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Abstract; After the introduction of the concepts of the fuzzy cell and fuzzy cell space,the
fuzzy cell mapping based methodology for dealing with complex systems is outlined with the em-
phasis on the modelling,identification and control. The proposed paradigm opens a new way to
efficiently cope with multivariable fuzzy systems and also a way to handel fuzzy systems with
the existing well-developed conventional theories. Its feasibility has been proved by the real-
world applications.
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1 Introduction

It is well known that the modelling, control and analysis of complex multivariable
fuzzy systems are still the “bottleneck” problem in the research and application of fuzzy
control and fuzzy systems!'?. Based on the existing works,this paper tries to deal with the
following problems:( How to make the fuzzy relational equation based approach efficient-
ly applicable to the modelling and dynamical analysis of the multivariable fuzzy systems?
@ How to organically combine the fuzzy approach and the well-developed conventional ap-
proach and to give full play to the merits of both paradigms?

The theoretical frame proposed in this paper is the so-called fuzzy cell mapping based
methodoloty'™ "), The essential concepts concerned are introduced in Section 2, and the
fuzzy cell-to-cell mapping (FCM- I ) and the fuzzy cell-to-space mapping (FCM- Il ) based
aproaches are outlined respectively in Section 3 and Section 4. In Section 5,a numerical ex-
ample is used to show the feasibility of the proposed approaches. The paper ends with some
future topics.

2 Some Basic Concepts

Definition 2. 1°* A fuzzy cell XC,in the space X = X; X X, X -+ X X, D x = {x,,
Zys+ryx,} 1 a normal and convex fuzzy subspace in X characterized by its induced mem-
bership function (MBF);
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pve,(x) = agg {ox (@1) s pixg () 5o s (2,0 b X = [041]

where agg is an aggregating operator usually taken as min or prod. , sy (27) is the MBF of
the XC; constituent fuzzy subset in the universe X; > z;,The fuzzy cells XC;,j = 1,+-, N
form the fuzzy cell space XC = {XC,,XC;,+++, XCy} corresponding to X ,and the possibility
measure vector CX (x) = {CX,(x),CX,(x) LCX )Y = {xer (X)) 4=y prxen (X) ] is called
the fuzzy cell vector or equally the possibility distribution of x on XC.

Definition 2. 257 Let the space X be partitioned into N fuzzy cells XC,yi =1, N,
Y be partitioned into M fuzzy cells YC,,j = 1,-+,M,then the collection of the fuzzy
cell-to-cell mappings R;;:XC, = YC,,i = 1, ,N,j=1,,Mis called the fuzzy cell-to-cell
mapping (FCM- 1) from the cell space XC to the cell space YC; and the collection of the
fuzzy cell-to-space mappings R;:XC, = Y.j = 1,*,N is caled the fuzzy cell-to-space
mapping (FCM- 1) from the cell space XC to the space Y.
3  Fuzzy Cell-to-Cell Mapping Based Approach
3.1 The FCM- I Model of MIMO Fuzzy Systems

Let the input space X C R" and the output space ¥ C R” of a MIMO free system be
partitioned respectively into the input cell sapce XC = {XC,,XC,,+,XCy} and the output
cell space YC = {¥C,,YC,,*++,YCy} ,then the model constructed on the basis of the fuzzy
cell-to-cell mapping form XC to YC is the FCM- I model of the system in the following
formt*,

CY(y) = CX(x) o R = CX(x) ° [Ri;Inxu 3. 1)
where CY(y) and CX(x) are respectively the M-dimensional output cell vector of the
m-dimensional output vector y,and the N-dimensional input cell vector of the
n-dimensional input cell vector x,“s” is the compositional inference operator ususlly taken
as Zadeh’s max-min(\V - A ) operator, R,with its generic entry R,; being mapping
intensity from the cell XC, to the cell YC;, is called the fuzzy cell mapping relational ma-
trix.

It is not difficult to generalize the model (3. Dto a forced MIMO system,and the re-
sulted FCM- I model is as:

CY(y) = [CU) X CX(x)] R =[CU@) X CX()] > [Ripduwen (3.2
where CU (u) is the fuzzy cell in the control space U. The entry R;;:UC, X XC,—~YC, is th.e
mapping intensity from the control cell UC; and the state cell XC; to the output cell YC,.

