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Sufficient Condition for Stability of Interval Matrices
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(Department of Mathematics, Xianning Teachers College +Hubei Xianning, 437005, PRC)

Abstract; In this paper, some sufficient conditions are presented for the stability of a real matrix
whose elements are not known precisely. These conditions have improved the results of symmetric in-
terval matrlms.
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1 Introduction
' Suppose the lmear dynamical system descnbed by the equation

(@) = Az(®), x(t) = x4, (@)
Where A is a real matrix with dimensions & X n. Because of rounding eﬁor, we only know the
ends of the interval within which the elements of the matrix are confined. Let
 ; A= {a.,}, P = {P:j}9 Q= {qu}’ (,j=1,2,3,%,n)
are real matrices with dimensions s X#. Denote N[P, Q]={4={a;;}) ER* . P<ALQ, ;<
< Gijs8,J=1,2,++,m}. Let A, A, **+, A, denote the eigenvalues of matrix AC N[P, Q. For
_ the continuous time-invariant case, the set N[ P, Q] is said to be Hurwitz if and only if ReA,<0
~ (i=1,2,+,n). For the time-iziviriarit discrete time system, the set N[P, Q] is said to be Schur
ifand only if {4|<<1. (i=1,2,+,n).

Bialas('] has shown that the family of interval matrices is Hurwitz if and only if all its vertex

Matrices are Hurwitz.  But Barmish and Hollot[Z] have shown that the result of Bialast!] is incor-
fect; Xu, D. Y.[" has obtained the simple criteria for Hurwitz of interval matrices; Mori and
Kokamel® 1] have shown that interval matrices and interval polynomials are-Hurwitz in some cer-
tain conditions; Petkovskil®) has attempted to improve the bounds of interval matrices to keep it
Hurwitz, however his result has also been shown to be incorrect by Buslowiz[®]; Necessary and
Sufficient condition for Hurwitz and Schur have been obtained by Sohl®], but these results are
based on symmetric matrices.

In this paper, we present several sufficient conditions for the stability of real interval ma-
trix,

2 Hurwitz Stability | |
: Mori and Kokamel®) and Sohl®] have obtained the result of symmetric interval matrices.
i \_ - v v V '
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- Now we consider the case of general interval matrices. , : .

Suppose A= {a;;} is a nXn real matrix. We have A= (A+AT) /24 (A—AD) /2. -ObVlougl
(A+ AT /2 is a symmetric matrix. Denote B= (A+A4A7)/2, Let max(Z(B)) B mm(}.(B))\
a, then a<<Re(A(A))<p (see [8]). :

Lemma 1 Let Abea real matrix with dimension nXz. Denote B= (A—I—AT) / 2. Then A
Hurwitz if B is Hurwitz.

Lemma 2 Let A, and A; be two real matrices with dimensions n>< n. Denote By=( A4
ANY/2, By=(Ay+A})/2. Then A=(1—7r)A+7 4 Hurthz for all € [0, 1], if B, and B,
is Hurwitz.

Proof We have the fact that (Lancaster and Ttsmenetsky[m]) a symmetnc Hurwitz matriy
is negative-definite and vice versa. Because By, B; and (A+AY)/2 are symmetnc matrices, i
will suffice to show (A AT)/2 is negative-definite for all r€[0, 1]. We have '

A+ 4aD/2= A — 1) + AD/2 + r(4 +4D/2 =1 — 7)By + By
Here B, and B, are Hurwitz. So zT((A+AT)/2)z— a —r)zTBlz+rzTB2x<0 for all 0¢z€
R*¥1, (44 AT)/2 is Hurwitz, then 4 is Hurwitz.
For the following polytope of nX= real matrlces

m

. R = iTA’ Z’n: 1, T;> 0, m= m(n). . )

=1 =1

Theorem 1 The polytope of matrices Ris Hurw1tz if matnces B; are Hurwitz. (z— 1,2,
+=s,m), Where B;= A+4D/2, (G=1,2,+,m).
" Proof From the condition . '
= B+ ED/2= DrlA+ 4D/2= Y jnB. C®
i=1 i=1 )

