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Abstract; In this paper, we first proposes a sufficient condition for multi-time delay systems to satisfy H, design indices,

and a necessary and sufficient condition for a Riccati inequarlity with uncertainties to have robustness. And then, we attain a suf-

ficient condition for multi-time delay systems with uncertainties to satisfy Ho state feedback robust control design indices.
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1 Introduction

Much research has been done!! ~ 31on the multi-time
delay systems and the closed loop systems which are
constructed by combining them with feedback con-
trollers. In the case of some simple time delay systems ,
applying H., optimal control, Navantimua-pick interpo-
lational theory and infinite-dimentional technique, (1]
give H., optimal design with weighted sensitivity. Ap-
plying Razumikhim-type theorem, [2] proposes a criteri-
on of stability for time delay systems with uncertainties
to be dependently stable. The condition given is depen-
dent on time delays. However, the paper does not touch
upon the problem of H,, performance indices. Applying
the method of using state feedback to resolve the prob-
lem of H., optimal control to the time delay systems, [3]
proposes a method for design of the H. state feedback
control of single and multi-time delay systems. The
method is to attain a state feedback matrix which ensures
that the H,, norm of the closed loop transfer function is
smaller than a given number, by resolving an algebric
Riccati equation in reiteration. However, the paper does
not deal with the problem of the H, robust control for

multi-time delay systems with uncertainties, there has not
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been research in the paper, and to our knowledge, no suf-
ficient research has been done upon it so far. For this
reason, we will, in this paper, apply the theory on stabili-
ty described by characteristic equation of frequencial re-
gion and state space to prove a sufficient condition for
multi-time delay systems to satisfy H, design indices,
and give a necessary and sufficient condition for a Ric-
cati inequality with uncertainties to have robustness. And
then, on the basis of the two conditions , we will propose
a design technique of a state feedback control for multi-
time delay systems with structure parameter uncertain-
ties, and give the sufficient conditions for the closed loop
system controllers to satisfy the H., robust performance
criterion.

In advance, we let a matrix X which will be fren-
quently used in this paper be always symmetric.
2 H, design criterion

Consider a multi-time delay system

£(1) = Agw(1) + 23wt = h) + Bu(o),

(2.1a)
2(t) = Cx(t), (2.1b)

where, »(t) € 8" is a state vector of the system; w ()
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€ 1™ is the disturbance vector; z(1) € 1% is the ap-
praise output vector; A;(i = 0,1,2,*-,m),B and C
are appropriate dimention matrices,and h;(i = 1,2,*-,
m) are the delay constants of states. The transfer func-

tion from w to z is
Goo(s) = CLsI = (Ag + D, Ae™™)]'B = CG'(S)B,
=1

(2.2)

where

6(s) = [s] - (4 + iAie"’r‘)]. (2.3)

Obviously, we can let
P(s) = detG(s) = det[s] - A - ZAie‘hf‘)]
i=1

(2.4)
be a characteristic polynomial of system (2.1).
Lemma 2.1 For the characteristic polynomial
(2.4),the system (2.1) is asymptotically stable, if and
only if
P(s) 20, Res=0. (2.5)
Theorem 2.1 For a given index,y > 0, the mul-
ti-time delay system (2.1) is
1) asymptotically stable;
2) || Gu(s) |l w < ¥ ,if there exists a positive
definite matrix X satisfing Riccati inequality
ALX+ XAg+ 7y 2XBB"X + CC+ >, (XAA™X + 1)) <0,
i=1
(2.6)
where, I,(i = 1,2,**,m) = I are n -dimentional unit
matrices.
Proof Letw(t) =0.Take Lyapunov function as
L (i
V(e) = a0 XKe() + 2| fT()x(e)dr,
i=1 V= i
(2.7)
Then, the derivative of V(t) ,with respect to time, along
the track of system (2.1) is
V()= xT()AS X% (t) +ZxT(t—hi)A?Xx(t)+

i=1

K1) Yo (1) + 2 47(0) XA (e = by) +

o

A (1) = 26 (e k) x(e=hy) =

i=1

s (e[ ASX + XAplx(t) +

m

Z[x'r(t—h,')A?Xx(t)+xT(t)XAix(t—‘h")+

i=1
o ) L) —x"(e—h)x(t-h;)]. (2.8)
Let
w; = x(t — h),v; = AXx(t),i = 1,2, ,m.
Then, because there is
uTu + 1JT’U = uTv + vTu,
we have
(e - h)ATXx (1) + 2T (1) XAx(t — h;) <
@) XAATXx () +27C -h)x@ —h;),
i=1,2,,m.
Introducing it into (2.8) and putting it in order,we get
V() <2x™()[AGX + XA +

i(XAiA?X+ ID]x(e). (2.9)

