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Abstract. This paper discusses design of robust dynamic output feedback control laws for a
class of perturbed linear systems that place the closed-loop poles in a specified circular region of
complex plane. Utilizing a modified Riccati eqution, existence conditions of the robust controller
are given,and the general solution of the robust controller is parameterized by the inverse solution
of this modified Lyapunov equation.
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71  Introduction

Pole placement is a fundamental problem in control theory:and system synthesis.
Much of the pole placement literature focuses on the problem of exact pole placement in
which closed-loop poles are required to lie at (or arbitrary close to) given locationst,
However, generally the exact closed-loop pole locations are not required in practice ,for ex-
ample American Army Services Standard MIL-F-8785B confines that the closed-loop poles
of man manued plane to a “clipped” sector region in Fig. 1. In fact.if the closed-loop
polés are confined in the region ,then the closed-loop system can have good transient be-
havior and the system modes damp at desired rate. Another motivation for us to study re-
gional pole placement is that usually modelling error or system uncertainty is inavoidable
in practical engineering.

By now there are no direct design techniques which can place the closed-loop poles in
the "clipped”sector . Some indirect method have been proposed by[1] and { 3Jand some of
their references by utilizing a variety regions such as circular,elliptic, parabolic region to
approximate the region in Fig. 1. For deterministic system,[1]and [3Jhave studied the de-
sign of control laws that place closed-loop poles in a given circular region £2(g,») with cen-
ter at (—¢,0) and radius »<'q (Fig. 2). In this paper we utilize a modified Lyapunov equa-
tion to study the robust circular pole placement via dynamic output feedback for a class of

perturbed systems. The above problem is first converted into an auxillary ” @ -matrix assi-
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gnment” problem,then the necessary and sufficient conditions of its assignability are de-
rived ,and the desired robust controller is parameterized by inverse solution of the modified

Lyapunov equation.
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Fig, | "Clipped” sectot region Fig. 2 Circular pole placement region

2 Preliminaries
Consider a perturbed linear continuous system
z,(t) = (A, + 44z, () + B,u(t),
{ v,() = C,z,(t) 3
where state vector z,(2) € R™ ,output vector y,(¢) € R’ ,control vector «,(t) € R and

2.1

A,,AA,,B,,C, are matrices with proper dimensions. Perturbation AA, describes the uncer-
tainty of the system and it belongs to the following set;:

S & {AA,|AA, = E,3F,,0,.(3) < 1,the elements of 3 are Lebesgue measurable}
where 3 is the uncertainty,and E, and F, are known real matrix which characterized the
structure of the uncertainty ™ ,6m.[ ¢ Jdenotes the maximum singular value of [+ ].

A generalized class of dyndmic output feedback controllers is described by

{ 2@) = Gzzz(t) B GZIy;’(t), (2.2)
w(®) = Gz @) + Guy, @). '
Whel‘e Z(t) e R""GZZ e 1’{1lt><nx’G21 e R"‘X"C’,Glz e Ru“Xul and Gl] 6_ Ru“Xu_‘,’
By defining
@) @)
2() = [x’ } y() = [y’ }
z(2) z(1)
A, 0 AA, 0 E
A=[ & ] AA=l: ' ]=E2F=[ ”}EEFP 0],
0 0 0 0 0
B — .B,. O 4 C = l’cl. 0 ) G Tk [G” ?12}-
0 I,.z LO In' G21 GZZ
the closed-loop system can be expressed as
{ (@) = (A + AAx(@), A.= A+ BGC, e
y(t) = Cx (). '

With these preliminaries the robust circular pole placement problem via dynamic feedback

is to be solved in next section.



Robust Circular Pole Placement via
No. 4 Dynamic Qutput Feedback for Perturbed Linear Systems 491

3 Main results
Define Q, A BEE™ +

Theorem 3. 1 Assume £,,83, > 0 and B, — FQF' > 0if the following equation
AQ+ QA +q(AQ + QA + Q) + (¢ — MR+ BEET + W =0 3.1)
exists symmetric positive definite solution @ , then closed-loop poles lie in circular region
Q (g,r) i.e . ACA, + AA) C Q(q,7), where W > 0 is arbitrary.
Proof By lemma 3.1 in [5],from equation (3.1) we can know ;
(A + AAQA. + AA)T +q[ (A, + AA)Q + Q(A. 4 AA)"]
+(@ —=rHR+W <0 (3.2)
It is obvious thatt™A (A.+AA4)TQ(g,r).
Since @ + Q, > 0, it has unique positive definite square root ( @ + @,)? . Define
Q &g — *)Q + REET + W,
PALAQ+ Q) +¢QJQ + Q) '[9Q + (Q + QA"]
—AQ+ QAT — q(AQ + QA" + Q) — @,
é[ (I — BB™)T :'= UM[AM OleATl (SVD).
I-C"O@QR+Q)™™ D=3 0
Q[ (I — BBH[AQ + Q) + g7 }: UN[AN 0} S —
I—-—C"O@Q+ Q)R+ Q+ QAT :
ry Arank (M),

where[ + ] denotes the Moore-Penrose inverse of matrix [ *+ ],and 7' denotes unique posi-

T
e ﬂF Q. Q,LQF(B,I — FQF)FQ.
1

tive definite square root of matrix P (f P is positive definte).

