%16 5% 6
1999 4 12 A

2t 3 5 L A
CONTROL THEORY AND APPLICATIONS

Vol. 16,No.6
Dec. ,1999

Delay-Dependent Robust Stabilizing Control Law Design
for a Class of Uncertain Time-Delay Systems
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Abstract; This paper studies the delay-dependent memoryless robust stabilization problem for a class of uncertain linear
system with time-varying delays in both state and control. The uncertain time-delay system under consideration include time-
varying unknown-but-bounded uncertain parameters. A new sufficient condition for the existence of memoryless robust stabiliz-
ing control law is derived. The rusult is dependent on the size of delays and given in terms of linear matrix inequalities (LMIs) .
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1 Introduction

The problem of stabilizing uncertain linear time-de-
lay system using state feedback, which contains un-
known-but-bounded parameters, has attracted a consider-
able interest in recent years. The results in [1,2] are
given in terms of the solution of a Riccati equation
which involves the tuning of scalars and/or positive defi-
nite symmetric matrices, so these methods are somehow
difficult for practical use because no tuning procedure for
such scalar and matrices is available. Moreover these re-
ported results are independent of the size of the delays
and thus, in general, are conservative, especially when
Practically existing time-delays are small.

Recently, increasing attention has been devoted to
the development of methods for delay-dependent robust
Stability analysis and robust stabilization synthesis for

linear time-delay system, for they are less conserva-
tive'™ | And very recently, the linear matrix inequality
(Lmr) approach which has the advantage that no tuning
Of scalars and/or positive definite symmetric matrices is
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involved is proposed to treat the problem of robust sta-
bility analysis and robust stabilization synthesis for un-
certain linear time-delay systems, and less conservative
results dependent on the size of delays have been ob-
tained !,

under consideration is only with a single state delay.

But the uncertain linear time-delay system

In this paper, we extend the linear matrix inequality
(LMI) method to time-varying uncertain linear dynamic
system with time-varying time-delays in both state and
control. A method for designing a memoryless state
feedback stabilizing control law is obtained.

2 System description

Consider the following uncertain time-delay system
desctibed by '
£(t)= (A+AAC) W () +(A+AA4, () (e-d(1))+

(B+AB(t))u(t) +(Bi+AB () u(i-h(2)),
(1)
x(1) = (1), 1€ [-17,0],
where x(1) € ", u(t) € B™;4 € ™", A, € R™",
B ¢ ™™, B, € R™™ are known constant matrices.
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The matrices AA(+),AA4,(-),AB(+) and AB(+) are
real-valued continuous matrix functions with appropriate
dimensions; It is assumed that there exist positive num-
bersd*, h* and  such that 0 < d(t) < d” < 7,
0< h(t) < h* < r hold for all ¢;¢(¢) is initial
function.

In this paper, the admissible uncertainties are as-
sumed to be of the following form

AA(t) = HiF{()E,, AA (1) = HyF,(t)E,,
AB(t) = H3F5(t)Esy, AB((t) = HyF4(1)Ey,
where F;(¢t) € k%%, = 1,2,3,4,F1(t) = F3(t)
are unknown real time varying matrices satisfying
FI()F(1) <1,i=1,2,3,4 H,E;,i =1,2,3,4,

H, = H; are known real constant matrices with appro-

priate dimensions.

To facilitate further development, we introduce
A(e) = A+ AACe), A (e) = Ay + A (1),
B(t) = B+ AB(:), B;(t) = B, + AB,(¢t).

3 Delay-dependent robust stabilizing con-
trol law synthesis

In this section, we will present a new robust stabi-
lizability criteria and address the synthesis problem of ro-
bust stabilization for the system (1) .

