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Qualitative Analysis for Distributed Iterative
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Abstract; This paper gives a qualitative analysis for distributed iterative stochastic large-scale
systems. Criteria are established for connective mean-square convergence of time-invariant linear,
time-varying linear and nonlinear iterative stochastic large-scale systemé. In case of all isolated
subsystems to be convergent, the mean-square convergence of the iterative stochastic large-scale systems
can be always guaranteed for any interconnection and under structural perturbétions, only by choosing
the appropriate multipliers in the subsystems.
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T Introduction

Convergence and stability of distributed iterative stochastic large-scale systems had been
recently studied by [1 ~ 4. However, structural perturbations have not been considered in the
results obtained in [1 ~ 4]. A distributed iterative stochastic large-scale systems consisting of
many subsystems can hardly be expected to stay“in one piece”over long periods of operation.
Quite commonly, either by design or by fault, the subsystems are disconnected ‘and reconnected
during the functioning of the system structure which may destroy convetrgence and cause the
system to diverge.  To prevent the divergence, systems should be built to have the desirable
convergence properties invariant under structural perturbatiéns, that is, fo be connectively
convergent.

In order to formulate precisely what we mean by connective convetrgence, we need a
detailed description of the structural perturbations of distributed iterative stochastic systems via
interconnection matrices. A description for distributed iterative stochastic systems under structural
perturbations is given in Section 2.

In this paper, the definition of connective mean-square convergence is given for iterative
stochastic large-scale systems. Criteria are established for connective mean-square convergence of
time-invariant linear, time-varying linear and nonlinear iterative stochastic large-scale systems.
By only choosing the appropriate multipliers in the stochastic large-scale systems, the connective
mean-square convergence of the iterative stochastic large-scale systems can always be guaranteed

for any interconnection under structural perturbations, provided that all the isolated subsystems
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are mean-square convergent,
7 System Description and Definitions
Consider the following linear dlstrlbuted iterative stochastic large-scale system

(k4 1) = z,(&) + Cis[z‘ls%‘(iﬁ) -+ Z’einijz'j(k>w(k>]’ = 1,0, N D

J=1
where z; & R (n;<_n) is the state of the ith subsystem at the step k &€ 7', where 7' denotes the set
of nonnegative inte %m, o with 0 < o < 1 represents multiplier which is used to scale the ith
subsystem and which can be chosen appropnateiy, Hiis an n; X nL constant matrix; e; is the

B

egement of N >< 1\/ mtcrconnecmon matrix; = (e;) which is generated by an N X N

"Where e;; 1s exther 0or 1; {w(k),k € T} is a scalar stochastic process defined on the complete
’ probablhty space (Q, F, P) satistying '

, Blw) |F) = 0, BE{w*®)|F} =1
where P, denotes an increasing famﬂy of a sub-o-field of 7 such that {w(j),0=<Cj<{k— 1} and
the initial state zi = 2,0(0) is ¥, -measurable, , '
More generally , we consider the following time-varying linear distributed iterative stochastic

large-scale system ‘ |
2k + 1) = z(k) + a Au2: (k) + Ze;j(k)Hij(lc)xij<k)w(k)], i=1,,N (2)
J=1

there e;; with 0 <C e;;(k) <C 1 is the function of k € 7, which is also generated by the N X N
undamental interconnection matrix & = (e;;), Hy;(k) (i j) is an m X n; time-varying matrix. .

Furthermore, we consider the following nonlinear distributed iterative stochastic large-scale
,, o

2 (k + 1= 19»'(79') -+ ai[Aiixi(k) ~+ Zfij(ksxj(k) ’ 951,(70))70(70)]’ 1= 19"’,N (3)
j=1

here (3 5% j) is a function of & satisfying

L Fis oz (B) 5 ey (D) | ey ay |2,(B) |, £;00, e(k)) =

It is obvious that both system (1) and (2) are the special case of system (3).

