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Abstract; A systematic procedure has been developed for the synthesis of robust regulatory control
systems comptising multi-input multi-cutput controllers. The technique is based on singular value de-
compsition and results in a simple mattix-proportional-plus-integral controller. An interactive comput-

‘er-aided control system package has also been developed with the systematic technique incorporated.
Two design examples are given to demonstrate the systematic nature of the design approach as well as
the utility of its computer software.
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1 Introduction

Control system design for a chemical process is a very challenging task Wthh confronts con-
trol engineers. The activities involved include identifying the model of the chemical plant, ana-
lyzing the model, formulating a design problem, determining the specifications and determining
the appropriate control law which satisfies the specifications. The above is a highly complex task.
The aim of these activities is to obtain a controiled ‘plant which can perform as specified by the
process specifications. v

In this paper, a novel approach to analyze and design robust process control is given. We
will present a unified framework for the analysis of multivariable control systems. The analysis is
based on the eigenvalue and singular value decomposition of matrices. An indicator called prima-
ry indicatorst!] is defined which can provide a designer with the information on stability , perfor-
mance as well as the robustness of a system. The primary indicators of a system are similar to the
Generalized Bode Diagrams except that it contains the crucial information on robustness.

We also present a new synthesis method called simple design technique for the design of ro-
bust process control systems. The simple design techmque isa frequency—domam dcmgn method
and like many other frequency-domain techniques, it makes intensive use of mteractlve graphics.
As discussed in Arkun(Z], one disadvantage of most existing design techniques such as Nyquist Ar-
ray'®], Characteristic LocustJ, Multivariable Root Locus'®}, Method of Inequalitiest®™l, Fractional

Representation Approachl™, etc. is that they do not provide adequate assessment on the robust-
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ness aspect. The simple design technique, however, can handie the robustness aspect of a design
problem in addition to the aspects of stability and performance. The controller synthesis of this
technique is based on the singular value decomposition. Similar attempts on the design and analy-
sis of control systems based on the singular value decomposition were carried out by Bequette and
Edgar(®], and Lau et al. [], In this paper, the systematic nature of the simple dmgn technique is
shown and the design procedures are intuitively appealing.

2 Robustness in Controller Design , A

The problem of robustness m control system design has received the attention of many re-
searchers(101112:2] By robustness, we mean the ability of a system to remain stable in the face of
model inaccuracies and parameter variations of the system. It should be reminded that no mathe-
matical mode! of a physical system is exact. However, these models are used for control system
analysis and controller synthesis. Hence, the issue of robustness is crucial in the analysis and
synthesis procedures for é successful design. During the design‘ of a process control system, the
three key aspects of feedback system behaviour are stability, performance and robustness. - The
assessment of closed-loop stability can be obtained from the Generalized Nyquist Stability Criteri-
onl1314, Very often, this assessment is based on the nomianl model of a system. A robust design
would minimize the amout of perturbations in the loci of eigenvalues especially around the critical
point. Regarding the performance of a control system, it can be shown that closed-loop perfor-
mance in terms of input tracking, disturbance rejection and noise rejection depends on the singular
values of the return difference and inverse return difference operators. These in turn are related
to the singular values of the open-loop gain matrix. Therefore ». the maximum and minimum prin-
cipal gains of the open-loop gain matrix can be used as indicators of the closed-loop perfor-
mancel'®), To obtain a robust system is very important because the prime reason for using feed-
back control is to combat uncertainties. From a performance point of view, we are concerned
with the effect of perturbations on singular values, and from a stablhty point of view their effect
on characteristic values. '

It is well-known that the eigenvalues of a normal matrix are relatively insensitive to pertur-
bationsli8), Therefore, we aim to obtain a compensated system whose open-loop transfer function
matrix is as normal as possible over the frequency range of interest. It has been found that a ma-
trix is normal when its singular values equal the magnitude of its eigenvalues. Therefore, the
non-normality of a matrix is associated with the divergence between the singular values and the
agnitude of the eigenvalues.

