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Abstract; In this paper, the simultaneous stabilization problem is addressed using the inverse LQ approach. A necessary
and sufficient condition for simultaneous stabilizability of r strictly proper MIMO plants via static output feedback is obtained,
and a solution of the simultaneous stabilization via state feedback is presented . The condition is described by some coupled alge-
braic Riccati inequalities. It is shown that any such stabilizing feedback gain is the solution of some coupled linear quadratic con-
trol problems where every cost functional has a suitable cross term.
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1 Introduction

The purpose of this paper is to find a necessary and
sufficient condition for the existence of a static output
feedback controller and linear state feedback controller
which simultaneously stabilizes a set of given linear time-
invariant multiple-input multiple-output plants. The main
contribution of this paper can be summarized as follows.
There exists a simultaneously stabilizing controller via
static output feedback or linear state feedback if and only
if there exists a stabilizing solution for a set of coupled
algebraic Riccati inequalities or a set of coupled Linear
Quadratic (LQ) control problems in which every cost
functional has suitable cross term satisfying an inequality
constraint . OQur design strategy consists of finding suitable
weighting matrices such that the solution of these coupled
LQ control problems corresponds to a simultaneously sta-
bilizing output feedback controller.

Simultaneous stabilization is an important problem
in the area of robust control. It is the problem of deter-

mining a single controller which will simultaneously sta-
bilize a finite set of plants. The result may apply to linear
plants characterized by different modes of operation ( for
instance , failure modes)or to the stabilization of non-lin-
ear plants linearized at several different equilibria. Also,
some research results clearly show the relevance of si-
multaneous stabilization to system robustness issues (see
for example[1]).
2 Preliminaries

First, let us consider the linear time-invariant plant
G described by the equation

x(t) = Ax(t) + Bu(t), (1)

where x(¢t) €R" is the state vector, u(t) €12™ is the
control vector and A , B are constant matrices of appropri-
ate dimensions. The following lemma is well known' 2%,
Lemma 1 Consider linear time-invariant system
(1) . The following statements are equivalent:

1) The system (1) is stabilizable via state feedback.

2) There exist matrices ¢ >0 and R >0 such that
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the following ARE
PA + A"P - PBR'B" + Q0 = 0
has a unique solution P > 0.

3) There exist matrices P >0 and R >0 such that

the following ARI
PA + A"P - PBR'B"P < 0.

Remark 1 In fact,if (4, B) is stabilizable, then
forany @ >0 and R >0 the above ARE must exist a
unique solution P >0,and for any R > 0 the above ARI
has a feasible solution.

The LQ control problem with cross term, which we
take as the basis for our development, involves minimiz-
ing the cost

v(xg) = [:(xTQx +2uTSx + u"Ru)dt, (2)

where Q >0, R >0,and S are constant weighting matri-
ces satisfying
Q - STR'S > 0. (3)
The solution of the LQ control problem associated with
(1),(2) and (3) is (see[2])
v=Ks, K=-RYB"P+38),
PA + AP — (B™P + S)TR"Y(B"P + S) + Q = 0.
| )
Lemma 2 For a given system (1), the following
statements are equivalent;
1) It is stabilizable via state feedback.
2) There exist matrices P >0,Q >0, R >0 and S
of compatible dimensions such that (3) and (4) hold.
3) There exist matrices P >0, R >0 and S of com-
patible dimensions such that the following modified ART
with cross term holds
PA+ATP—(B"P+S)"R(B"P+S)+S"R'S < 0.
(5)
Remark 2 Lemma 2 was established in [5].
Based on its proof in [5] and Lemma 1, it can be shown
that for any R >0, ARI (5) has a feasible solution ( P,
S) if and only if (A, B) is stabilizable.
3 Main results

Now we consider the simultaneous stabilization of r

plants G;
{&i(i) = Aw;(¢) + Bu(t),
L= y T,y
yi(t) = Cixi(t)a

(6)

where the state x; (¢) € 2", the input u,(¢) € 1™, the
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output y;( 1) €2? and n is the order of G;.We assume
CasdGs; 1= TR (7)
and C has full rank . For example, this condition is satis-
fied for single-output plants of the same order since it is
always possible to realize them in minimal observable
form. In addition, for multiple model control of r models
G;(s) of an uncertain plant, uncertainty often exists
only in the system matrix and (or)input matrix. In these
situations, condition (7)is satisfied. Let E be the right
inverse of C,i.e., CE = I,.Since C has full rank, E
can be constructed from
E = C'(eCh), (8)
So E | = EC is the orthogonal projection matrix on Im
(CHand x| = E| x = Ey.

