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Delay-Dependent Stability for Linear
Uncertain Time-Delay Systems
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Abstract :In this paper,a sufficient condition for the stability of linear uncertain systems with
a time-varying dela}: is presented ,Razumikhin’s technique and a vector inequality are employed to
derive the condition. The obtained criterion can include information on the size of delay,and there-
fore,belongs to delay-dependent criteria. Also,an illustrative example is given to show that the ob-
tained ctiterion is better than the existing one in the literature.
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1 Introduction

Time delay is commonly encountered in various engineering systems, such as chemical
processes, long transmission lines in pneumatic, hydraulic, and rolling mill systems. In
general, the existence of time delay makes the stability analysis of time-delay systems
much more complicated, and many researchers have been seeking various convenient meth-
ods to check the stability over the past decade. The existing stability criteria for linear
time-delay systems can be classified into two categories according to their dependence upon
the size of delays. One category which‘do not include information on delay is called delay-
independent criteria” ~'*),another carrying information on the delays is referred to as delay-

(1~15] However ,abandonment of information on the delays in the former

dependent criteria
catalogue generally causes conservativeness of the criteria especially when the delay is
comparatively smalll!4],

In this paper, a delay-dependent stability criterion for linear uncertain time-delay sys-
tems is established by employing Razumikhin’s technique and a vector inequality . An ex-
ample is given to show the application of the obtained criterion and to compare the results
with those given in [15,16]. The organization of this paper in the following is ; Section 2
develops the main theorem,Section 3 provides an illustrative example ,and the last section
ends with the conclusion.

Notation 2" and M" denote the transpose of a vector z € R” and a matrix M € R**"

srespectively. An.(M) and A, (M) denote the maximum and minimum eigenvalue of M ,re-
spectively. [l || = (X7 12DV, | M| = [Awe M™M)T2 , and p(M) = A [ (M +
My/2].
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2 Main Results
Let us consider the linear uncertain time-delay system described by the following def-
ferential-difference equation of the form

2@) =(A + Az @) + (A, + dADx( — 1),

z() =p@t), t€ [—r,0] 0]
where z € R” is the state, A € R"*"and A, = R"*" are constant matrices, 7 = () = 0 de-
notes a time-varying delay with a upper bound »>>0 which will be derived in this paper,
@(2) denotes a continuous vector-valued initial function, AA and AA, are linear parameter
uncertainties with bounds as follows:

‘ haal < llall, 1144 <a, )
where a and @, which are greater than zero are given.

Now let us consider the initial time to be zero and let z(¢),z 2> 0 , be the solution of
system (1) through (0, ¢). Since x(#) is continuously differentiable for £ = 0 ,one can

writel!”3

e AL j #(s)ds

e f_ [(A + A4)2(s) + (A, + BADzG — 0 ]ds (3)

for t>>7 . 1f we return to (1) using this expression for z(t — 1), we construct the following

auxiliary problem
= (A+ LA+ A, + 2ADx(@)

— A+ AAI)]JI_ [(A + AA)z(s) + (A, + AA)z(s — ) ds,
.Z'(t) e “I,(t)a 4 6 I:_ 27‘,0], (4)

where ¥ (2) is arbitrary continuous function on [—2r ,0]. If the zero solution of (4) is

asymptotically stable, then the zero solution of (1) is asymptotically stable since (1) is a

special case of (4)M7. '

~ Theorem 1 Suppose that A -+ A, is asymptotically stable and #(A + A;) <<0. Then

system (1) is asymptotically stable if '
—uA+A4A) —(e+a)

T(@) G riz T (5)
where
B=| A(AAT + AL ADAT| + [ AAT + A A" || Qo || A || + )
+ @al| Al + 20 Al + @ +a A | +ad (6
Proof Let
V(z) =x'z, z€R €p)

By deriving the derivate of V along the solution of (4),we obtain
. V =22T(®)x()
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=2TW[(A+ DA+ A + 8A) + (A + DA+ A, + AA) (@)
—22T() (A, + AAI)J‘_ (A + AA)z(s) + (A, + AADx(s — v)]ds
<z WO[A + 4D + A+ AD"Jx(@) + | 2T O[BA + AA,) + (AA + AA)T ]2 () ||