Although normal matrices have nice spectral properties, ‘they constitute only a relatively
small set among general matrices. Also, it would be difficult to obtain a compensated system
which is normal over the entire frequenéy range of interest. Therefore; we have to introduce a
Measure of departure from normality for a general matrix[17:18,19], '

Definition MS(G¢)——A Normality Indicator

Let GEC™™ have a Schur triangular  decomposition
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G =8+ DS

We define
_ A7l '

where || +|lr denotes the Frobenius norm of a matrix.

Note that
6l = 8@ + T)8" lr = D + Tl (2
since the Frobenius norm is invariant under a unitary transformation.
Hence, '
el = IIDlI3 + NTI? 3
and
7z = el — > lal* | 4

=1

Where g; are the eigenvalues of G(i=1,+>,m). Therefore, although a Schur triangular de-
~ composition is not unique, [|T]|+ is unique because it is independent of the particular schur trian-
gular decomposition taken. '

MS(G) has been defined as a quantitative measure of departure from normality. A matrix is
called skew if it is not normal. Hence, MS(@) is a measure of skewness of a matrix. When the
matrix is very skew, ||T|lx tends to ||G|lr and MS(G) tends to 1. In the limiting case, MS(G)=
1. On the other hand; MS (@) =0 when G is normal. Therefore, the normality indicator MS @
has a range from 0 to 1. Asa heuristic, a value of MS(G) below 0. 3 is considered to be very
good and a value above 0. 7 is considered to be high.

In fact, it can be shown[!] that the normality indicator MS(G) for a matrix G€& C**™ can be
expressed as

; —_ 12y 4
MS(@ = [ZT=1(§!'_1UZ|g‘| )] sy BTT= Lyt M, )

where G have eigenvalues ¢; and singular values o;(i=1,¢+,m) and they are arranged in
descending order of their magnitude. '

Therefore, it can be seen that the amount of divergence between the magnitude of the corre-
sponding pairs of eigenvalues and singular values is neatly related to the normality indicator MS
(@). That is, the skewness of a matrix may be expressed as a summation of divergences of mag-
nitude of the corresponding pairs of eigenvalues and singular values.

% Control System Analysis

Indicators are any computer-generated graphics that are presented to the user during a con-
trol system design and analysis session. The well-known Nyquist and Bode diagrams are examples
of indicators in the classical frequency-response approach. Such graphs are extremely effective
means of representing and conveying information about relationships which can help us better un-
derstand the COHtI"Ol system being considered. Hence, interactive graphics is a very powerful tool

for discovery , understanding, communication and teaching.
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In the frequency-response analysis of a multi-input-multi-output (MIMO) feedback control

gystem, it is important to obtain a complete set of indicators which can characterize accurately all
the Arelevant aspects of closed-icop system behaviour. Different indicators of the MIMO system
represent different aspects of the behaviour of the system. Essentially, the large set of indicators
arises because of the complexity of the multivariable feedback problemn. With a large number of
these indicators, a user has the problem of observing changes in them at each stage of the design,
which can make the user difficult to proceed in a design process. Therefore, it is useful to obtain
a set of primary indicators which would specify only the major aspects of the behaviour of the
gysteim. ,

For the analysis of multivariable feedback control system , the primary indicators are defined
as the characteristic gains and phases (obtained from eigenvalﬁes) as well as with the principal
gains (from singular values) plotted together on the same drawing in Bode form. Fig. 1, 2 and 3
show the primary indicators of a system at different design siage. These indicators are ‘prima.rﬁ"
in the sense that they contain the most crucial information about the system i. e. stability , perfor-

mance and robustness. The interpretation of the primary indicators are as foliows.
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and principal gains give an indication of the robust- Fig. 3 The primary indicators of HUT after
hess of the system. It has be shown that the diver- low frequency design stage

8ences between the corresponding pairs of principal gain and characieristic gain loci of the open-
10013 transfer function gives information on the norinality of the' system, and hence information
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on robustness. In the manipulation of the primary indicators, one strives to minimize the degree
of divergence between the characteristic and principal gains.