Let /; denote the n; X n; identical matrix. And ]et
y

o w— (4T TANT
no= § i s T = (119"'77:.\') 9

i={

4 = block-diag {af,++,avly},A = block-diag {Ay,-*,Avy},

Filkyens oo sensyz;(B)) = (f(hy2;(h) 5 ey () yoon s Y oz (B ex; (B)))T.
H and H (k) ére the matrices consisting of the block matrices, in which the block matrix at
the ith ang Jth column are e;Hy; and e;; (k) H,; (k) respectively. It should be noted that A is a
mtiplier diagonal-block matrix which can be chosen appropriately.

- By using the above notations, the distributed iterative stochastic large-scale system (1), (2)
and (3) can pe rewritten in the following equivalent forms respectively.

k4 1) =z + Aldz (k) + Hz (B w(k)] ' 4)
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ek + 1) = 2(k) + Al4z () + HE xR w k)] (6))
and

2k 1) = a() + ATAs() + D)5k e0eee sy, (0w (h) - ®

j=1
The iterative stochastic large-scale system (6) (or (4), (5)) can be considered as an

interconnection of the following N isolated subsystems
ik + 1) = (k) + asdizi (k) , i= 1,,N. P

For the definition of mean-square convergene for the iterative stochastic system (4), (5),
or (6), refer to Chapter 6 of [5].

Definition ] System (6) is called to be connectively mean-square convergent, if it is
mean-square convergent for all ¥ € Z. k

Lemma 1 Let L be the difference operator defined by system (6) (or (4), or (5)) (refer
to (6. 4) in Chapter 6 of [5]). For the iterative stochastic system (6) (or (4), or (5)), if
there exist a symmetric and positive definite Lyapunov function v»(z) which is continuously
differentiable and a positive number y with 0 <Cy <1, such that

Lv(z) <— yv(z).

Then system (6) is mean-square convergent.

Proof The proof follows from the results in [5].

Lemma 2 For any y, 2z € R*, A = (@) ux.s¢ => 0, the following inequality holds

] 1
—olyl® + A <— S lyl* + 5o AP ®

where denotes the norm of a vector or a matrix which is induced by the Euclideaﬁ norm.
Proof Refer to [ 4] for the proof.
In this paper, x(k) and z; (k) is abbreviated by z and z; respectively, if there is no
confusion. A, () and Ax(°) denote the minimal the maximal eigenvalues respectively.
3  Results for Connective Mean-Square Convergence
Theorem ] The distributed iterative stochastic system (4) is connectively mean-square
convergent, if there exist »; )X n; symmetric and positive definitive matrices P; and ; as well as
an appropriate constant ; with 0 <Z o; < 1, such that the following conditions are satisfied;
i) ALP; -+ PA; + ATPA; + Q@ = 0, i=1,,N3
i) 0<<p <1,
where f, is defined by

I NN SETRY
A= 2@{%(&)[ 7@ = 2, 5o ) | 2y GHPH

Proof For the ith subsystem, we choose the following Lyapunov\func‘tion

I}

vi(z:) = z{ P, 9
~where P; is given by condition (i). In fact, it is easy to get that :
Km(Pi)IxiE2<1’i($i)<AM(Pi)lxskza (10)

Let L; be the difference operator determined by the ith subsystem (refer to (6. 4) in Chapter
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6 of rs]. By condition (i), we have
Liv; = E{n(z:(k + D) |} — vz
=— afaf (B)[AEP; + PiAi + ALP A s (k)
= — auf (k) Qs (k)
<-— ai}um(Q,-)ixi(k)lz, ; an
And it is obvious that oﬁe can choose 0 << a; < 1 such that 0 < @i (Q) A7 (P) < 1. By
(11) we have Co.
Liv; <— @idm (@) Ax ' (P01 (12
Hence, by the results obtained in Chapter 6 of [5], each isolated subsystem (7) is
mean-square convergent.
For the entire distributed iterative stochastic large-scale system (4) (or (1)), we choose the

following Lyapunov function

¥ .
w(2) = > @), - ' (13)
i=1
Let L be the operator determined by (4). We have
N N N
Ly(z) = Z [Livi(z:) + of Z Zx}HUP Haux )
i=1 j=1 k=1
N N
= Z (— azfQa) + >, Ex}(Za]e,,e,kHﬂP Hdan
N i=1 k=1
¥ N
< D) Z [— — i (@) |7 |2 + m,( Ee”e]ka,ﬂﬂp ij) } (14)
i=1 k=1

