx_mmal

over S, then

Fie R BIBSKLs CHCISCHT izl N (15)
where i ' . o , |
Pt=K* P*K*+C'F* RE*C+Q o
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Proof; et
Assume F and F+¢AF be in S, By (‘13);
AP(F) = P(F + edF) - P(F)
The'inf\inite series Solut{o‘n of AP(F) _is
&
AP(F)~ Z [(A BFC)K]TfeC’TAFT[RFC BTP(F+6AF)(A BFC)] +
k= 0 ; g
4 eCREC - BTP(F+ e4F) (A~ BFC)]TAFC+e°CTAFT[BTP(F+aAF)B
+RIECY(A-BFOY e =g

and

A](F)ﬂ](F—!-cAF) ](F) = tr {AP(F)}

Substztutmg (19) into (20) and usmg 1dent1t1es on thc trace
yields ‘

CAI(F) = ~.- tr{2 SCL(F)[RFC BTP(F-!-SAF)(A BI‘C)]‘MI‘-&-

+ ezdFTEBTP(F + sAF)B + RJJF[CL(b)CTj}
w~ i
L(F) = 2 (4- BFC)¥ (Ai—-VBFC)éJT

where

or , S
' L(F) = (A~ BFC)L(F)(A~BFC) +1, G
Then, as e~*0 accurate to the f1rst order in ¢ (21) can be Wrmen a

AI(F)—S tr{CL(F){RI‘C BPP(F)(A BFC)]TAF} ¢

Hence(“

aJ

o7 = (RFC - BFP(F)(A BﬁC)jL(F)CT

Since F s 1estr1cted to be block dmgonal we have only the

corr93pond1ng block dzagonal entries in (24), i,e,

9] & block d; roer 9 a7 ]
oc iag | — TRt Em
oF [diag F L agF,~’ JOF* Fy
where o
: *-Gfﬂf;-éc&ﬂa- Bf P(F)(A~ BFC)) L(F)CT .,
Setting . 57 '

— =0
OF \giag F*
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we can obtain the results. ' R QU E D,
Theorem 3 aE e :
Let O=0, R\»O, P ﬁ‘%_“ here SO is de,fmad in (1’1}, and ,
67 ‘ o :
| | d(F) -5 dlag . | . ( 27
f"fki'?';;then ’»T >0 such that SRUEE A SRR S
| ‘ SOQ&{F-}-ad(FHFeSO, aE[Oga}}CS (28)

E}T,Proof:' , :
We prove it by contradiction. . ;
Suppose Va>0 Sga c\; S, then it is posmble to construct a mono-
tone decreasing sequence ¢; which converges of zero, and a sequence
{Fi,i=0} such thdt ‘

Max | ACA~ B(F’+a,d(F’))C]I>lo ; |
Sznce S, is closed and bounded (see the proof 1n thuorem 1) {Ff,7>0}

has a limit in Sy, say F, By (13) and (22), P(F’), L(F’) are bound-
ed and coatinuous on S, Subsequently, a’(F’) ex1sts and 1s continu-

ous on S,. Because F’-!—ad (Ff)»F .
Max |ACA= B(Fi +ad(Fl)yC| >Max | A(A - BFC)|>1

ich contradicts FGSQ, s Q. E D,

Theorem 4 e | :

Let 020, R>0 and I €S,, where S, is defined in (14), then there

ists a sequence &; ¢ (0, 1), 7>0, and F*‘ &8 such that J(F') is mono-

mcally dwreasxng and converges to J(F*) and

] Sy

oF a;agf Fi ﬁFSdmg' Fr

Fi=block diag EF’;, F’z 2y Fia€s. .
rthermore, /

g F’“ W«e—ezd(F’) =0

; a7 l ,

s Flding T,
ing ,

rQOi

, From theorem 3, VF/ €S8,, Fa>0, and «; €00 a) such that Fi+
14(F) €S, Substituting (e4F) by ad(Fi) in equation (21) and using
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L ——

1dantzties on the trace, we have

- AI(F)y&](F +a,d(F’)) J(F)