With the definition of the primary indicators, all other indicators are called secondary indi-
cators. Examples are graphs that give us information such as misalignment angles, normality , ro-
bust stability, condition numbers etc. on the system. Other secondary indicators include the gen-
eralized Nyquist diagram, generalized root locus diagram, Nyquist array and closed-loop step re-
sponses of the system. The secondary indicators allow the user to obtain more precise values for

other measurements that characterize a control system.

The standard multivariable feedback arrange- Reference pmmrven EN O Oggg‘lllfd
ment is shown in Fig. 4. In the design of multi- -’T-— K@) [mpuc| €
variable feedback control system, the user is con-
cerned with a suitable compromise between the de- Fig. 4 The standard multivariable
sign objectives; stability, performance and robust- feedback arrangement

ness, which may be conflicting in nature. It can be shown that these important aspects may be
discussed in terms of the primary indicators of the system. Therefore, the design techniques pre-
sented in the next section is based on an appropriate manipulation of the primary indicators in
such a way as to give them a required set of properties. The desired properties of the primary in-
dicators are summarized as follows. '
3.1 Closed-Loop Stability

‘ The‘ primary objective of controller design is to obtain a closed-loop feedback system which is
stable. Closed-loop stability can be assessed by the generalized Nyquist diagram of the open-loop
transfer function. The characteristic loci must satisfy the Generalized Nyquist Stability Criterion.
In the intermediate frequency region, the rate at which the deployed gain can be rolled off with-
out violating the Nyquist Stability Criterion determines the phase shift involved as well as the gain
bandwidth. We also strive for reasonable stability margin in the intermediate frequency region.
Therefore, appropriate gain-phase trade-offs have to be made for an acceptable compromise be-
tween stability and performance.
3.2  Closed-Loop Performance

The closed-loop system performance in terms of input tracking, disturbance rejection and
noise ‘rejection depends on the singular values of the return difference and inverse return differ-
ence operators.. ‘These can be related to the singular values of the open-loop gain matrix. There-
fore, the maximum and minimum principal gains of the open-loop gain matrix can be used as in-
dicators of the closed-loop performance. In the low and intermediate frequency region, the mini-
mum principal gain of the open-loop transfer function has to be suitably large for good tracking
and disturbance rejection. This can be achieved by introducing high gains or-an integral action.
An integral action will also bring about zero steady-state error in closed-loop step responses. In
general, high gain will give ‘good’ transient response, as determined by overshoot and settling

time. In the high frequency region, the maximum principal gain should be small for sensor noise
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rejection as well as for stabil‘ity‘ reason. To reduce interaction, one aims to balance up the princi-
pal gains at high frequencies and obtain high gains at low frequencies.
3.3 Robustness

A robust design should be insensitive to changes in the parameters of the controller as well as
the plant nominal model. It has been shown that the robustness of the system can be assessed by
the divergences between the corfesponding pairs of principal gain and characteristic gain loci of
the open—lbop transfer function. In the manipulation of gains and phases at both ends of the fre-
quency range, one strives to minimize the degree of. divergence between the characteristic and
principal gains in the intermediate frequency region.