Definition Assume Q is a positive definite matrix,if equation (3. 1) has soluton G
then Q is called Q- assignable.

Theorem 3. 2 Assume positive definite matrix @ makes P > 0 , then Q is 2 —

assignable if and only if

1 (I — BB )H{[AQ + Q) +¢QJQ + Q!
[ + (Q + QA™] — P} — BB*) =0, (3. 3a)
2) A=-=CrO{Q+Q)'— (Q+ Q) '[¢Q + (Q + Q)HATIP~!

- [AQ + @) +4QIQ+ Q) U =CTO) =0, (3.3b)
Proof Substitute A, = A 4- BGC into the equation (3. 1) then
0=AQ+ QA" + BGC@Q + QA" + AQ + Q) (BGO)" + BGC(Q + Q) (BGC)Y”
+ ¢BGCQ + gQ(BGC)T 4 q(AQ + QAT + Q) + Q,
=[AQ + Q) + ¢Q](BGC)" + BGC[gQ + (Q + @)A™] + BGC(Q + Q,) (BGC)'
+ AQ + QAT + g(AQ + QAT + Q) + Q,
={[AQ + Q) + qQ1(Q + Q,) 2 + BGC(Q + Q,) "'}
A{[AQ + Q) + qQ1Q + Q)2 + BGC(Q + Q)" + AQ + QA"
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+q(AQ + QA" + Q) + Q, — [AQ + Q) + ¢QIQ + Q) '[9Q + (R + QA ],

1, €.

([AQ + Q) + qQI(Q + Q)" + BGCQ + Q)™
{ [AQ + Q) + ¢QJQ + Q)7 + BGC(Q + @Q)'*}7.

= [A@+ Q) + ¢Q1@ + @) '[¢Q + (@ + QIA™] — AQ + QAT
Llgeagir'oamE @y g,

= P,
Since P > 0 , so above equality holds if and only if-*3
[AQ + Q) + ¢QI(Q + Q)™ + BGC(Q + Q) =TV, (3.4)
where V € R+ 2%+ s some orthogonal matrix. (3. 4) is equivalent to equation
BGC=TVQ+ Q)" —[AQ + Q) +¢QIQ+ Q)" (3.5)

which is consistent iff
' d—BBD{TVQ+ Q)" —[AQ+ Q) +9Q1JQ+ Q)7') =0, (3.6a)
and {TV@Q+ Q) P —[AQ+ Q) +QIQ+Q)™ YT —CC) =0, (3.6b)
condition (3. 6) is equivalent to
(d — BB")TV = I = BBY)[AQ + Q) + ¢Q1(Q + Q) ], (3. 72)
and U—C"OQ+Q)"W=U-C"OQ+Q)'[¢Q+ Q+ QA" 1"
(3. 7b)
i.e.
[ (I — BBHT }V =[ (I — BBO[AQ+ Q) + ¢QIQ + Q)7 }
(I~ C* €)@+ Q)" I —Cr*O)Q+ Q) [¢Q + @+ @ra™ ]

(3.8
OT
1 (I — BB~ )P — BB*")
= —BBO[AQ+ Q) +¢QIQ+ Q)"
c[qQ 4+ (Q + QYA — BB™), (3. 9a)
2) d-C"O)R+ @)U —C" O
=U—-CTOQR+ Q) QR+ Q+ QHATIP™!
[AQ+ Q) + QIR+ Q) 'U —CT O). (3.9b)

Equation (3. 9a) and (3. 9b) are equivalent to (3. 3b) and (3. 3c) respectively,

Theorem 3.3 Assume Qis {) -assignable ,then the dynamic controllers expressed by

[ 7, 0
G =B* \TVM[ O < VEIQ+ Q)2 — [AQ+ Q) +¢R](Q + Q)"

+ Z — B* BZCC~ (3.10)
can place poles of closed-loop perturbed system (2. 3) in a given circular region (g .7).
where U € RY-+"77w* a0 jg arbitrary orthogonal, Z € R“2%¢.="0 is an arbitrary

matrix.
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Proof Since Q is assignable from equation (3. 5) we can know that the solution of e-

quation (3.1) is
G=B"{TVQ+ Q)" —[AQ+ Q) +¢QIQ +Q)7'} + Z — B* BZCC™.
(3.10)

From equation (3. 8) all the orthogonal matrix V can expressed by'™

20

V = VMI: e :IVI,.

0o U
Substituting V into the expression of G yields (3.10) ,then A(A, + AA4) C Q(q.r) accord-
ing to Theorem 3. 1.

Remark The terms in Z do not influence the closed-loop pole locations,but they af-
fect the control energy,and they supply the design freedom to satisfy other performance
contraints.

Algorithm

Step 1 Select a positive definite matrix W ,then construct a £ -assignable Q -matrix
by Theorem 3. 2;

Step 2 To solve dynamic control laws from expresssion (3.10).
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