By applying Lemma 2 to (14), we have

N N

@ < 303 e @lalt + s i}ﬁHﬁPﬂjk Jmlt]
1 |

< Z[" 2" “(Q)]l”“z* 22[20:%(@)12%11“””"} &’ ]
: o]

ai)'m(Qi)]lxilz + Z[E mt ;a,zH}kPjHj,-

N 1
<~ ;[EM‘“@' E ZaMQk 21“3’:’ oL H i ]lxsl“’
<”“ ,311)(96)

Wwhere condition ii) is applied. By Lemma 1 we get that the distributed iterative stochastic

large-scale system (4) (or (1)) is connectively mean-square convergent. This completes the -
proof,

Theorem 2 The distributed iterative stochastic system (5) is connectively mean-square
convergent, if there exist n; X n; symmetric and positive definite matrices P; and @; as well as an
appropriate constant o; with 0 < o; <C 1, such that the following conditions are satisfied:

D AP + Pidi + AP A: + Q= 0, i=1, = ,N;

o< p<l, '
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whete 8, is given by

r ~ ¥
po = min int | 5[ gam (@) — 2 S @ | 2 P H® ).

Proof The proof is analogous to that of Theorem 1 and therefore is omitted here.

Theorem 3 The distributed iterative stochastic system (6) is connectively mean-square
convergent, if there exist i X m symmetric and positive definitive matrices P;and Q, as well as
an appropriate constant a; with 0 <T e <7 1, such that the following conditions are satisfied ;

i) ALP + Pidy 4+ ASPAs + @ =0, i=1,",N;

iy 0<Cp<<l1,
where f; is defined by

f; = min

min { e[ 7@ = 2 2mm<cek>>jc”“"“”“ it

Proof Analogously to the proof of Theorem 1, for the entire distributed iterative stochastic

large-scale system (6), we choose the following Lyapunov function
¥

TOEIDIICH | - (18)

i=1

where »;(2) is defined by (9).
Let L be the operator determined by (6). We have

N

(@) =, {Lon(a) + > fo(k 2,(k) 5 e () PifuClz; (k) 5 e () )

i==1 j=1 k=1

Z(—— @ QD) |22 4 L E L] ( Za}e.,e,;,aﬂa,klP {) S

Z ZL - Vﬁikm(gi)lxilz -+ Ixxl( Z(ﬁ(lﬁa;kll)ﬂ) l%‘}- | (17)

i=1 k=1

By applymg Lemma 2 to (17), we have

N

L) < ZEL S Q) |25+ ZMN(@S(ngaﬁmmi)ﬁxklz}

p=1 k=1

< :‘[,_{J—Z- M(Q)]l% ZE[ZCZ»M(Q)( Z_;%%%klp i) |2, lz]
S S 1 [ *‘\ 27,
< Z Lm(Q ) — Z_{ ;zak‘}\m‘(_Q—k—j‘( ZJ a?aji(l)‘;; 1Pj! ) } {xi&fl

= =1

<— ,331)(2?) : (18)
where conditon ii) is applied. By Lemma 1, we get that the distributed iterative stochastic
large-scale system (6) is connectively mean-square convergent. The proof is complete.

4 Conclusion

The distributed iterative stochastic large-scale systems are considered. Definition and criteria
are given for connective mean-square convergence of such systems. Provided that all isolated
subsystems are mean-square convergent, the connective mean-square convergence of the
distributed 1terat1ve stochastic large-scale svsfems can always be guaranteed for any

interconnection and under structural perturbations, only by choosing the appropriate multipliers
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in the subsystems.
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