Sohf® has shown that the polytope of syhxmetric, matrices R, is Hurwitz if and only if the vertex
matrices B; are Hurwitz, From Lemma 1, R is Hurwitz. ’
Suppose V*[P, @)= {T={t;} ER":t;= (piy+pi)/2 or (gi+g5)/2 for any z,]=1 2,
«s«,n}. There are 2* *~1 numbers of T in V*[P,Q].
Theorem 2 If V*[P,Q] is Hurwitz, then N[P, @] is Hurwitz.
Proof Because P<<A<(Q for all A€ N[P,¢Q] '
(P+PH/2< A+ 4D/2< @+ QT)/Z

Alsol®] there exist constant numbers 7,220, Zr,-—— 1, such that

U+ AD/2 = Zr,au, T, € V[P, @], m= 21
: i=1
It followed from Theorem 1.
(A+ AT)/2 is Hurwitz, A is Hurwitz. So N [P, @] is Hurwitz.
3 Hurwitz Stability of Interval Diagonally Dominant Mamces

Let A= {a;;} be a real matrix with dimension  X=. If jas|> Z la.-',l for each 1<i<ns w
=1
: i
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that A is a strictly diagonally dominant matrix, denoted by A€ D.
Lemma 39 Let AED, a,>0(i=1,2,+a), then detA7£0,ReAA>0, (3=1,+,n).
Theorem 3 Let t,<<0, 7€ D for all TEV*[P, @], then N[P, @] is Hurwitz.
proof TEV*[P, @], TED, therefore V*[P, Q] is Hurwitz. From Theorem 2, N[P,
s Hurwitz, '
Remark 1 - This theorem has improved the corresponding results of Xu, D. Y.
Remark 2 Sohl®] has shown that a family of symmetric interval matrices is Schur if and

o,

oy if the vertex matrices are Schur. For the case of general interval matrices. We have result;
e polytope of matrices R is Schur for all € [0, 1], if each B; is Schur. Where
= (4+ AD/2, G =1,2,,8)
4 Example

In this section we have a simple example.

Tet ‘
21 1.47 1.5 207
"= o —40 ® Los —3sl’
ralx alﬂ

N[P, @] = {4|4A= lay anl’ 2.1<an<<— L. 5,
21 2

<
1-4<012<2.-0,'0.6<021<0.8,“-4.0<¢122 35}9
21 107 —1.5 1.47

PHPO/Z= 1y 4’ @+eD/2= 14 _3s"
V[P, @] = {T;:i = 1,2,++,8), where m = -1 = 92'—1 — g,
—21 1.0 15 1.0] 2.1 1.4
“l1no —40” T L1o —aol” T e —a0”
21 1.0 2.1 147 —1.5 1.4]
=l1o —as’ " lue —szs " |_14 — 4.0’
po P15 107 L5 14]
1.0 —35" *" L1414 —35

DY AGN[P, Q], we have

b

A+ aD/2= DT, D=1, n=20, G=1,2,m).
i=1 ’

=1

For example

P —18 177 e —18 127
A= NP , A+ AD/2 = s
| Loz —3.6 S Q) k2 1.2 —38 ET'T

!’:HCIICe r=201, rs = 0.1, r3=0, 7= 0.3,
75=0'1a re =— U, ry =0, 1‘3=0.4,
5=0, r,=0.3,

rg=0.2, r5=20, r,=0, rg=0.3,

or

1‘1=0, ‘7'2‘-——'0-2, T3

{kor 2nother,
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10
51 —1.5 —21 —21 —21 —1.5 —15 —1L5 M — 1L
1.0 1.0 1.4 1.0 1.4 1. 4 1.0 1.4 | lr 1o
— 4.0 —4.0 —4.0 —35 —35 —4.0 —3.5 —3.5/ [+ — 3.

1 1 1 1 1 1 B | 1 s 1
2) v+ [P, @] is Hurwitz, Because T, is Hurwitz (i=1, 2, 8), so N[P, 0l &
Hurwitz. : :

For example

P8 LT = M= Al =0, e 24 5.45+5.29 = ¢
l_007 '—3-6—‘ ’ ’

Re2(A)<<0, and A is Hurwitz.
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