4 A Systematic Approach to Control System Synthesis
4.1 Simple Design Technique (SDT)

The Simple Design Technique results in a matrix proportional-plus-integral (PI) controller
for a system and the controller synthesis is based on the singulaf value decomposition. The design
technique is based on the manipulation of the primary indicators of the open-loop transfer func-
tion at the high and low frequency regions. The two main stages of this technique is summarized
below ;

1) In the first stage, a simple-structured controller called high- frequency sub-controller
(HFS) is constructed. The objective of this sub-controller is to balance up the principal gains (sin-
gular values) , as well as to align the input and output gain frames of the system at high frequen-

e . Other QW Erequency . [Hen, -

2) During the second stage, another sub- Sub-Controlter poo-Controller ¢ v Controller
controller called low-frequency sub-controller & [~ oy K. Plant
(LFS) is formed and it has to be cascaded to
the high-frequency sub-controller (Fig. 5). Its Fig. 5 The structure of the cantroller using SDT

objective is to balance the principal gains and align the gain frames of the cascaded system at low
frequencm In addition, it attempts to inject gains into the system by incorporating an integral
action,

Consider a multivariable system described by the transfer function matnx G(s). LetG(s) E
C™" have an singular value decomposition (SVD) at one specific frequency So

G(sa) =Y XU, , (6)

Where ¥, and U are unitary, and X,=diag{o?}, =<1, ,m.

Asymptotically, as |s|—>co, G(s) takes the form

G(500) = Yoo IOUT, (7
Where Y., and U., are real orthogonal matrices, and
= dingl %5
Zgo = dla-g{ 8'i} s (8)

Where 6% are real and r; are the orders of infinite zeros of G(s).
A high frequency sub-controller (HFS) for G(s) is defined as
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Koo = UZLYE, : (®
whers 2* =diag {k°} , with &~ real constants. ' -
When this sub-controller is cascaded with the system, and at high freguencies s
G Ko = Vo Bo T VBT = Yoo e o ao
The product G(se) Ko has the following properties: '
1) The input and output gain frames are aligned and thus the system is normal at high fre-
quencies. ) ' )
, 2) Since the system is normal, the singular values and the magnitude of eigenvalues tend to
coincide in a neighbouthood of s=200.
3) Since the system is normal as |s]—>oo, it is robust in the high frequency region.
4) Since the eigenloci behave asymptotically as
L
&
the phases of the eigenloci will approach +r/2. ,
5) The loci of singular values can be balanced up by a suitable choice of k;° if the orders of
infinite zeros, 7;, are the same. v ’
TFor obtaining a low frequency sub-controller (LFS), we let Gg(s) be the transfer function
matrix of the system cascaded with the high frequency sub-controiler. Let Gg(s) be real at s=0
and take the form

Gr(0) = YoZoU5s N ENY)
where Yo and U, are orthogonal mat:ricé.
Let .
Ko = UyZt¥s a2
and one basic type of low frequency sub-controller (LFS) for G(s) is defined as
Ku(®) = 222 + L, @13

where Z%=diag{kl}, i=1,°,m, With i and o real constants.
At high frequencies, Gx (s)K1(s) tends to Gu(s) and therefore K (s) will not affect the

system in the high frequency region.

As |s]|—>0.
6 E(e) = GO 4 1 an
which approximates
6(0) 2K
8
and has the following properties:
1) Since
. O!Ko T, T [ ‘ . ak?
G (0) = Y oZoUsUoZeY 5 - = YoZdiagd — Y% as)
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¢he input and output gain frames are aﬁgned_ and the system'is. normal at very low fraguencies.

2) Since the system is nomafg the loci of singuiar values and magnitude of eigenvalues tend
1o coincide in a neighbourhood of =0, . o

3 Sincé the system is normal as |e|—0, it is robust in the low frequency region.

4> The loci of smgular'vﬂues can be balanced up by a smitable ‘choice of the gain parameters
5) The phases of the eigenloci of Gr(s)aK /s will approach — /2 because of the effect of
- integrator 1/s.

€) The effect of the integral action can be controller by a suitable choice of the parameter
o _ | |

7) Steady-state error and low frequency interaction are eliminated because of the presence of

the integrator term.

