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Study on Stability of Nonlinear Control System
Based on Generalized Frequency Response Functions
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Abstract; Based on the representation of generalized frequency rpsponse functions
(GFRF) ,a stability criterion for a class of nonlinear control systems is proposed in this paper,
The open-loop case is considered here,and this criterion is demonstrated by numerous simula-
tion examples.
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1 Introduction

The nonlinear transfer function or generalized frequency response function which is
based on the Volterra series,provides a new train of thought to study the nonlinear sys-
tem. The nonlinear frequency analysis is an extension of the classical linear frequency anal-
ysis method and its most importance is experimental verifiablity. Some authors have stud-
ied the nonlinear frequency analysis methed"'?),and they have made significant progress in
the nonlinear system simulation,nonlinear system identification , GFRF’s computational
method and its applications in industrial control systems. An analytical relationship be-
tween nonlinear integrodifferential equations and the generalized frequency response func-
tions has been obtained™,and a new recursive algorithm of generalized frequenlcy response
funcions for a class of differential equations is proposed™. However,few papers on the sta-
bility of nonlinear cc..irol system based on the GFRF method have been published.

In this paper,based on the representation of generalized frequency response functions,
an open-loop stability criterion for a class of nonlinear control systems is proposed. In the
second section,the nonlinear control system is described. The input-output stability criteri-
on is given in the third section. In the fourth section,the further stability conditons for the
four special cases are discussed. Finally ,some simulation examples are used for illustrating
the efficiency of the stability criterion.

2 Description of the Nonlinear Control System

The polynomial class of nonlinear control systems is considered as
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+ Cup, .o, | [D@]} = 0, (2.1)

i=1

where D is the differential operator , M is the maximum of differential orders and N the
maximum of multicate degrees, a’s,b’s and ¢’s are coefficients. # and y are the input and
output of the éystem respectively.

Assume that the nonlinear control system (2. 1)possesses the Volterra series solu-
tion,and the time-domain and frequency-domain representations of the solution can be re-

spectively described as

MOEDIAOF
n=1

3@ =] [ heened [ Jute — edr, n €N, 2.2)

i==1
where N is the natural integer set,and {h,(zy,***»7,) },=1,s,.. are the Volterra kernels or the
generalized pulse response functions of the system. Furthermore, by using the Fourier

transform,the Volterra series can be represented as 1

y(@) =F (y()) = Emyﬁ(t» B Eyncw),

n=1
3@ =m0 [T [ h@—w = v, e@) a0 — 0 = )

* w(w,) - u(w,)dw,,-+dw,, n € N, (2.3)
where y;3,,% are Fourier transforms of y,y, and « respectively; «’s are the frequency vari-

ables, A, is the multi-imensional Fourier transform of ,, i.e. ,

fuon e s) = FhGeryonmd) = [ ] hmye e [Jesodn, n €N,
) S L]

2. 4)
Let An(jw19"",jwn)— 2 Ean sy .pz]i[(]w)P
pl-o £,=0
B,(jwyy s jwy,) = 2 an,l How)' H(;«uk)f
p=0  p,=0 h=n+1 .
Cn(jwl,---,jw")—E Ecn,, ,,H(;w), n € N. (2.5)
=0

It can be proven® that
hi(w) =— A7'(Gw,) « C, (o),
hy(@, ) =— AT (G(w, + 0,))[C, ey, ju,) + Ay Gy, jo,)hy (@), (w;)
+ B, (w, , jw,) (hy (@) + hy(w;))/2],

By y0,) =— A7G(w, + 0 + 0,)){C,Gwy s+ 4 jo,)
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= Z E E [A:(j(wl + e+ wkl),

s=2 all permutation kl+h2+---+k‘=n
j(wk1+1 + e o+ w"1+"z) ’...1j(wn—-ﬁ"+l + e 4 w,)),
’;"1 (w0 050) ---fz,,,, (@yp 415 ,,) ]/number of permutation

+3 0> Y [BG@ At et e,

$=1 all permutation /-4y + o T =n—s
j(wk1' + e ‘UAI'+A2’)""9j(wm—kl’+1 + ot w,,),
W ag1s ey J,) ﬁh’ (@500 y@y ) o ﬁ*z(“’*l‘ﬂ NI B
IAzk", (@,—s—prt15°** 5@,,)]/number of permutation, » € N, ' (2.6)
where the “number of permutation” is for the repeat times of terms in different &, €N,

which are of different permutation,and
n, if n<N,

“TAN, i a>N, ,
n/2, if n<{2N and #»n is even, _
ay=<<(n—1)/2, if n<C2N and =2 is odd, 2.7
N, if n>2N.