Theorem 1 For the uncertain linear time-delay
systems (1), the given scalars d* , h " and 7 satisfying
the given condition, this uncertain linear time-delay sys-
tem is robustly stabilizable if there exist positive definite
symmetric matrices X, Z and P;,i = 1,2,j = 1,2,3;
matrix Y, scalars o; > 0,0 = 1,2,3,4;6; > 0,i = 1,
2,j =1,2,3;e, > 0 and ¢4 > O satisfying the following

linear matrix inequalities (LMIs),

S M
TR < 0,
i X XA 4 Y'B"  XET + Y'ET

AX + BY P,y — ByHHT 0 = 0,
LB X + EsY 0 Bit
i =1,2,
[ X XAT XE]

MX Py- BuH,HY 0 [=0,
L By X 0 Biz
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X Y'BT Y'E}
B,Y Ps-BsHH, 0 [=0, =12,
E,Y 0 B
(2)
where
M = [ﬂll M, M, A44],

N =- d1ag(N1 Nz N3 N4),
S = AX + XA" + A\ X + XAT + BY +

4
Y'BT 4+ B,Y + Y'BY + D aHHT +

i=1
d¥ ey HyHY + d* A PiAT + h™ e H HY +
h*ByZBT + 3¢(d* + B")X,

M, = [XET XEYY, N, = diag(ail,as1),
M, = [Y'EY Y'ET], N, = diag(asl,asl),
My = d* AP EY, N3 =d*(ey] - E,P\EY),
My = h* BiZE}, Ny = h"(es] - ELZEY]).

Moreover, a suitable robust stabilizing control law is
given by u(t) = YX 1x(1).

Proof For system (1), introducing the control
law u(¢) = Kx(t), and the close-loop system can be
written as
i(t)= [A)+B()K+4, () +B,(£)K]x(2) -

J(id(t)AlU){[A(H's)‘*B(‘+S)K]ac(t+s)+

A+ s)x(e = d(t) +5) +
Bi(t + s)Kx(t — h(t) + s)lds -

j(ih(t)Bl(t)K{[A(“’s)+B(t+s)K]x(E+s)+

At + s)x(t = d(t) +5) +
Bi(t + s)Kx(t - h(e) + s)}ds, (3)
and let the system’ s Lyapunov functional be V(x(t),t)
= x7(t)Px(t), where P = PT > 0, and using Lemma
1 in [4] we have
V(x(t),t) =A"P + PA + ATP + PA| +

K'B'P + PBK + K"BTP + PB\K +
4 2
PLO aHHTIP + D a7 'E"E; +
=1 i=1
4 i
> ai' K'EEK +

224" ") PA () PAT(0) Pe(1) +
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JOM )xT(t +s)[A(t +s) + B(t + s)K]T -
PillACt +s) + B(t + s)K]x(t + s)ds +
JO (e = d(t) + s)AT(s + s) »

—d(t)

PR A (t + s)x(t - d(t) + s)ds +
j° #T(t - h(2) + $)K"BN¢ + 5) »

~d(t)

P Bi(t + s)Kx(t — h(2) + s)ds +

3

SR x"(¢) PBy (1) KP,K BT(1) Px (1) +

Jih(t)xT(t + $)[ACt + ) + B(i + $)KI7 -
PilACe +s) + B(t + s)K]x(2 + s)ds +
[* 0 at - a) + AN+ 5) -

—h(2)

PriA (e + s)x(t - d(t) + s)ds +
JO x"(t - h(t) + s)K"BI(t + )

—h(e)

P B, (¢ + s)Kx(t = h(t) + s)ds.

(4)
Using Lemma 2(b) in [4], we have
>d () PATG) < Wa,
(5)

3
> h* B(t)KP,K B (1) < Wi,
j=1

where

W, =d*[A,P1AT + AP E}(ey] -
EzPlE%‘)_]EzplA']r + €2H2H%‘:| D
Wy = h* [ B;KP,K"BY + B\ KP,K"E}(e,I -
E4KP,K"E})'E,KP,K"BT + e,H,H; ],
3 3]
Py = DP;,Py = > Py and Py;Py,j = 1,2,3are

=1 f=1
any n >]< n real positivej: definite symmetric matrices satis-
fying the following inequalities
&3] — E,PEY >0, Yi=0,
esl — E,KP,K"E} >0, VYt=0,

where e, > 0,e4 > O are positive scalars to be chosen.

