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Optimal Control of Bilinear Systems with Time —delay
and Its Application to a_Distillation Column™

Qian Feng,Hua Xiangming , Yu Jinshou
(Research Institute of Automatic Control,East China University of Chemical Technology ,Shanghai)

Abstract; In this paper,by using the block—pulse functions(BPFs) and the method of parameter op-
timization,a detailed algorithm to solve the optimal control problem of multivariable bilinear systems with ar-
pitrary initial conditions and delays in state and control variables is presented. This algorithm is successfully
employed to solve a temperature optimal control problem of a distillation column,whose dynamic behaviour
is described by a bilinear model with delay in the control variable. In addition ,the simulation of the other ex-
ample also shows that this algorithm is satisfactory.
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1. Introduction

The optimal control of linear systems with time — delay has been researched by some authors.

However ,the dynamic behaviour of many industrial processes is reasonably described by a class of im- .

portant nonlinear time — delay models multivariable bilinear time;-delay models. Therefore, the
control of bilinear time—delay systems is of great importance to industry. But the optimal control of
bilinear time—delay systems is of great importance to industry. But the optimal control of bilinear time
—delay systems is very difficult(in fact,it is impossible to obtain the accurate solution of this control
problem ) , since it is necessary to solve the bilinear two— point boundary — value: problems including
both the time—delay terms and time—advance terms. So far ,few have been found concerning this op-
timal control problem.

In this paper,by using the block — pulse functions (BPFs) [1~Zland the method of parameter opti-
mization , a detailed algorithm to solve the optimal control problem of multivariable bilinear sys.sms
with arbitrary initial conditions and delays in state and control variables is presented , which is simple
and convenient for applications to industrial processes. This algorithm is successfully employed to solve
a temperature optimal control problem of a industrial de—ethane cblumn,whose dynamic behaviour is
described by a bilinear model with time — delay in the control variable. In addition,the simulation of

the other example also shows that this algorithm is satisfactory.
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2. Operation properties of BPFs

2. 1 Definition of BPFs
The block— pulse functions @;(¢) ,i=1,... ,m,are defined in the interval [0,7) by
o) = {l s for G— DT/m<t<iT/m,
0 , otherwise, ‘ _ (1)
where m is a positive integer and T/m is defined as the step—Ilength of BPFs.
An arbitrary function f(¢) which is aﬁsolutely integrab.le in the inte'rval {0,T) can be approy;. -

mated by BPFs, ‘
or: é{m(z) = FIo(t) = " (DF, @
where the sx}perscript T means transpose ,and
F=[f, f2ful, F is defined as the coefficient matrix of BPFs of function F@®.
20 = [@1(®) @D .. Pu(DTs

-
£ = —T"ij:_m/mf(z)%(t)dt.

2. 2 Main properties of BPFs
(a) The disjoint property » , o »
' @), fori=j,

(D (8 = { 3
PAne; 0, fot i # j. ®
(b) The translation property

Suppose v=(¢+0)T/m; ¢, 1<q<m,is a positive integer ; 0<(d<<1;and

s [1 —5 &, 0 ]
D,(8) = joesiosmanimmnn y Tag(®) = | e T e »
,(8) LO ’ 0 mem (8) l_ 0 o

then the translation property can be described by
Bt — 7) = Dy(D D) ,for t € [0,T). ‘ )
(¢) The integral property .

1, - ‘il (m—g) X (m—g)

) J ‘@(rat = Pao), (5

where P is integral operation matrix,which is defined as

L lesel

2

ERLE
K\:l»—-l

2 4 mXm
- (d) The product property
” ST )F = Fid(6) Q)
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o
Whel;e F’[flv“' ,f,,.]Tand Fp=diag (f1s°** o Fm)e
2.3 Corollary
guppose 7= (¢-+ T /m3q,1<g<m,is a positive integer; 0<{6<<1 and
k(t) ,for —7<t<<0

7 ={ - where k(¢) and y(t) are n—dimension vectors.
?/( ?/(t)dfor 0<t<T s

then we have »
‘ 7t — 7 = [K8,(&) + YD, (8]0 5 ¢p)
here ¥ and K are respectively coefficient matrices of BPFs of k(¢) and y(¢) vectors. And matrix

Sq(d) is defined as

Iqx¢_3 . < 1

8, (&)= 0 =+ O ,where I, is the gzgq identity matrix.

