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Abstract; This paper proposes an extensive analysis of the nonlinear tracking-differentiator on the working process and pa-

rameters tuning, based on which the source of the overshoot and the cause that coupling to tune are cleared. Thus, an improved

switching function is put forward to the developed nonlinear tracking-ditferentiator, which exhibits an agreeable performance and

owns a flexible, uncouple tuning technique. This amelioration renders this unit more applicable to practice than ever.
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1 Introduction

Successive signals and their differentials are com-
monly used in control projects. Their quality, especially
that of the differentials is greatly influenced the property
of the whole control system. Therefore, a structure of
nonlinear tracking-differentiator is proposed in [1]. It
generates tracking signal aund its differential by integral
method which is very useful to those noncontinual or
non-differential signals, for instance, to disturbed sig-
nals. It is frequently used in nonlinear control systems

(251 But its mechanism

and results in good performance
is not clear and its tuning is difficult, especially the con-
dition R/8 = constant that causes a new conflict be-
tween fast tracking and chatter suppressing. So its appli-
cation is severely restricted. The analysis and simulation
of the unit are made in this paper and a developed struc-
ture is introduced, which is proved to be little over-
shoot, flexible and uncouple tuning.
2 Nonlinear tracking-differentiator and
analysis
2.1 Ideal nonlinear tracking-differentiator
Nonlinear tracking-differentiator is such a structure :
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to an input signat v(¢),x,(¢) and x,(¢) yielded, here-
in x%;(¢) tracks the input signal v(¢) and x,(t) =
%1(t), in other words that x,(¢) is the extended differ-
ential of v(¢).

An ideal second order nonlinear tracking-differen-

tiator can be expressed as

{xl = %,
lle'x2)

l %y = - R'Sgn(x| - v(t) + 7R
(1)

where R is a real number greater than zero.
Suppose »(t) is a step signal that v(¢) = ¢, (¢ >
0), the property of the nonlinear tracking-differentiator

can be analyzed as follows approximatively ;

FFig. 1 Property of ideal tracking-differentiator
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Response of v(t) is shown in Fig. 1. Defining a switch-
ing function of the unit as

| %y |+ 29
L (2)

Assuming the first time s = O at time ¢;, during ¢
€ [0, ¢,] the unit satisfies
x(t) = R+ /2,
x,(t) = R+ t, P < ty, (3)
s =R-

§ = X1 —C -+

i =i,

where
ty =V ¢/R, x(t1) = %, x(t;) =V R+ c.

Assuming the unit arrives at steady state x,(t;) =
c at time t,, during ¢; < ¢ < i, the unit satisfies
s =0,
x (1) = % +Ji2(vTé ~R-(t-1))dt,
!
x(t) =V Rec-R-(t-1ty),
) < t < iy,
(4)
where
i, = Zm, [x1(tz),x2(52),S]T = [C,O,O:IT-
After ¢ > t,, the unit will end the tracking process
and be kept in the steady state.
2.2 Nonlinear tracking-differentiator with lin-
ear area
To diminish the chatter in the steady state of the u-
nit, the function sgn (s) is substituted with a linear satu-
ration function sat (s,8) in [ 1] and Bquation (1)
turned to be

X1 = X2,
{ x2 = - R o Sat(x1 = U(t) +|x722|R.7x72,8)a

(5)
where
sen(s), 1slz=d,
SEll(s’6):{sg/3, lsl< 0.
2.2.1 Tracking property
In Fig.2, the solid line represents the property of
an ideal nonlinear tracking-differentiator and dashed line
represents the property of those with a linear area.
Assuming it is o when the unit satisfies s = — §, we ob-
tain
L Je=8 . _e-8
0 = !\f R ’ 10 = 2 ’

Differentiate Equation (2) on both sides (x, > 0) and
we obtain that

§=x2+7{°9&2. (6)

-C
Fig. 2 Property of nonlinear tracking-differentiators

From (5) and (6), we can obtain that
= (1-3). (1)
Assuming Ax, is the increment of x, during ¢, to
t1,s must vary in (22, 45 + Ax,). Because & and At
= t| — tg are both very small, Ax, must be much less
than x,. Considering s as a constant and Ax, ~ 0, thus
s ms (290 + %09 + A%3)/2 = 1.5%y. (8)
At time ¢,
sy~ So+ s At ==8+s-At =0. (9
So
At = 1.58/%y. (10)
Thus, the equations below can be obtained:

t
1

xz,l = Xy + Jt xgdt = X0 + R At/2,
0

(le(— S)dtza/Z)’ (11)

0

L
xl,l =] x10+‘[llx2dt ~ %10+ %0 ° At+R - Al2/4.
[4]

Simplify (11), then

J le] ='VJIR'(C—§-) +-(3i'\‘/CTR6,
(12)
I A
= 2 *16(e - 8)°

In the same way, when s = + & at time ¢; , we can ob-
tain that

%30 =+ R+(c-0),
2 (13)
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After 1 > t}, it is easy to find that the switching
function will track along with the inside of s = + ¢ until
it enters the steady state. The curve is similar to that of
ideal nonlinear tracking-differentiator during (¢, ;).