(6)

Assume there exist scalars 8; > 0,i = 1,2,j = 1,
2,3 satisfying the following inequalities

(A + BK)"(Py - BuH HT)7'(A + BK) +

Bit (E; + EsK)"(E, + E3K) < P, (7)

AT(Py - B HH)) ' Ay + PR ESE, < P, (8)

K"BY(P; - PaH4H;) ' BiK +
BAK'ELEK < P, (9)
and
P, - By HHY > 0;
Py — BoHyH; > 0; (10)
Py - BaHHY > 0,
where 1 = 1,2.
Then using Lemma 2 (¢) in [4], we have
[A(t +s5) + B( + s)K]"PH[A(t + 5) +
B(t+s)Kl< P, Vt=0, (11)
Af(t + )P A (t+s) < P, Ye=0, (12)
K'BI(t + s)PE B, (t + s) K< P, Yit=0.
(13)
Following the Razumikhin-Type theorem, we as-
sume that for some real scalar ¢ > 1, the inequality
Vix(s),s] < qV[x(t),t],t - 27 < s < t holds,
then applying (5), (6) and (7) ~ (9) to (4), and let X
= P~ we get
V(x(t),t) < s ()XW X x(t),
where
W, =A"P + PA + ATP + PA; + K"B"P +
PBK + K"BTP + PB\K +
2 4
S i EE+ > a7 KTE'EK+3¢(d* +h* ) P+
i=3

i=1 \
P[> a7 HHT + d* (A PiAT + AP E}(e,] -
i=1

E,P\E})'E,P AT + e, HoHY) +

h* (B,KP,K"BT + B KP,K"Ei(e4] -

E,KP,K"EN)'E,KP,K"BT + e H,H})1P.
Obviously, W, is monotonely increasing with respect to
d*,h* and ¢ (in the sense of positive definiteness), if
let W= Wyasq = 1.

Then if there exist positive definite symmetric ma-
trices X, P;; and scalars Bi >0,i =1,2,j = 1,2,3;¢a;
> 0,i =1,2,3,4;¢, > 0 and ¢4 > O satisfying the in-
equalities (6) ~ (10) and W < 0, then there must exist a
suffciently small ¢ > 1 such that W; < O for any 0 <
d(t) < d* and 0 < h(t) < h”, which implies
V(x(t),t) <- all x(¢) |2 Then, it follows from
Razumikhin-Type theorem that the close-loop system is
globally uniformly asymptotically stable.

Let Y = KX, Z = KP,K" and using Schur comple-
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ments, we obtain the result that inequalities (6) ~ (10)
and W < 0 are equivalent to those LMIs in (2).

Remark 1 Theorem 1 provides a delay-depen-
dent condition for robust stabilizability of the uncertain
linear time-delay system (1) and the correspondent de-
lay-dependent linear memoryless state feedback control
law synthesis approach based on LMI technique. Since
robustly stabilizing control law is dependent of the size
of the time-delays, in general, it is expected to be less
conservative than the delay-independent robust stabilizing
control law design methods of [1,2]. In contrast with
the result in [2], which developed delay-dependent ro-
bust stabilization method for uncertain time-delay sys-
tems in terms of the solution of Riccati equations, the
obtained result in Theorem 1 is given in terms of the so-
lutions of linear matrix inequalities and does not need
any tuning of parameters, and it can be calculated very
effectively by using interior point algorithms.
4 IMlustrative example

In this section we present an example to illustrate
the delay-dependent robustly stabilizing control law de-
sign procedure developed in this paper. Considering the

linear uncertain time-delay system described by

0 1 0 0
PR ey i e
1 -2 0.1 0.1
2 0.1
= () mo,):
3 0.2
d* =0.6, hR* =0.3,
o= (o) = ()
1= A=) 2= My =)

0.1\ ,
E1=E3=01 " E2=E4=0.1,

with these parameter, the following solutions were ob-
tained ;

0.4950
( ~ 0.279%

_0.2794) = (_0.3924)T
0.5410 /'’ 1 0.0514
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Furthermore, we obtained the memoryless state
feedback stabilizing control law
K=YXx"'=(-1.0432

5 Conclusion

- 0.4436).

This paper deals with the problem of robust stabi-
lization synthesis for a class of uncertain linear time-de-
lay system. Delay-dependent LMI based method of de-
signing linear memoryless state feedback control law has
been developed. A new criteria of delay-dependent ro-
bustly stabilizable for uncertain time-delay systems is

given in terms of linear matrix inequality (LMI) .
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