I: is worth noting that with FCM- I ,any free MIMO system can always be charac-
treized by a two-dimensional fuzzy relational model and any forced MIMO system by a
three-dimensional fuzzy relational model,and this will obviously reduce the complexity of
using fuzzy relational equations in dealing with complex high dimensional MIMO systems.
3.2 Identification of FCM- 1 Systems

When modelled with FCM- 1 ,the identification of FCM- I modelled system is to de-
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termine the matrix R according to the system’s 1/0 data. The general procedure is firstly to
get the K fuzzy cell vector associations {CX(x*),CY(y*)} from the K I/O sample pairs
(x*,y*),k =1,2,++,K,and then to determine the cell mapping relatinal matrix R from the
K cell vector associations, What follow are several specific approaches.
3.2.1 Logical implication (LI) Approach

With LI approach, every association {CX(x*),CY(y*)} is regarded as a logical
implication , '

Rt =CX(x*) > CY (") = CX(XHOCY () (3.3)
where © is the implication operator most commonly taken as min( A ) or prod. ( » )'"! and
here taken as min= A. Then (3. 3) becomes;

R = [R}Jvsy = [CX.(x*) A CY,(y)Ivxus k=1,,K (3. 4)
and the aggregation of the K logical implication gives out the final fuzzy cell-to-cell map-
ping relation;

R =, .k R = [RijIvxny = [ Mim1 ok RY Ivsne (3.5)
3.2.2 Equation resolution (ER) Approach
For data pairs (x*,y"), there should be the following equation holding
CY(y') =CX(x*) - R, k=1,2,-,K (3,6)

then the greatest solution is!®!,
A
R =CX0UP) @CY(y*) = [RYwwwm Q.7

and R = CX,(+) @ CY, () | (3.8)
with the operator @defined as;a @b = b,if a > b;1,if a < b,for a,b € [0,1]. Then the
greatest solution to (3. 8) is;
IA{Z ﬂk=1.xll\ak = I:ﬁfi]NxM 53 [/\/e=1.xll\¢j:|N><M (3.9
which is the fuzzy cell-to-cell mapping relational matrix we are searching for.
3.2.3 Optimization based (OB) approach
For every equation in (3. 6),the greatest solution is given in (3. 7) and denoted here

as R*. A lower solution is obtained as™,
A
R' = CX(x") BCY(y*) = [R: Inxcnrs (3.10)

A
R = CX,(x*) BCY,(y") .11
with the operator (B defined as;a @b = 0,if a > b;b,if a < b,for a ,b € [0,1]. Then a
lower solution to (3.86) is;
i v v v v
R=U,_.x R = [R;Ivsxn = [Vicix R Jvsm. (3.12)
It is easy to prove that!*,
A
R=IR+ (1 — DR=RW), A€ [0,1] (3.13)

is the general solution to the equation system (3. 6).
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So through tuning the parameter in (3.13) to its optimal value with respect to some
specifically defined performance index,the unique optimal marix is thus obtained. It is in-
teresting to note that this approach overcomes the drawback of the existing approaches!!!
caused by the non-uniqueness of the solution,and makes it possible to model and indetify
the fuzzy systems on the basis of optimization.

3.2.4 Approximate Approach (AP)

For a MIMO system with too many variables,to reach the goal of meeting the applica-
tional requirement with a FCM- I model as simple aspossible,some measures can be tak-
en. The key idea here is to use the significant input variables and the significant input and
output fuzzy cells in identifying the model of the object systems. These significant variables
and the significant fuzzy cells can be determined from the sampled data pairs™.

- The approximate FCM- 1 model of a MIMO system with » input variables and m
output variables can be identified through the following procedure .

Step 1 Determine the significant variable vector x = (xy,2,,*,2,). It is obvious
that n' <{n.X 3 x is called the significant input variable space,

Step 2 Partition the space X and the output space Y into respectively N arid M fuzzy
cells.

Step 3 Determine the significant input fuzzy cells and the significant output fuzzy
cells,respectively as {XC,,XC,,XCy} and {YC,,YC,,+--,YCy }. It is obvious that N' < N
and M’ < M.

Step 4 Determine the fuzzy cell mapping relational matrix R with the significant
fuzzy cells and thus obtaine the approximate FCM- I model. R is obviously simpler than
those obtained directly through other approaches. ’

Up to now,the FCM- I based approaches have been outlined,and the feasibility of the
FCM- 1 based paradigm is shown in the numerical example given in Section 5.

4 Fuzzy Cell-to-Space Mapping (FCM- I ) Based Method
4.1 The FCM- 1 Model of MISO Fuzzy Systems

The basic idea behind the FCM- I based method is that'**);any complex system is in
reality the aggregation of some explicit or implicit parallelly functioning simpler subsys-
tems, these subsystems dominate respectively in different parts of the system variable
space; and the controller for a complex system can also be considered as the aggregation of
some explicit or implicit parallelly functioning simpler subcontroller. The FCM- I based
modelling is firstly to eastablish the mapping relation from every input fuzzy cell XC,to the
whole output space ¥,i. e. ,a fuzzy cell-to-space mapping R;;XC, —Y, which is a submodel
reflecting the local I/O relation of the system informally expressed as:

R;: IF x( IS XC. THEN y@) = fi(t,x®).0), i=1,2,,N (4.1)
where f;(+) may be in any suitable form parameterized with §,,and then to aggregate all

the N submodels to obtain the model of the whole system R =J,_, v R, specifically
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expressed as;