In the analysis above, it is found that x, varied
more slowly when it is closer to zero because of the lin-
ear area. This feature is conducive to diminishing the
chatter, and also shifting the decreasing curve lo right.
When x, reaches zero, overshoot yields because x| must
be greater than the value of v(t) = c. InFig.2, S, and
S, are respectively defined as the area between x, and
time axis, ¢, and ¢ of the unit with linear area and the
ideal unit, which are shadowed with right ramp line and
left ramp line. The overshoot is equal to the difference

between S, and S,. Because S, can be expressed as

2
S = %3 - §(78_75_)’ (14)
and S, can be expressed as
S, =+ 6, (15)
the overshoot is nearly equal to
g e i =y i)
3 7 8(c-0)

The results of the simulation shows that the real
overshoot is 1.5 to 3 times of (16) because the liu-
earization above is conservative and in fact x, has de-
layed to decrease since s tracks inside the boarder of + &
after ¢t > .

2.2.2 Steady property

The steady state of the nonlinear tracking-differen-
tiator with linear area is indicated by x, decreasing to
zero. In the staie x; {luctuates nearby x| = c. Assuming
at time « it satisfies Ax;, = %, — ¢,%, = 0 and
Ax, = x, — c. Simplifying the analysis with consider-
ing | x, | as a constant and substitute (5) with («) in
the following equations
(17a)

A%] = X9,
. | xp |- ¢
{ Xy = — g(Ax, + TZZRﬁ)

Transfer it with a Laplace operator p :
P(PAxl(P) = Axlu) =

R pAx(p) - Axy,

(17h)

et

(18)
Defining T = 6/R, (18) can be described as

Vol. 16
Axl”2'8| %y | + phay,
S | % | 1_ | %, 12
(p+ W) YT 1682
(19)
Because
[ %l /RO,
(19) can be further simplified to
_A.rh,,z'é\l x| + pAxy,
Axi(p) = ——= — —, (20)

[ %y V2 1
Pt i) T
Inversely transfer (20) with a Laplace operator, thus
Ax(t)=a; * e PO L sinwt +Bxy, e P coswt,
(21)

where

Ignoring the first term of right side of (21), then
Ax (1) =~ Axy, e~ P L cosat, (22)
It means that if any disturbance Ax, to x, in the
steady state happens, the error of tracking signal will
fluctuate at frequency w = YV R/¢, initial scope Ax,

Ile

%)
3 Developed nonlinear tracking-differen-

and decreasing rate §(t) =

tiator

When s approaches zero at the first time in which
process |x,l has a large value, the overshoot of x, yields
for the delayed decrease of x, by the action of linear
area. To weaken the effect of the linear area in that pro-
cess but not influence the property of the steady state, a
penalty function e' ™' is multiplied to the switching func-
tion s and the advanced nonlinear tracking-differentiator

should be expressed as

X = Xy,
R
Xy = — N sat(s.8), (23)
‘ s = e/l (xl - v(t) + | xgk*x—z)

It is easy to understand that the new nonlinear
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tracking-differentiator has both the tracking property of
an ideal unit and the steady property of the one with lin-
ear area. In all the processes, the tracking signal and
differential signal have an admirable quality.
4 Parameters tuning

In the developed nonlinear tracking-differentiator,
it becomes smooth to uncouple tuning of R and & for the
weak relation with each other and clear meanings. De-
fine T, = 2 v ¢/R as the time inertia of the nonlinear
tracking-differentiator, which is the time needed for the
output tracking signal reaching the value of the step in-
put. If 7\, can be confirmed at first, R can be tuned as
R = 4¢/ T2, where ¢ is the amplification of the input.

If the input can be expressed as a standard sinuous

X T
v(t) =c- Sin( ZETTt) , T'q should satisfy Ty < ~—49 for

a good tracking property and R should be tuned as R >

%Z—C , where Ty is the period of the sinuous input. If the
0

input is a non-sinuous signal, FFT should be needed to
calculate T that should be the period of the highest order
harmonic. A great value of R is beneficial to a fast
tracking to the variation of the input but it also increases
the sensitivity of x~ to the disturbance. So R should not
be too huge if it is great enough to satisfy the tracking
property .

Though the linear erea is useful to get rid of the

chatter, the frequency of the decreasing fluctuation w =

v/ R/8 declines with the augment of &. This feature is
nuisance to the steady property obviously. So ¢ should

) 05 I 15 2
Fig. 4 Result of Example 2
6 Conclusion
Nonlinear tracking-differentiator is a significant unit

in the control field, but it is far from being widely used

be tuned to a relatively small value if it is great enough
to reject the disturbance.
5 Digital simulation

Three examples are given to make the simulation in
step h = 0.001s of the 4th order Lunge-kutta method.
In Fig.3 to Fig.5, the solid line represents the result of
simulation of a developed nonlinear tracking-differentia-
tor, dashed line represents that of a unit with a linear
area and dotted line represents the input ( overlapped
with the solid line sometimes) .
v(t) =5(¢t =0),R = 100,58 =
0.5, disturbance of +5% is attached to the input v(¢)

Example 1

at t = 1s. The result of simulation is shown in Fig.3.

Example 2 »(t) = 3sinl2.56¢,R = 300,
6 = 0.5, disturbance of + 5% was attached to the in-
put v(¢) at t = 0.8s. The result of simulation is shown
in Fig.4.

Example 3 »(:) = 35in9.42¢ + sin(12.56¢ +
0.1),R = 300,58 = 0.5, disturbance of +5% was at-
tached to the input v(¢) at ¢+ = 0.8s. The result of sim-

ulation is shown in Fig.S5.

0 05 i 05 2
Fig. 3 Result of Example 1

0 0.3 1 15 2

Fig. 5 Result of Example 3
because of the difficulty of tuning. This paper has pro-
posed an improved switching function and got a new

structure of the unit whose parameters can be uncoupled
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to tune. The digital simulation has proved that the new
unit has not only an agreeable tracking property but also

a good property of rejecting disturbance and chatter.
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