1080 v 0)anm

3. Optimal control of bilinear systems with time—delay

Consider the MIMO bilinear time— delay system , which is described by

() = Az + Bzt — ) + Cu(@® + DuCt — 7) + PRUFIOTNO

i=1

+ SWNpp — @) + D Nam(t — mule — o + DNgp®ut— ), (8
=1 =1 i=1
where z(¢) € B**! s a state vector su()ERXlisa control vector;A,B,NmNz_,-,Na,- and Nare n X2 '

—dimension matrices of time — invariant coefficients ;¢ and D are n X r—dimension matrices of time
— invariant coéfficients;11 and 7, represent the delays in the state variables and control variables re-
spectively. For 1< 0,the state and control variables are assumed to ‘be
z(t) = k(@) ,for — T << 0
; {z(t) = 2(0),for t = 0
and u;(8) =g;(t) s for j=1,%,7 and — i<l 0
where k(¢) € R*¥land g;(t) are known arbitrary function vectors which are absolutely integrable.

The quadratic performance index of the optimal control is defined as

g = min el + [e@lE + @ I3+>at} , ©

u(®)
where
H* = diag(hf ,e+ k) ,Q" = diag(gl » > »¢)
B¢ and ¢* =0, for ¢= 1,000,003
* = diag(rf ,o o7 ), 7§ > 0, for j = 1y0ee,7e
Let h=t;/m,then we have
7 = (@ + Dk = (g2 + 62Dk,
where gand g, 1<<qi<<m» 1< g;<m, are positive integers; 0<C6,<<1,0<<6,<<1..
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The control ,state and initial condition vectors can be described by BPFs,respectively

@) = [a,(0) Joa = VO u(t = 1) = [0t — ) Joxs = 00D
{u,-(t) == UL, ®(t) {u,—(t — ) = U1, &(2)
2 = [a0]oa = X0@ (30— m) =[50t — 7)o = XDW)
{z,-(t) = XI.®() {z;(t — ) = XI. &)
g — 72) = GOW), k(t — 7)) = K&(t)
z(0) = 2(0) ® TB(t) = X (0B
where
U= [Uy.,e,U,. ], Us = [ujnyor yusm )"
U=1[0.,,0.), U, =81()6 + DL(8U; 4 [y o s #nl
K=[Kp., o KT K = [k, k]
G=1[G.,,6.T, G = [gn,r9u]
X =[Xp o, X, I, X = [ziyo sz ]
X=[% X T, X =86)K. + DL(8)X: & [Fusewr r7im]
e =1[1,1,...,1] ..
for i=1, e ynyj=1,e ;.

® denotes Kronecker product.

W=1I1—AQ P — B (D, (0)P)" — >INy, ® (diag(U;. )P)T

i=1

- 2N21‘® (Dql(al)diag(l]j' YP)T — 2N3j® (041(51)dia8(5',-- YP)H?T

i=1 i=1

— DN, ® (diag(@,. )P)T (10)
i=1
and '

V= {BQ® (8,(60P)" + 3 Ny ® (8, (6)diag(Uy. YP)T

=1

+ 2N3]® (Sql(dl)djag(ﬁj‘ )P)T} EK{‘ s °°° ,KZ'. ]T

i=1

+ D) (8,(8IPY'[G. ... ,GL. T A
. + {C® PT + D® (qu(dz)P)T} [U?‘ 9""9UZ- ]T’ (11)
Where diag (U ) =diag (uj1, >+ ,u5n) ,diag (U}, ) =diag (as;, *+ ,2m).
By applying BPFs, (8) can be solved by

WXL yeee s X0T = [2,(0)e7 o0 y2, (0T F + V, 12

or
[-X?- 9 °°" ,X,T- ]T - [31(0)3T9 e ,z.(O)eT]T
= [T e, (IWU, T + S + 7, ad
=1

S=1 =
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W, = c;P" + dij(qu(dz)P)T, fori= 1,52 ' 14>
7, = (Ny; ® PP [diag(X;. )+ ,diag (X YT + (Vo ® PP [diag(Xir. )5 ,diag (% )"
+ (N;; @ PD [diag (X1 s ,diag (X )]TDzz(éz)