3 Open-Loop Stability Based on GFRF
Consider that z; R—R is a time-domain signal with L, -norm defined as
Il = _la@ %34 < oo, 1< p< oo, (3.1)
or L., -norm defined as
Izl = ess sup (@) | < oo (3.2)
The Fourier transform x of z with H, -norm or H..-norm in frequency-domain defined re-

spectively as

Hall, =[] |2@|rdel? < oo, 1< p< oo G.3)
2T} — o :

2]l = suplz(@) | <o
Defintion 3.1 The nonlinear control system (2, 1) is said to be open-loop stable in
L, -norm (or L, -stable) ,if

yELp(—OO,OO)$y€L,(—°°,°O), 3.4
i.e.,if || ull , <<L(L>0) ,then3 K >0,such that
”y”p<K- (3.5

Lemma 3.1 Assume that A, € H%(— o0,00), i.e. , supeR]ﬁn(wl,---,'w,,)[ & ®9

1

andt; e Hl n Hz, then
Fynlle < @22 Al s Halli ], (3.6)
Proof It can be proven by
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15 =Cce~"_1[

oo
—o0 —o0

£=-]
"'J h(w — @y — o0 — w0, ,@,)
—o00

cu(w— @y — v — @) * u(w)u(w,)dw,dw, | *dw]/?

<[(27r)"‘J. sug{ |JTMJ‘°_°M}2,, (W — @y — *o0 — W, Wy, 4 0,)

— €

e u(wy) u(w,)dw, - dw, |2} (o — w, — o — w,) |*dw]"?

a (27[.)—0:_1)/2 sup { |J.
wER

« a(wy) - ulw,)dwydw, |} || 2 || ,

oo

00
...J h,,(w — W, — e — W, Wy, ’wn)
o

—00 =

oo

<(27r)—(.-—1)/zl:J sup { [Jw ...Jm ﬁn(w — Wy, — v — wn,wz’---,w")

— oo w,szR

o u(wy) -+ uw,)dwy+dw, | } |a(w,) |dw,] | 2 || ,

=(27r)—(n—1)/2 Sup { |J ".J i;'n(w = wZ i . anwZQ""wu)

@0, €R

U

« a(wy) e u(w,)dwdw, |} || || ,

=(27T)_("_1)/2 sup ERIh"(w — W, — 0 — w"’wz,---,w")
W@y 0

lall 7 ull,
=@m) VA W lall 7 e
Theorem 3.1 Assume that the nonlinear control system (2. 1) possesses the Volterra
series solution(2. 2) or (2. 3),the control input # € L,(— co,00) , and its Fourier trans-
formz € H, N H,,i.e. ;3 L >0,such that

el oo o)l <Ls I )
and assume that GFRF’s of the system are attenuate in n},i.e. ,d K >0,such that

Va e < Lmroie ik, VaeN, (3.8)
then the system is L, -stable.
Proof From Lemma 3.1 and Parseval Theorem!!,we have

fylle=Cm | yll,=@r)72 Y .l , < @r)~2 ), ﬁ—le‘LK =(n) K.
n=1

n=1

Remark 1 The condition (3. 8) is equivalent to that {n! | 2, | w}» » € N'is an uni-
formly bounded sequence. For the finite Volterra series, it is equivalent to that every
| A, | »is bounded.

Remark 2 The stability conditions in Theorem 3.1 are sufficient but may not be nec-
essary.

Remark 3 For nonlinear control system,it is difficult to determine the system stabili-
ty by using the system gain defined as

gain(S) = sup |yl ./ flul .,

because the gain is dependent on « . The GFRF’s however,are independent on input #, so
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that the stability criterion based on GFRF is only dependent on the structure and parame-
ters of the system.
4 Further Study on Open-Loop Stability

Now we focus our attention on the special cases of system (2. 1). At first,we consider
the pure input nonlinear system

M M M n
D@1, Dy @) 4 D DT D, 2y D) = 0, 4.1
i=1 .

=0 n=0p=0  py=0
The GFRF’s aret]
ho(wyyey0) =— AT1(G(@ + o + 0))C,(jo, 5 jw,)y n=1,2,,N,
h, =0, Yn>N. 4.2)

Theorem 4.1 For the nonlinear control system (4. 1),if

M

i) for anyn € {1,2,+,N},h,(w,*+,®,) is a proper rational fraction ,i. e. ,the degree

of C, is less than that of A, for all n ;

M
i) A, (s) = Eal,pls"l is a Hurwitz polynomial,i. e. ,all zeros of A, are in the open left
$1=0 .

half s-plane;
iii) the input spectrum satisfyingz € H, \ H, ,
then the system is open-loop L, -stable.
Proof From i),we have lim |A,(w;,,@,)| = 0,i = 1,2, ,n,i. e, , there exists w,

w'.—>:|:oo

> 0, such that
” iin ” o = Sup |ﬁn(w]’-.-9wn) |?
o 1<

Let D= {(515%%*,8,) 18 = 0; + jw;,0,>0,i = 1,2,+,n}, then from ii) ,it is known that A,
is a bounded analytic function in Dyi.e., | &, || » = K,on = 1,2,-,N, Let K =
max N){an,,} stherefore, n! || £, || <K,Y n € N, from Theorem 3. 1,it is known that

nE (1,2,
the system is open-loop L, -stable.

