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Abstract; This paper concerns with the problem of feedback strictly posmve real system with mul.
ti-input. - The sufficient and necessary condition for a linear system having feedback strictly positive re-
al output is obtained in’this paper. ‘The condition itself is succinct in expression and is easy to check.
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1 Introduction .
Consider a linear control sy:stem Z’(C A, B) AGR““ BER™™, 0 € RmXn, myn(m<n)
positive integer, | |
Definition 1. 1 If there ex1st 7 X n positive definite symmetric matrices P, Q (denoted by P
>8,, Q>6,, 8, nXn zero matrix) and K € R™X*such that
P(A+ BK) + (A4 + BK)TP =—Q,
{ PB = (T,
Then ¥ (Cy4,B) is said to be a feedback strictly positive real system, or Z’(C AyB)is sald to

.1

have feedback strictly positive real output.

The concept of feedback positive real system was first proposed by Kokotovic and Sussmann ,
when they studied global stabilization of nonlinear system in [ 17, In fact, there are ‘many appli-
cations of feedback stnctly positive real property in other control fields, for example, in design-
ing robust controllerst?] and in assigning optimal poles(®] etc. For the case of scalar input, Stal-
ford, H. L. and Chao, C. H,. have proved that when the pair (A4,5) is in the controllable
canonical form, system (¢, 4, b) has feedback strictly positive real output iff ¢ is a stable (n~—
1)- vectorm For the case of multiple inputs, they obtained some necessary conditions in investi-
gating the design problem of robust controllerst*l, In this paper, we obtain the sufficient and nec- -
essary condition for a linear system to have feedback strictly positive real output in both cases,
with the assumption of (4, B) being a controllable pair and without this assumption. That is,
system & (C, A, B) has feedback strictly positive real output iff CB>>@, and det (sl,— Addet (¢
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s (sI,— A)™1B is an (n—m)-Hurwitz polynomial, -
2 Main Result
. Thus

In this paragraph, we consider the case of (4, B) being a completely controllable pair
it can be seen that system X(C,4,B) is in the following form [5]. :
Ay A v A ' Cn ' Ciz > Cia
Ap Ap e AZmA‘ Co Cp = Coa

° ° 4
i Amg e Aﬂnrl o ml Crgooei Oyl
B = clock diag{b;sbss == sbn} s ‘ e

where
i 10 e 1
0 0 1 : ;
M= | 83 i e i ERV, i=1,2,m,
—ak —dh —af o —ay
T A T
Ag= | 1 i e 3 LERWM, iy, Gj=1,2,m,

0 0 0 e 0
L a.-l,- - a,z,- - af’j cas ._.a:L )
by = [0, 0, 0, <, 1]1' € Ry, j= %,2”?.;.’"&9

cy = [chschsoresdi] € R, dyj = 1,2, ,m,

m
E Ny == M.
i=1

For convenience we introduce some notations;

ay £ [alyrafs o sa5], i = 1,2,00,m,

z A [21,3,000 3] € R, I positive integer, .
2(s) D [1s8,e. 87 (o205 00,0 ]T = 31 + 225 + o 4 zs
P11(8) @12(8) . oo alm«(s)‘ .

an(8)  pn(s) oo aml($)|

° o ’
H o -

Let , A =

ml(s) am2(s) ene pmm(s)
where pi(s) =det(sl,—4), i=1,2,%,m, and L o
e13(8) cia(s) . eoe C1n(s)

en€s)  cp(8) o Con(s)

° 3
° 0o o

C(s) =

@

a1 (8)  Caz(8) ey (8)
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Lemma 2.7 The following relationship holds,

H() &€l — 7B = 0(s)a-1(s),
detC(s) = det(C (sl — A)*,‘B)det(s[. — A4).

Theorem 2.1 For the system X (C,A4,B) having the form (2,
positive real output iff the following conditions are

Q.E.D.
1) it has feedback strictly

satisfied
i) cB>9,, | |
i) 4(s) AdetC(s) is an (n—m)-Hurwitz polynomial,
Proof

The proof of necessity can be found in
give the proof of sufficiency in the following,
Let

[4] (see Theorem 2. 2 of [4]). We will

K == — (CB)-IO(A + ul),

where 4>>0. Then by straghtforward computation and Lemma 2, 1, we have .