Theorem1 For every i,i=1,',r,let G; be
given by (6).Then the following statements are equiva-
lent;

1) They are simultaneously stabilizable via static
outpul feedback.

2) There exist matrices P; >0, R >0, Q; >0 and
M satisfying the following coupled AREs

PA; + A[P; - (S; + BIP)"R™'(S; +

B}Pl) + Qi = 0’ = 19'”;"7 (9)
Qi - S',!‘Rhlsi > 0, (10)
S, = ME, - B'P,. (11)

If such matrices can be found, the simultaneously
stabilizing static output feedback controller can be con-
structed as

K =- R'MC"(cC"), (12)

3) There exist matrices P;>0,R>0 and M satis-

fying the following coupled ARIs
PA; + AP, - (S; + BIP)TR7I(S; +
BIP) + SIR™'S, <0, i=1,+,r, (13)
S; = ME| - B'P,.

Proof
ously stabilizable by static output feedback, then there
exists a state feedback gain F = KC and r matrices P;
> 0 such that
$ A+ BF) P+ P(Ai+BF)]x<0,i=1,,r.
Without Joss of generality, we may suppose that the
feedback gain matrix has the form of F = R™' ME |
where M is a suitable matrix [4]. So the last inequality

1)=2) . Suppose the plants are simultane-
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js equivalent to
x"[(ATPPA)x < 0,

x Eker(F), x20, i=1,",r.
Define
= _max (af),
* x"(PA; + ATP)x
a; = mnax

SN (E| MTRRME | )x’
x ¢ ker(ME | ),
x £ 0,0 =1,,r.
From [5],we know that ! <o ,i=1,-,r, Soa™
< ©,i.e., a* is upper bounded. Since F = R~!
ME | ,for any « =max(0, ™),
«"(ATP; + PA)x <ax"(E| M'R'R'ME | )=,
x20 i=1,",r.
Thus, for any symmetric matrix R satisfying R= ol , we
have
x"(AP; + PA)x <x"(E| M'R'RR"'ME | )x,
x£0, =1,",r,
el o
AP + PA, - E| M'R'ME| <0, i =1,",r,
which in turn implies the existence of a matrix Q; >0
satisfying the matrix equation (9).In fact, the last two
inequalities are the ARIs given by (13 ). From
Lemma 2, the inequality (10)is also a necessary condi-
tion. In fact, the foregoing proof implies 1)=3) .

2) = 1). Suppose the coupled AREs (9) have a
feasible solution P;, Q;, R and M.From Lemma 2, the
state feedback

F=_RYS +BP,) =-R'ME| = KC,

minimizes the performance index
Ji :JO (xTQ,xl + ZufSLx, + u,{Rui)dt,

SN o

and stabilizes the plants. Hence all A; + B,KC are asymp-
totically stable. On the other hand, it is clear that 3) —
2) . Therefore the proof is completed.

This theorem implies that simultaneous stabilization
Via static output feedback can be viewed as the solution
of r coupled LQ control problems with suitable weight-
ing matrices Q,, R and S; in the functional (2) satisfy-
ing the coupled constraint (11) .

Corollary 1  Given the plant (A, B, C), it is
Stabilizable via static output feedback if and only if there
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exist matrices Q@ >0, R >0 and M such that the follow-

ing constrained ARE
PA + AP - (S + B"P)TR-Y(S + B"P) + Q0 = 0,

(14)
Q- S"R™'S > 0, (15)
S = ME, - B'P, (16)

has a solution P >0, or equivalently, there exist matrices
P>0,R>0 and M satisfying the following constrained
ARI with suitable cross term
PA+A"P-(S+B"P)"R'(S+B"P)+STR"!5 <0,
O (C (7))

Remark 2 Comparing Theorem 1 and Corollary 1
with Lemma 2, the range of the cross matrix S has been
constrained. In the case of static output feedback, con-
straint (16) appears,and so M & ™ * Pbecomes the free
variable instead of SE€R"*™ S is related to the output
matrix C such that S€ Range( C) . For the static output
feedback simultaneous stabilization of r plants, M is the
coupling variable.

Corollary 2 For r given plants G; in (6), the
following statements are equivalent

1) They are simultaneously stabilizable via state
feedback.