= -5 - za;A(F") +a}B(F) + e} C(Fi,a;) | ;( 2
avwhere : , ’
ACF!) = tr {d™(F))d(F1)) S S
LR B(F/) =tr {d"¢FH)(B"P(F)B+ R1d(FIy(€LCTy} (3
 C(Fl,a) = tr {d"(F!)(BTAP(F) B)d(F/) (CLCT) + by
Lac-papaya-sroyiEy
Ap(Fi) P(F’-i—afd(Fi)) P(F!)i,, - ‘, ; RO ,,.(,33

From (30), @ 0<M,<os such ‘that ' :

AFY=M, | dF) =0 Caa
' From (31), T0<M, <OO Such that o o

BEHY<M, n dCF) | ¢ <——— A(F!) M A(Ff) o (m
From (32), & O<M <o sueh that
) =M;%A~(F")';“ 2ol 00636

1 . -

~ Substituting (34), (35) and (36) into (29), giives

C(Fi’,a,-)SM‘f[ (Fi

AEy< S 2 C- 2+a<M +M )JA(FI) 3 (3

Selectmg O<a1<2/(M +M,) assures that 7(F’)<0 Wc may -select a;
such that 0<a, ‘Min {2/(M,+M,), a, 1} to assure J(Fi)=<<0; then
the sequence {Fi,j>0} is a subset of S,. Since S, is closed and bound-‘
ed, FJF*ES, such that the scquence {Fi, j=0} converges to F*[”
It 1rnphes AT (Fi)=»0, From (30>, (34) and 30, :

24 (F1y

<M, d(F) | <AF) < T ‘
0 ld(FD | (E) ol ~2+a (M, +M;)) * ;<3
Hence g | 7 - |
’ (I(Fi); _____]:_ e . -é)z_ . =0, Qs h’*‘D ‘
Fldiag Fi Fldiag P -
4, Example

. Consider - the following discrete - time decentralized system
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l -0 05 1 : o
a1 =105 0 0.5 x(k)+ 0w ] 0l
o o500 : '

yx(k) {1 o ij(k)
!Jz(k)-(:,o 0 13x(k)

~with
" Q=1,, R= 12. , S
Based on the above theorems, we use the followmg computatzon
algorzthm. A ,
Step 1 Set a fmte e>0 for S, Select F'e S to be the 1n1t1a1 feed~
: back: matrix, Set j=0, go to step 2. ‘
Solve the folIowmg ‘equations for P(F) and L(Fi),
P(F’)*(A BF’C)TP(F’)(A BF'C)+CT(F’)TRF’C+Q
. L(F’)—(A BF’C)L(F’)(A BF"C)T+I. '
k Step 3: Evaluate the’ performance 1ndex ](F’)

J(Fi) = -—-tr {P(Fi) - Q}

Step 4 Calculate the gradient cost

Step 6 Calculate F,,ew'~F’+ ak d(F‘} If FWES goto step 7, otherwise
k=k+1 and repeat step(j AR

Step 7 C‘élculate 7(F,.ew) If J(F,q) <I(F’), go to step 8, othermse
- k=k+1, go to step 6, _ : , s
Step 8 f = ’ +. 1, F) Fﬂew’ go to Step 2

N T ) A - ]
F L p LT o T TRy
and. “
: 67 DT - NCT o
R -ER F.Cs‘-"B; P(F:)‘(’A(-v-EF’C)]L(;F”‘,)C,‘_: ) ~z=:1,2/,,-~5,,,1\:{"
H - < € is satisfied, stop; othewise, go to step 5,
- OF |diag Fi g » BRI R
Step 5 Choose 0<o;<1 and let d(Fiy= = ——=| - set k=0 go to
: BF diagF’"
: step 6,
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LT (0.5 0
;Iﬁith\is example, set 6‘?10'“’: an’d’ select Félz {0 T3
J(F®)y =1,344, The calculation cm*x#erges at j=7,with J(F7) =J(F*)

1,092, where

], then

7 - {0 .5070 O ] cs
0 ' 0,1499
~and , ; ‘
Il ar ml[-1,534><10‘5 0 ]
OF {pr 0 'ipﬁ 0  5,138x107°¢J°

&, Conclusion

In this‘paper, the derivation oi o‘p'tim&l local (mtpui fc;:dbac
control with x(,spect to infinite time quadratic criterion fox the dis
crete, time — invariant decentrah7ed system is c’uscussu} A numerica
example illusirates the 4pp11(at1on of tht, theor; The desxgn method
ology has direct applxcatmn to many pxoblems fox the decentralize

control systems.
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