+ (N ® PP [diag(Xy. ) o+ diag (X ) D5, (%) (15)

7, = AXP + BLKS, (o) + XD, (6D 1P + DGS, (5 + 3 Noldiag(Xr )55@)C; 5+

i=1

Gag (L S0, TP+ D, N[ diag(Xi )85, (0)6se >+

i=1

i (X, )5, (0)Gy TP (16)

and
diag (X ) = diag (s> sTin) » diag (i ) = diag(@ns " Tim)
for i = 1,°°,n.
In Egs.(14) and (16),
€ = [odoes D= [fidxer fori=looooms §=1loeoom o

'(’osdenotes rank drawing straight of matrix (+). Equally, the quadratic performance’ index J can
yield

J= :;]un—;—{ Dbtk + hi‘ SMard+h), Zm)r}‘u%,} Jfor j = 1,00, an

=1 i=1 =1 j=1 =1
Thus by using BPFs,a dynamic optimal control problem of the bilinear time—delay system described

by (8)—(9) can be transformed into a static optimization problem described by (17) and (12) (or
(13)). In the following , we shall derive from a detailed algorithm to solve this static optimization prob- ‘
lem by applying the prediction principle, the Lagrange multiplier and gradient algorithm.
Let the Lagrange multiplier vector be described by
A=[ ,oe20 ] & = [dsersshin)?s  fori=1,°,m
Form (17) and (12),the Lagrange function can be defined as

: = %‘{E b 7 + h,'z Em: gzt + hﬂz ir}'u?,-}+ (4. o0, 4. ]

i=1 i=1U=1 i=u=1

o {W[XT. ,e, XT]T — [z (0)eT s = ,2.(0)eT T — V). (18)
Equally,from (17) and (13),the Lagrange function can be also defined as
= —12—{ Shrah + b, et + B ey + [ 5o ALK X5

i=1 i=1 =1 j=1 =1

- \:zl(O)eT, b ,x‘(o)eT]T - [( Ewllljo)rg ee0y ¢ EW.(’j.)T]T

i=1 =1

— ST — T , , (19)

i=1
Defining X=[X7. ,*,X1. ]

Q* =Block diag(Qy" » = 2@ )@ =diag (hgi" , *** s hgd shg R Dmxms for i=1,° .
L ' dL

From (18) and the necessary conditions of the optimization (-ae}=(= 0’5i=0) R
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we have
3 = —1N\TH» T
3 ) ) bt (W )Q X’ (20)
X =W H{[2,(0)e, = ,2,(0)e"]F + V). (21
Equally, from (19),we have
L . NN, ra C_
ﬁ;— = krjU; — 2 WiaViA, for j=1,s-,7, (22)

The rule,by which the vector U j» can be corrected repeatedly from iteration v to v-+1,can be descripg, "
by
Uit = Up— diag(aj, = , 05) —‘?A{;_X =:Xv, for j = 1,c0,7, (2
_ W, '3 =7 3

where a;(for 1=1,+ ,m) is the “step—length” factor,by which the convergence of the above algo-
rithm can be adjusted. Generally ,a; can be chosen from 0— 1.

The algorithm to solve the above static optimization problem can be schematically shown ag fol-
lows.; )

Step 1. Predict control vectors U, (for j=1, ¢ ,7),set up v==0 and given a smaller positive fig_
ure &, P

Step 2.From (21),solve the state vector Xv.

Step 3. Form(20),solve the Lagrange multiplier vector .

Step 4. From(22) ,calculate the each branch of vectors ;U,A(for J=1,c,7).
, 5.