Noticing
y2XBB'X + C"C = 0
and from (2.6) ,we have

ATX + XAo + O, (XAA™ + 1) < 0.

gt
(2.10)
So,by (2.9),we get
V(t) < 0.
i.e.,system (2.1) is asymptotically stable.
For (2.6) , we have
c'c <—A§X—XAO—ZM:(XAL-A,TX+ I,)-v2XBB"X =

(=1

[sT - (Ag + >, Ae®)T]X +
i=1

X[sI - (Ag + D Aete] -

i=1
2 (X - L) (AT - 1) -
i=1
Y 2XBB'X.
Letting

(2.11)

T(s) = zm)(A?Xe-"f - 1)
and from (2.3), (2. 111)_lcan become
CC<G"(-s)X+XG(s)=T"(=s)T(s)-y2XBB"X.
(2.12)
From asymptotic stability and (2.5) ,we know, G~'(s)
exists for YRe s = O0and G~'( - s) exist for YRe s <

0 . Thus, from (2.2) and (2.12), we have
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721 - GL (= $)Go(s) =
y2] - BTGTG"(- s)C"CC'(s) By >

v - BTG (- )[6"(- )X + XG(s) -

(= $)T(S) - v 2XB,BIX]G6'(s)B; =

v* — BYXG™'(s)B, - BIG'(- s)XB; +

BTG T(- s)T"(- s)T(s)G ' (s)By +
y-2BTG-"(- s)XB,BIXG™'(s)B; =

[yI-7'BIG (- $)XB [ 7I-7'BIXG™'(s) B ]+
BTG T(= )T~ $)T(s)6'(s)B, = 0,

VS = jw. (213)
So, we get
I Gu(s) Il < 7.

3 Robustness theorem

(2.14)

Assume that perturbation matrix A (i = 0,1,2,

-+, m ) satisfies

AA; = EZF;, i =0,1,2,,m, (3.1)
where, E;, F; are known constant matrices and
F'r, =1, i=12,",m, (3.2)
> is unknown matrix and
s=3Teqa=1{2.3"3<1i. (3.3)

Then, we have two lemmas and our result.

Lemma 3.115)  For any matrix E € R™", F &
R9%" and positive definite matrix X ,and V & er ’
there exists =,, € 2 € R™?, such that

max(&TXESFE )" = (& XEZ,.FE ) = E"XEE" Xe&" F" FE.

Lemma 3.2 Assume that X, Y, Z are given
n -dementional square matrices,and X =0,Y < 0,72 =
0 .If for any vector £ € R",§ 0, there is

(67¥e)* > 4€"Xee" Z¢,
then, there exists an appropriate scalar @ >0, such that
a’X +aY + Z < 0.

Theorem 3.1 There is a positive matrix X such

that
(Ag+DAg) X+ X(Ag+AAo) +7 > XBB X + C"C+
i[X(Ai + AAD (A +04) X+ ) < 0,

i=1

V3 €en, (3.4)

Vol. 16

if
ATX + XA+ X (7 2BB"+ A2EoEG) X +

CTC+A"2FIFy + 2 [(1 + A XAATX +
=1

(1+ A DXEEX + L] <0
(3.5)
holds for any scalar A >0.
Proof Due to (3.1) and (3.2),(3.4) is equiva-
lent to
(Ag + EoSFo)"X + X(Ag + EoSFo) +
y~2XBB*X + C'C +

SUX(A + ESF)(A; + ESF)TX + L] =
i=1

ATX + XAo + FOSTEGX +

XE,SFy + ¥y 2XBB™X + C'C +

SIXAANX + XAFSTEX +

i=1
XESFA™X + XESS"E'X + 1] <0, V2 € Q.
(3.6)
For any matrix U, V and scalar A 70, we have
A2UUT + A2Vt s oV 4+ VU,
and taking into consideration (3.2),we get
AYX + XAo + FOSTEGX +
XE,SFo + ¥ *XBB™X + C"C +
SIUXAAX + XAFISTEX +
i=1
XESFA'™ + XESS'EX + I;] <
AVX + XAo + N XEQESX + A72F§Z"SFy +
y-2XBB"X + C'C +
SUXAATX + A2 XAATX +
=0
AXESSTETX + XESSTEX + L] <
AYX + XAo + A’XEQESX + A2FoFo +
y2XBB"X + C'C +

S+ XEEX + (1+272) XAAX+ 1],

i=1
v En. (3.7)
Obviously,if (3.7) is smaller than zero,i.e., (3.5)
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holds, then (3.6) holds,i.e.,(3.4) holds.
In Theorem 3.1 ,if we can let