+ J’_ 22" (8) (A, + AA) (A + AA) 2 (s)ds

+ J’_ 227 () (A + AAD (A, + Az (s — t)ds . (8)

In (8), we have
| 2" ()[AA + AA) + (AA + A ]x () |
= || 22T () (AA + AADx () ||
S2C[2A ] + 124 ) | @) || ?
K2@+a) | x@) | 2 €D
Furthermore, by using the following inequality
2uTy < %uTu + e, u,v € R". 10)

where € >0 is any real constant,we can obtain

[ 2am@a + a4 A + a3z s
S J_ [%xT(‘)(Al + AA) (A + DAY (A + AADT(A, + A x(t) + exT () (s) ]ds

< %xT(l‘) (A, + BAD (A + AA)Y (A + AA)T(A, + AAD x(2) + et || 2(&)) I3 wGildd
and,similarly,

J'_ 22" (1) (A + BA) (A, + AA)) (s — 7)ds

< —Z—aﬂ(t)(A1 + AA) (A, + AA)D (A, + AA)T(A,

+ AA)Tx () + et || 2(&,) || 2 (12)
In(11) and (12), &, € [¥ — r,z] and &, € [# — 27, — 7], respectively. Substituting (9),
(11) and (12) into (8), we obtain

V{2u(A+ A 2@ |2+ 2€a + a) | @) || 2 + 2ec || z(€) | ¢
+ = | (A + A4 (A + A4 (A + BA)T(A, + 44T
+ (A + 4D (A + AAD (A, + BA)YT(A, + A4DT || | 2 | 2
<oA= 2p(A+ A —2(a + &) — 2erg — %B} [EIONER (13)

where § € [t — 2r,¢],¢ > 1is a constant,and B is defined by (6).In (13),Razumikhin’s

technique®' has been used,that is

Izt + 0| <glla@® . 6€ [t—2r,t], ¢>1. (14)
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Let
S .—__#<A+Aéi— (@t &) 15)
We have
V<—plz® | (16)
where -
48
p=— A+ A) — (a+a) — 24 an

——/1(_14 + Al) — (a__l_ 01}
If the condition (5) of the theorem is satisfied, then p=>0and V <C0. This proves the the-
oremt'3, Q.E.D. i

Remark 1 If using the method in [15],we obtain the following bound for ©

Amin(Q) - 2 ” P ” (a + a])
W< PICPI TP 1"

where P is the solution of Lyapunov equation P(A + 4,) + (A + A)D'P =— Q with
Q> 0. We will compare (18) with (5) by the same example in [15,16]in the following

section and show that (5) is better than (18) for the considered example.

Q163

(18)

3 An Illustrative Example

Example 1 Let us consider the following linear uncertain time-delay system!!5:16]

() = (A+ 8A)z(@) + (A + AADxz¢ — (1)),

= 0 0. 3cost 0
sl e i
0 —il 0 0. 2sinz

—l 0 0. 2cost 0
Al ST . QA = 1 ’
e=sdtn =1l 0 0. 3sint

and || AA| = 0.3, || A4, || = 0.3. We have.

where

= § =1

Therefore, (A + A;)) =— 1.7929,¢ = a; = 0. 3, and 8 = 28. 3918 . From (5), we obtain
£(¢) < 0.1583. A stable simulation result for case t(z) = 0. 16 can be found in [15].
Discussion Form (18), we obtain the bounds [16]: z(z) <C 0. 1575 for case P = I and
7(t) < 0. 1198 for case @ = I, respectively. Both of them are small than the obtained re-
sult.
4 Conclusion
A stability criterion for the linear uncertain systems with a time-varying delay is de-
rived by employing Razumikhin’s technique togather with a vector inequality. The obtained
result can include information on the delay . The stability criterion is delay dependent
and less conservati\.re than the existing delay dependent criterion. The provided example

shows that it is convenient to use the obtained criterion for checking the stability of linear



430 CONTROL THEORY AND APPLICATIONS Vol. 13

uncertain time-delay systems,
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