Step 5. Judge wether the absolute value of the each branch of gradient vectors ;UE(fOr Jj=1,-,
A

7)is smaller than ¢ or not. If be,change over to step 7. Otherwise , continue step 6.
Step 6. From (23), calculate new control vectors Ul (for j=1,>,7),set up v=v-+1 and
change over to step 2.
Step . Stop calculating repeatedly. X* and U, (for j=1,+-=,7)do be the solution of the static
optimizatio.. problem described by (17) and (12) (or (13)). ) '
Let X* =X"G.e. X;*, =X ,for i=1,>,2) and Up. = Uj- (for j=1,+,7),then we can ob-
tain the control vector and the state vector of the original dynamic system , which are
w* (8) = [Uf. ;- ,Ur D), (24)
g* () = [X{. o0 , X2 0. . (25)
Since series of BPF,{g;(¢) ,i=1, ¢ ,m3m—>co} is complete [3],the control and state vectors described
by (24) and (25) converge to original optinmal solution. That is

U (8) = lim ™ () = u* (@), (26)
Zgum () = lim z* () = z2*(¥). @n

m—+co

Therefore, by applying the above algorithm , we can obtain the optimal control vector (umm(¢)) and

the optimal state vector (%,.(¢)) of the original bilinear time—delay system.

4. The example and the application to a distillation column
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‘4. 1 Tllustrative example
Consider a optimal control problem of the SISO bilinear time —delay system, which is described

vy .
z () =— 22() + z(®u(t — 0.15) + 3u(¢t — 0.15) (28)

with  z(0) = 5; u(@) =0, for — 0.15 <Lt << 0,
) :
J == mir;{%sz(tf) -+ —%—J’;(sz(t) 4+ Ru?(t))dt}, 29
8 (3 :

Where tf=l,H=105,Q=1 and R=1-
Applying the algorithm presented in this paper,let m=10 and m=20 respectively ,we obtain the
optimal control variable Ugum(t) and the optimal state variable Xoum(t) of this bilinear time — delay
S},Stem,which are shown in Fig. 1 and Fig. 2 respectively. Figs. 1—2 show that the optimal control re-

qults of the bilinear time—delay system are satisfactory.

x(t)
u(t) 5t

0

-0.2

=0.4

-0.6

- 0.8

Fig. 1 The optimal control u(t) ’ Fig. 2 The optimal staee x(t)

4..2 The applicaﬁon to a distillation column

The control of distillation columns based on bilinear models always interests control engineérs. In
this paper , we shall apply the above algorithm to solve a temperafure optimal control problem of a in-
dustrial de —ethane column , whose dyﬁamic behaviour is a bilinear model with time—delay in the con-
trol variable. It is especially of very great importance for the temperature control in start up of the dis-
tillation column. '

The model of the industrial de— ethane column can be described byl*

é’ &) = 0.38487(¢) + 0.076+T(t)u(¢t — 0.0659) — 1. 2663 + u(t — 0.0659), (30)

Where 7'(£) ('C) is the temperature of the sensitive plate,which is the output variable of the system;
u(¢) (Kml/hour) is the feed flow,which is the control vatiable of the system st Chour) is time.

Assuming that the inifial temperature and control variable are,respectively

T(0) = 5(C);u@) = 0,for ¢ < 0.

and the quadratic performance index is

7= nzirg‘%mzup + %ﬁj«m(t) + R}, (31
| .
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where t;=1 (hour) ,H=10%,0=1 and R=1. v ;

- Applying the algorithm presented in this paper,let m=10 and m=20 respectively , we Obtam the
optimal control variable %qu,(¢) and the optimal temperature variable Pogim (t) of thls actuajl bili,
time—delay system ,which are shown in Fig. 3 and Fig. 4 respectively.

u(t) ‘ I(t)

kmol ) C)
hour _ 5=

18
. 84

@D N

R . |

0 t 0 0.2 0.4 0.6 0.8 ) i ¢
(hour) (hour)
Fig. 3 The optimal control u(#) Fig. 4 The optimal temperature £(x)

Obviously, it has. been shown that the algorithm presented in this paper is simple and convenient for

solving the optimal control problem of the distillation column.
5. Conclusions

This paper presents a detailed algorithm to solve the optimal control problem of bilinear time—de-
lay systems by using series of BPFs. Through the example and the application to a distillation 001umn,
it is shown that the algorithm proposed in this paper is simple,convenient for the applications to indus-
trial processes and has the sufficient control accuracy (it depends on the step—length of BPFs). This
algorithm provides a new method for solving the optimal control probiem of bilinear time —delay sys-

tems.
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