ESF; =0, EJF; =0, FIF;=0,
i#£j, §,j=0,1,2,,m, YyX€0. (3.8
anyway, the condition (3.5) will be necessary as well.
In fact,if (3.4) holds, from (3.6),we have

S + F{STE\X + XE,SF, +

i}[XA;F'{zTE,TX + XESFA™X] <

i=1

- D XESS'E™X, vz ean,

i=1
where
S =ASX + XAy + Yy 2XBB"X + C"C +

i[XA,-A}‘X + Ii]-

i=1

For ¥ € € R",(& % 0), ,there is

188 + 26TXE SFo& + 20 E"XESFATXE <

t=)l!

- DE"XESSTETXE <
i=1

- D E"XEEXe, Y3 € Q. (3.9)
i=1

From Lemma 3.1, we know there exists 5,, € 2 , such
that
max | §"XE SFo€ | = £'XE,S, Fo€ > 0,

(3.10)
max | E"XESFATXE | =
E'XE3, FATXE>0, i=1,2,3,-,m.
(3.11)

So, from (3.9),we get

ETSE + 26T XE(S, Fo& + 2>, E"XES, FATXE <

i=1

~ D E"XEE XE,
i=1

The above inequality can be rewritten as

£ + D ETXEEXE =

i=1

E'[S + D XEEX]E <

i=1

~ 26"XE, S, Fof + 2> E"XES, FATXE =

=H
- 28" XE 3, Fy + O, XES, FA™X]E.
i=1

(3.12)

From (3.10), (3. 11) and (3.12), and taking (3.8)
into account, we get

(S + D XEEX]EN »

i=1

A€ XES, Fo + > XES, FAX]E)? =
i=1

4 EXEy + D XE 1S, [ Fo + O, FATX1E)? =
i=1

i=1

48" XEy + >, XE; ][ XE, + >, XE,|T&e" -
i=1

i=1
[Fo+ D FAX I Fy + >, FA™X]e =
i=1 i=1
46" XEoEJX + D XEETX]¢e" -
i=1

[FYFy + >, XAA™X].

i=1

(3.13)
From (3.12) and (3.10),(3.11) we know

S+ D>, XEE™X < 0.

i=1

According to Lemma 3.2 and (3.13), we know there

exists an «®> > 0, such that

o + [XEGEIX + D XEE™X] + o?[ S +

i=1

DUXEE™] + FIF, + >, XAA™X < 0,
i=1

i=1
?XEGE™X + a2 F}Fy +

DILPXEE™X + a 2XAA™X] +

i=1

ASX + XAg + v 2XBB™X + CC +

D[ XAATX + XEE™ + 1] < 0.

RI=}1

Comparing the above inequality with (3.5),and by the
arbitrarility of A , we immediately prove the necessity of
Theorem 3. 1.

4 Robust H, control

Consider the multi-time delay system with parame-
ter perturbation

2(1) =(A0+ Do) (1) + 2 (A+ M) (s - ) +

Biw(t) + (By + AB)u(t), (4.1a)
z2(t) = Cx(t) + Du(y), (4.1b)
where x(t) € R is a state vector of the system; w(¢)
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€ R™ is the disturbance vector; u(¢) € R™ is the con-
trol vector; z(t) € RP! is the appraise output vector;
h,(i = 1,2,---,m) is time delay constant of state;
A;(i =0,1,2,*-,m), By, B,, C, D are known appro-
priate dimension matrices ;
[AA; AB] =[ESF, E,3F,],
i =0,1,2,,m;
E;, F,, F, are known constant matrices satisfying
FuF,; =1,
3 is unknown matrix described by (3.3).
Assume that rank D = m,, (Ag, B,) is a pair stabi-
lizable, and that state feedback control
u(t) = Kx(t) (4.4)
is adopted for system (4.1),where, K € R™*" is the
gain matrix of feedback controller. Then, a closed loop

(4.2)

(4.3)

i = 1,2,"',"1,;

system constructed by the system (4.1) and controller
(4.4) is
x(t) S (Af +AAf)x(t) +

S A+ M) x(e - b)) + Byw(i),

i=1

(4.5a)
z2(t) = Cp(2), (4.5b)
where
A= Ay + BbK, Cr,= C + DK,
s 4 (4.6)
AAf = EozFf, Ff = Fao + FbK

A transfer function from w to z can be denoted by
Gn(s) = Cf[sl — (A + D4p) -

>4 + M)e kTR (4.7)
i=1

Comparing the closed system (4.5) with the system
(2.1),and referring to Theorem 2. 1, we know that if
there exist appropriate positive definite matrix X and
feedback matrix K , such that

(Af + DAD™X + X(Ap + DAp) + v72XB BTX +

C}Cf il Z[X(Ai +AAD(A + AA)TX + 1] <0
i=1

(4.8)
holds for ¥ = € (2, then the closed system satisfies the
robust H,, performance criteria

1) The closed loop system is asymptotically stable
fory > € 0;

D l6()la<r, VvEE€Q.