Y@ = Do pix(@®) - filt,x(),0) ' (4.2)
where

pix@) = XC:(x(®)/ > _, XC,(x@®) (4.3)
is the relative mapping intensity of x(¢) from the cell XC; to the space ¥ and measures the
influence and contribution of the subsystem f;(+) to the behavior of the whole sysem. It’s
obvious that the T-S modell™ is a special case of (4.2) when f,(+) takes the linear form.
From (4. 3) it is easy to prove that relative intensities p;(x(¢)) have the following

properties:
XC.(x()) < XC,(x@))Ep(x(@) < pi(x@))s {7 s

O pGE) <1, A 25y px@) =1

which implies that for every input x(#) ,{p:(x(@)) i = 1,2, ,N} forms a probability dis-

4. 4)

tribution generated by its fuzzy cell distribution,and the output of (4.2) is the mathemati-
cal expect of the outputs of all the submodels over the probability distribution.

It is also reasonable to conclude that any distribution satisfying (4.4) can be used to
construct the FCM- I model of the MISO systems. As a try ,the generalized relative map-
ping intensity could be defined as:

d;(x(t))
j=l'Ndj(x(t))
and di(x(@®) = ||z@®) — |7, i=1,2,-,N (4.6)

where | * | is a norm measuring the distance between x(2) and the kernel of the fuzzy

(4.5)

Pz =
2

cell XC,,7 is a negative parameter. Because of the fact that p;(x(2)) is general enough and
has nothing to do with the definition of the MBFs,the FCM-1T model with p, (x(2))
defined in this way will be much more flexible to fit the different applications without the
overdependency on the situation-specific heuristics. So the FCM- I model defined this way
is called the generalized FCM-1 (GFCM- I ) model which might cover all the existing
system model due to the generality of f;(+) and the continuous variation of 7. The readers
interested in the identification of FCM- I modelled systems are referred to [3,9,107.
4.2 FCM-1 Based Control

When constructed in FCM- I ,the resulted FCM- T based controller is in the follow-
ing form:

w() = D WBix@) + [;x(),0) 4.7
with p,;(x(#)) defined in (4. 3) ,and the GFCM- 1 controller is that with p,(x(z)) defined
in (4.5).Some interesting structural properties of the GFCM- I Controller are given in
the following theorem.

Theorem 1 For GFCM- I controller (4. 7).the following propositions are true:



No. 1 Fuzzy Cell Mapping Based Methodology for Dealing with Complex fuzzy Systems 85

1) When |7| — 0, the GFCM- I controller becomes a constant structure controller,

2) when 0 < |7| < oo,the GFCM- 1 controller is a non-linear continuously variable
structure controller consisting of N parallel constant structure subcontrollers with
non-linear switching function;

3) When |7| — oo, the GFCM- 1 controller is a conventional variable structure con-
troller with boolean switching function.

From the theorem,it is easy to conclude that the GFCM- I controller covers all the
existing controller of different types with f;(+) and 7 specifically defined due to the
generality of f;(+). Although the systematic design procedure of GFCM- I controller is
still not available, the fully parameterized analytical structure of FCM- 1T and GFCM- I
controller will certainly facilitate not only the synthesis and analysis,but also the adapta-
tion of fuzzy controller as well,through the synthetic usage of both the existing conven-
tional paradigm and the fuzzy approaches.

5  Illustrative Examples

The well-known furnace data of Box and Jenkins!'}is used to justify the methods pro-
posed in this paper,and the comparative study is also made. The results are shown in Table
1 and Table 2,which indicate clearly the superiority of what proposed here to the existing
fuzzy approaches.

Table 1 FCM- I system identification results

OB
Aproaches LI ER Ao = 0. 731 aF

performance Index

£ 0. 0. 0. 0.
ik Z@" . 453 527 312 725

b

Table 2 Comparison of fuzzy models

A 1 FCM- 1 3
Models Tong’st™ Pedryzc’s-' Box’st" FCM- 1 &1
A= of 731

performance Index

K P
7= Z(yk _ K 0. 469 0.478 0. 202 0.312 0.174

=1

6 Concluding Remarks

The fuzzy cell mapping based methodology is outlined with the emphasis on the mod-
elling sidentification and controller structure concerning with multivariable fuzzy systems.
The paradigm proposed makes it possible to use not only the fuzzy relational approaches
but also the existing conventional aproaches and the fuzzy approaches in dealing with com-
plex MIMO fuzzy systems. As a developing paradigm,there are many topics to be tackled
to make the fuzzy cell mapping based methodology more applicable,what follows are,not
limited to,some of them:

1) The general design scheme to the FCM- I based feedback controller,
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9) The effective complex system analysis through fuzzy cell-to-cell mapping;
3) The combination of the soft-computing based approach with the ideas revealed in

this paper,etc.
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