H(s) A O(sl, — 4 — BK)-1p = H_—-L—ﬁC(s)C*‘(s)CB. |

Since A(s) -———déf()(s) is an (n—m)-Hurwitz polynomial, we obtain
i) All elements of H(s) are analytic in Re(s)>>0; ‘
i) H(jw)**—HT(—-j'cu)zwzz_f_tﬂCB>0m W€ (—o0,+00);

s g , . . 20y

i) 1im o[ 7 (jo) + B (— ju) = gim ip 2CB=2uCB>6,.

e oo

~According to Theorem 3. Lof [6]. 2(C,A,B) has feedback strictly positive‘ real output,
3 Generalization of Main Result in Section 2

In the following, we assume that rank B= .

Lemma 3.1 Let (4,B) be a éontrollable pair.

strictly positive real output iff the following conditions h
i) cB>0,,

i) 4(s) =det (C(sl,— A)~'B)det (sl,—

Theorem 3, | 3 (C,4,B) has feedback strictly positive real output iff the follbwing condi-
tions hold ; _ ‘ ‘ ' .

i) CB>@,;

Then system Z(C, 4, B) has feedback
Old: '

A4) is an (n—m)-Hurwitz polynomial.

[An Ay [ B
2= B = C=1[c, ¢,
L@"Zx'l AZZJ ’ L@qumJ ’ [ ! 2
where (4;,,B,) is a controllable pair and A

A

22 IS stable, 4;, € R xn
ERmXm, CrER™Xy CrER™M, gy g,

By direct calculation, we have
l) OB = OIB 1s

s A€ RmXm, Ap € R™%%, B,

“. D
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ii) 4(n) =det(01(81,1““‘Au)—lBl)det(sl.l’—All)det(SI.z“’Azg). S .(402)
From: (4:1), (4.2), we see that if X(C sA,B) has feedback: strictly positive real ‘output,
then X (C;, 411, Bi) has feedback strictly. positive real: output too; and ‘(4;y,By) is a controllable
pair. In terms of Theorem 3. 1 in 3 and Lemma 4. 1, CB= C\B, >8,; A{(s) = det(Ol(sI
A1) T1By)det (sI —An) is'an (ny—m)-Hurwitz polynomial. Since det (sl,,— Azz)is an nz,—Hur— »
witz polynomial with the leading coefficient being one. Therefore , '4(s) ==4;(s)det (sI.z,f— Aéz)f is
(n—m)-Hurwitz polynomial. Thus, the necessity has been proved.
JNext » We prove the sufficiency. Since 4(s) is a Hurwitz polynomial, so
4;(s) = det(C(sl,, — An)‘lBl)det(sI..l — A1)
and det(sl, -—Azz) are Hurwitz polynomials. In addition C\B,=CB>@,. With the help of Theo-
rem 3. 1in' 3 and Lemma 4. 1, X(C;, 451, B;) has féedback strxctly positive real output, that is,
there ex1st matrices P11>®. y Qu> , and K IER’"X’H such that
Py (4y + BIKI) + (An + BIKI)TPII =’"“: Qu
{ PuBy = 0] ~ Sepngs
Since rankB, —rankB m, there exists a matrix P, € R*X™ such that Pm Bl C’-E.n Let’s

take
1 SPWAN Ph, ; ’ ’
Qu A— [Pu(4y + BK) + ALPy + ALPy],.
Q12 & Q.

Then, when a positive number « is taken to be large enough, we have
a[uz'+ Afngl + Prpdip > @.2,

[Qu Q1]
Lsz al z—’ =8

and the Lyapunov equation
Popdgs + APy = — (al,; + ALPy; ~+ P12A12)9

possesses umque solution P22> , such that

[P P
: > 8,
l_P n P zzl
Denote
[P11 1ﬂ [Qu @r2]
P
Tl 0 padt P o w)
and K A [KU lez]

© Then, it is easy to venfy that matrices P>@., Q>>8,, K defined in above satlsfy the followmg
relationship .

P(A4 -+ BK) + (A -+ BK)TP = Qe

PB = ("
Thus, the sufficiency has been proved, Q. E. D,
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4 Conclusion

As'stated above we have obtained the sufficient and necessary condition for a linear system
“'torhave feedback strictly positive real output in-both cases, with the assumption of (4,B) being a
completely controllable pair and without this assumption.  This condition is expressed ditectly by
matrices 4, Band ¢ depending only on system itself. Therefore, it is convenient to operate. This
result has been used to study the problem of feedback staibilization for a class of nonlinear sys-

tems.
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