For the sake of simplisity , we assume that

(4.9)
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p'lp c]=1[I ol (4.10)

Theorem 4.1 For the given A > 0, there exists
a feedback matrix K ,such that the closed system (4.5)
constructed by (4.1),(4.2) and (4.3) satisfies (4.8),
VY > € 0, if there exists a scalar A > 0, such that Ric-
cati inequality
ASX + XAg + X(A2EQEf + Y °B,BD)X +
CTC + A 2F 5 Fy -
(XBy + A2FF,)R2(BIX + A 2F}F o +

DA+ A D)XAAYX + (1 + ADXEE™ + 1] <0

i=1
(4.11)
has a positive solution X , where
R* = I + A72FIF,.
If such solution exists, the state feedback controller for
the closed system to satisfy H, performance criteria 1)
and 2) can be given as
K =- R*(B3X + A%FiF,,). (4.12)
Proof Comparing (4.8) with (3.4) and the cor-
responding conditions of them, and referring to Theorem
3.1, we know that if there exists a A > 0, such that Ric-
cati inequality
AfX + XA; + X(7*ByBl + A’ EqEq) X +

CICr + A2 FJFy + 2301+ A7) XAATK +
=51

A+ ADXEEX + L] <0 (4.13)
holds, then there exist positive matrix X and feedback
matrix K ,such that (4.8) holds.

Applying (4.6) to develop (4.13),we get
ASX + XAg + X(y72B\BT + A’EQED)X +
C'C + A2FY Fyo + (XBy + AT2F F.0)K +
K"(B3X + A2F}F,) + K'(I + A2FiF)K +
Zm][u + AT XAAX + (1 + 2D XEEX + 1] < 0.

i=1
(4.14)
It can be rewritten as
AJX + XAg + X(¥2BBT + ’EQED X +
C"C + A7°FYF, — (XB, +
AT2FNF)R2(BIX + A7 2F3F,,) +
i[(l + A7) XAATX + (1 + ADXEEX + 1] <

i=1

- [K+ R%BIX + 2 2FlF,0) TR K +
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R?(BIX + A7 FiF,0)] < 0. (4.15)
Assuming there exists a A > 0, that Riccati
inequality (4.11) has a positive solution, and applying
the X and to construct K as (4.12), then, from (4.11)
and (4.12),we have
ASX + XAg + X(v2ByBT + A’EQED) X +
CT'C + A 2FiyF,o - (XB, +
AP FF ) RT(BIX + A2 FiFy) +
[K + R2(BIX + A2FF,0) ]"R*[K +
"RABIX + A2F(F0)] +

m

DL +A2) XAA™ + (1422 XEE™X + 1] < 0.

i=1
The above inequality is equivalent to (4.15).Thus ,we
know that (4.13) holds, furthermore, (4.8) holds.
If AB = 0,we can take F;, = 0. Then Theorem 4.1
can have a simple form.
Corollary 4.1 For the given plant (4. 1) with
AB = 0, if there exists a A > O, such that Riccati
inequality
AGX + XAo + X(¥72ByB] + A*EGEj -~
ByB)X + CTC + A2FlyFy +

DA+ XAAX + (1422 XEEX + 1] <0

i=1
(4.16)
has a positive solution X then the state feedback control
matrix for the closed loop system to satisfy robust H,,
performance criteria 1) and 2) is
K = - B}X.

In the Theorem 4.1 and the Corollary 4.1, if we

can let
B2, a=a0s

L# s

E'E; = 0,
i’j = 091’2"”!m’

FLF,; = 0,
VI € a,
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it can be easily proved that the conditions (4.11) and
(4,16) enables the conditions to have less conservative
form for the corresponding conclusion, respectively .
5 Conclusion

We have got a sufficient condition for multi-time
delay systems to satisfy H, design indices, and a neces-
sary and sufficient condition for the Riccati inequality
with parameter perturbances to have robustness. On the
basis of them_, we have attained the sufficient and less
conservative conditions for the robust H,, state feedback
control of multi-time delay systems with uncertainties.
Resolving an algebraic matrix Riccati inequality , we can
determine a state feedback controller for closed loop sys-

tem to satisfy robust H, performance indices.
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