Measure of Shewness

The Simple Design Technique is based on a cascaded
combination of the high and low frequency sub- con- o8 // ﬁx
trollers, plus some basic types of sub-controller which \
may be suitable (Fig. §). The design is broken down into o2 ' \
high and low frequency region design. Let K.. be the HFS. \
in the high frequency region design and the sub- con- . o ’
trollers for the low freg,uenc,s; region design be o

: 0 o1 30 100
Frequency (rad/s)

&

ak
(—»—-«‘L + 1,,)1{‘. o
/ Fig. § The normality indicator MS(G) of
K; is a basic type of sub-controller which may be . HUT after high freguency design stage
needed for further improvement of the design results (e. g. a constant gain sub-controller). The
final controller K (s) is the product

Ko o IM)K« : (16)

K(s) =K w(
The effects. of the high and low frequency sub-controllers are combined and each comes into
broper operation in the approrpiate frequency region. The complete controller becomes a matrix-

proportional-plus-integral controller.
5 Example

In this section, we demonstrate the above design approach which is based on the singular
value decomposition. Two example from the literature are used and the svstematic nature of the
simple design technique is illustrated.

5.7 Example One _
The following example is taken from Hutchison[?%]. The state space representation of the

System is described below and it is referred to as HUT.
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e[ er -

The system is minimum phase with poles at —1,

Measure of Shewness

—2and —3. The suggested bandwidth is around o=1. " P
The primary indicators of the uncompensated system and o 28 /

its measure of skewness are shown in Fig. 1 and 7 re- 026 /

spectively. We observe that the system has different /

roll-off rate at high frequencies. Hence, we can only ., /

balance the principal loci‘at an intermediate frequency. 0. 20 /

This is usually taken to be around the bandwidth fre- 0.18

quency. Therefore, in the first stage of design, a high *'° 5. 10 700

Frequency (rad/s)
Fig. 7 The normality indicator MS(@) of
the gains at around @=1. The primary indicators of the the uncompensated system HUT

frequency sub-controller Ko is obtained to balance up

system after high frequency design is shown in Fig. 2.
[ 4.2095 — 2. 9446
*7 |-6.8379 7.4703 |
The measure of skewness of the system after the first stage of design is shown in Fig. 6. We
observe that MS(G) tends to zero and the system is normal at high frequencies, which is what we

as)

expect after stage one. One of eigenloci is rolling off at —20db/dec which gives rise to the —90
phase shift. The other eigenloci rolls off at — 40db/dec and gives rise to the — 180G phase shift.
Also, we can observe that the corresponding loci the eigenvalues and singular values almost coin-
cide over the entire frequency region. V

In the low frequency design stage, a low frequency sub-controller Kz(s) is used to align the -
input and output gain frames of the system, balance up the gain and add integral action
(Fig. 3).

K. (s) = (_;I_‘go_ + Iz) ’ a9

where
. [ 1.0138  0.5394]
°~ |- o.0704 2.2908
The primary indicators of the final compensated system has shown that the gain divergences is

(20)

small over the entire frequency range. Hence, we expect the system to be robust. The secondary
indicator MS(G) (Fig. 8) shows that the the measure of skewness is indeed small especially at
both ends of the frequency range. Even the peak value at around w=1 is around 0.19. The
compensated system is found to have fast closed-loop step responses and the interaction is around
209% (Fig. 9 and 10). The frequency response of the closed-loop system is shown in Fig. 11.
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HUT after low frequency design stage
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the closed-loop HUT system

5.2 Example Two
The second example is a binary distillation column(?! referred to as Ray in this paper. The
concentrations of the heavier component in the top and in a side stream are the control variables.