2) There exist matrices P; >0, R >0, Q; >0 and
M satisfying the following coupled AREs

PA; + AP, - (S; + BTP,)TR'(S,; +

BTPL) + Qi = O’ ’/ = 1,'“57-’ (18)
Q:. - STR°'S; > 0,
S; = M - B'P,, (19)

and the simultaneously stabilizing state feedback control
law can be constructed as
K==R'M. (20)
3) There exist matrices P;>0,R>0 and M satis-
fying the following coupled ARIs
PA; + ATP; - (S; + BIP)"RI(S; + BIP) +
SIRT'S; <0, i=1,",r, (21)
S; = M - B'P,.
Note that this is the case that C = I in Theorem 1, this
result can be easily proven.
4 Examples
Example 1 Let us consider the system (6) with

-al,

0 1
AI:[1 0]’ B, =11 0l", ¢ =11



which is not stable since its two eigenvalues are 1 and
_1. It is not difficult to find this system unable to be
stabilized via static output feedback when a >0, while it

can be when ¢ <0,Leta = -1 and R =1,it is easy to
find that when
M=102 21, S =100 15],
P1=[2 0.5], Ql=[3 1]
0.5 1 1 3

(9) ~ (13) hold. So F =2.0 is a stabilizing output
feedback gain. In fact, both eigenvalues of the closed
loop system are —1.0. If we want to find an output
feedback gain to simultaneously stabilize the last system

and the following system

A2=[0 1], B2=[0], C, =11 11.
11 1

We can find the following selected matrices

R=1, M=1[2 3], S = [1.8182 1.2727],

[0.5455 0. 1818] [0.3306 0.2314]
27 10.1818 0.72734" 27 10.2314 0.5620
satisfy (9) ~ (13). So static output feedback gain F =
2.0 stabilizes these two systems.

Example 2 Let us consider the following 3 sys-

tems
110 0
Lo 0 1 1
0 1 07 ro
Ay=1 0 0 1|, By=}0 }.
\__1 1 -1/ L0.5
(11 -1] Tlﬁ}
A, =|1 0 0|, Bi=| 0 |
Lo 1 oA L o
Let
R=1, M=1[7.0490 10.8616 5.6523],
16.3325 16.4135 4.1315
P, = | 16.4135 20.5165 6.1651 |,

4.1315 6.1651 3.0531
S, = [2.9174 4.6965 2.5992],
18.1623 12.6059 3.4580
12.6059 22.5605 9.5924 |,
3.4580 9.5924 4.6590
S, = [5.3200 6.0654 3.3228],

"o
™)
n
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4.0162 4.5318 1.899%4
4.5318 13.8963 7.8264 |,
1.8994 7.8264 4.7233
S, = [4.0368 7.4627 4.2277].

Py =

These matrices satisfy the inequality (21).So the
state feedback gain

K =[-7.0490 -10.8616 ~5.6523]
stabilizes simultaneously these 3 plants. In fact, the
eigenvalues of the closed-loop systems are {-0.4677 =
0.9589i, — 3.4666} ,1-0.7171 £+ 1.3759:, — 3.26691
and | —7.7011, -0.7978 +0.4628i} ,respectively.
5 Concluding remarks

This paper has proposed a method to solve the
problem of simultaneous stabilization via static output
feedback . A necessary and sufficient condition for simul-
taneous stabilizability of a set of MIMO plants via static
output feedback is given using a collection of coupled
AREs and ARIs. We notice that the dynamic case may
be straightforwardly transformed into a static output
feedback design problem by simply constructing an aug-
mented system. Also, by using the method proposed in
this paper, we may solve simultaneous stabilization prob-
lem since we can obtain their same order stabilizable and
detectable realization (6) of the observable form for a
set of linear MIMO plants with different order. So we
may say that we have recast the simultaneous stabiliza-

tion problem as a computational procedure .

References

1 Djaferis T E. To stabilze a k real parameter affine family of plants it
suffices to simultaneously stabilize 4k polynomials. Syst. Contr. Lett. ,
1991,16(3):187 - 193

5 Anderson B D O and Moore J B. Optimal Control; Linear Quadratic
Methods. Englewood Cliffs, NJ: Prentice-Hall, 1990

3 Boyd S, El Ghaoui L,Feron E and Balakrishnan V. Linear Matrix In-
equalities in System and Control Theory . SIAM, Philadelphia, 1994

4 Geromel J C,Peres P L D and Souza S R. Convex analysis of output
feedback control problems: robust stability and performance. IEEE
Trans. Automat. Contr. ,1996,41(7):997 - 1002

5 Cao Y Y,SunY X and Mao W J. A new necessary and sufficient condi-
tion for static output feedback stabilitzability and comments on “ Stabi-
Tization via static output feedback” . IEEE Trans. Automat. Contr. ,1998,
43(8):1110 - 1111

A A H H A
wakE  WLART 199 F5 1 HIF 1125
IMRBE LA 1999 4EHS L B 112 T