The manipulated variables are the drawoff rates of those streams. The nominal transfer function
Imodel of this system is given by

0.7 0
Gy = | T | 21
S) = .
2 0.4

T+8& T+el

The design of the above system was attempted by Arkun et al. 2] using an approach called
Model Reference Scheme. Here, the simple design technique is used and the design procedures are
straightforward and systematic.
5.2.1 High Frequency Region Design

The primary indicators of the uncompensated system and its measure of skewness are shown
in Fig. 12 and 13 respectively. The uncompensatéd system is very skew as shown by the gain di-
Vvergences (Fig. 12) as well as the measure of skewness in Fig. 13. We observe that the system
has the same roll-off rate at high frequencies. Therefore, we can balance up the principal loci at
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high frequencies. A high frequency sub-coniroller Ko is cbtained to balance up the gains at high
tors of the system after high frequency

frequencies and align the gain frames. The primary indica
design is shown in Fig. 14. .
3. 1342 0
ko= | 21 o1, | (22)
|- 10. 4474 3. 6566

The gain loci all coincide at high frequencies and the sysiem is robust at that region. Now,

we are ready to move to the next stage.

Measute of Shewness
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5. 9,7 Low Frequency Region Design
sign stage, a low frequency sub-coniroller K (s) is used to align the
balance up the gain and add an integral action

In the low frequency de
imput and output gain frames of the system,
(¥Fig. 15). '

. X 0. 1K ‘
Ku(s) = (‘“‘g“"‘ + iz) » (23)

where

1. 4643 0
] | @H

EK()g L Poe
— 92,0919 2.1965]

< The primary indieators of the compensated system has shown that all the four gain loci have coin-
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cide over the entire frequency range. Hence, we expect the system to be robust. The secondary
indicator MS (@) (Fig. 16) shows that the measure of skewness is very small. Finally, we apply a
gain of 35 to both channels and the primary indicators of the final compensated system are shown
in Fig. 17. The compensated system is found to haye fast closed-loop step responses with no inter-
action (Fig. 18 and 19).

Primary Indicators

Measure of Shewness 80
MS _y 60
8 40
0. 03, . = 20
/1 8 s
0. 025 —20)
/ \ —40 0.1 10 100
- 0. 02| Frequency (rad/s)
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0.015 —90
/ \ P92 7
0.01 / \ E g4 \\ /
L —Jd4q
0. 005 \ 2 g N\VI/4
—98
0 ok ! i 0.1 1 10 100
Frequency (rad/s) Frequency (rad /s)

Fig. 17 The primary indicators of

Fig. 16 The normality indicator MS(Q) of
the final compensated system

RAY after low frequency design stage

Closed-Loop Step Response Closed-Loop Step Response

1.0 —
/]
0.8 l
[
0.6 I

0.4
0.4 0.2
D‘L . G
U= %3510 15 20 25 3.0 3.5 T(s) T 1.5 2.0° 2.5 3.0 3.5 7T()
Fig. 18 Closed-loop step response of Fig. 19 Closed-ioop step response of
RAY after SDT (step at input 1) RAY after SDT (siep at input 2)
6 Conclusion

The simple design technique is a systematic approach for the design of muitivariabie feedback
control systems in the frequency domain. The technique has been based on the singular vaiue and
eigenvalue decompositions and consideration regarding the robustness of the system can be handled
in the design framework. The design is carried out in two stages; high frequency design and low
fl'equency design. The alignment of gain frames and balancing up of singular vaiues will ensure
that the multivariable system is in the correct orientation at both the high and low frequency re-
8ions. Particular attention is paid to the primary indicators at the intermediate frequency region.
It is found that the technique can handle a large class of multivariable systems satisfactorily. For
Systems which require more phase compensation or gain adjustment in an intermediate frequency
Tegion than can be provided by the simple design technique, more elaborate sieps are required to
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provide a satisfactory design. The interested should refer to Pang and MacFarlanel!] for more de-
tails. ,

The simple design technique has already been implemented ina computer-aided control sys-
tem design package called SFPACK[?2 at the University of Watetloo. The package is interactive
and command-driven, and it has the same command syntax as the _well-known MATLAB pro-
gram. The synthesis of the controllers are programmed with a high level command language using
the facility of user-defined functions in SFPACK. All the graphs in this paper are generated by
the design package. The development of SFPACK has made the design technique more accessible
for research and teaching purposes.
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