Next, a more complex case,the pure output nonlinear system is considered

M M M n M
D0 D s, | [Py @) + D1 DPu®) = 0, (4.3)
p=0

n=0p;=0 p,=0 i=1

the GFRF’s arel!
};'1 (0) =— A7 (jw,)Cy (o),
flz (wy,w;) =— A7'(G(w, + wz))Az(jwl’jwz)ﬁl(wl)ﬁl(wz) »

ho@yyeee @) =— ATy + o +0,)) D) D) > A+ e+ @),

s=2 all permutation k1+---+k,=n
j(wkl+1 + e+ wk‘+hz)""9]‘(wn——k,+1 + e 4+ wn))hkl (g swkl)
. h,z (@ g5 ,wk1+,,2) sore shy (Womp 115" ,@,) /number of permutation,

4.4
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N, if n>N.
Theorem 4.2 For the nonlinear control system (4. 3),if \

where k2, € N, anda={

i) for any n € N,A,(w,,**,w,) is a proper rational fraction i. e. ,the degrees of C, are

less than degree of A; ;
M

i) A,(s) = Zal_,]s”l is a stable polynomial;
#1

iii) Let o, = sup, |A7! Gw)C, (o) |
O = SUPw].n-.w" IA;l(](wl =300 b wn))An(jwla"' ’jwu) | s n=2,-,N,

and 0, = 1,6, = p,,+-,0, = E sz E Gy, +++0, / number of permutation;

all permutation s=2 k1+~~-+h_'=n

. (n, if 22N,
where a = and the series 0,07 1s convergent ;
N, if n>N 2 i RS
iv)u € H, (| H,, i.e., the input is absolutely integrable and squarely integrable ,
then the system is open-loop L, -stable.

Proof From i) we have lim |A7!'(jw)C,(jw)| = 0,

w-»-+ oo

hftn IAll(](w1+"'+CU,,))A,,(](01,"',]CU")| =0, 1=1,2,sn;3 n=2,3,,N.
so there exists w, > 0 ,such that

o= | h‘l o = SUP AT (o) Cy G |

@ |<a,

On = SUP |A11(](w1+ +w))A (]wn e ’jwn)l’ n=2,3,---,f\/,

Similar to Theorem |4. 1,from ii), A7'(G(w;, + *++ + 0,))A,(jw, , -+, jw,) is a bounded ana-
lytic function in D,n = 1,2,+,N, so that {0,,0,"**,0x} is an uniformly bounded se-
quence, Because

1A

Ois ||ﬁzl|m<f02“fll”ia:'gzpf,"',

A, ]« < E 2 O, "1 ++-6, o1 /number of permutation;

s=2 all permutation k1+A2+...+k,=,,

y 2 ﬁk]---ﬁkz/number of permutation]p} = 6,0},
s=2 all permutation kl Foeth =u

w

and from iii),the series Zﬁ,.p?is convergent. By using convergency,it can be proven that
n=2

2l < o< K == DK,

n=1 n=1

andn) | A, | » <K, , for somen, € N,Y n==n, , where K, = K", From iv) ,there exists
L > 0.such that ||« |, |#| ;< L, and ,therefore,we have

Kn
n)

% 1
” Y ” 2 < = 7'F(I<-L)") v n == = Ny
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i P 2oii’ o0
Iyle=Co 2 |y, <@V 3 ylle= @O Iynlle+ D Il

n=1 n=1 n=ny

ny—1 oo

. 3 (KL)" - :
< @m)~12 . (Z: Iyl + 2 T) = @)V . (M + 58 = M,
n= n=n,

That is ,the system is L, -stable.

Similarly,the pure cross-product nonlinear system can be described as
2n

M N M M n M
Slan, Dhy@) + D) D0 D bapres, | 1Dy @)+ [ ] Dou@) + D¢y, Dhue) = 0,
is1

=0 n=0p;=0 Py =0 k=n+1 py=0
(4.5)
and its GFRF’s are follows[*,
hi(w) =— A7 (jo)C, (jw,
hy(wpyw,) =— AT (Gw, + @) B, oy, jw Yk, (@)
ho(wy, o0 ,0,) =— AT (o, + @, + = + @,))
. ;plallpe;utmion k1+...;2=..—:3;(j(wl TR SRR
Jlpg sy + o @)y jl@, g + 0+ @,,),
FO,_ s ,ja,");;h1 (w, e 9wk1)’;k2(wkl+1 sor @ g, )
}ik,(w,,u_‘_h"+1 s*** sw,_,) /number of permutation (4. 6)

n/2, if n<{2N and =n iseven,
where b, € N,ande =< —1)/2, if a#<{2N  and = is odd,
N, " if n=2N.
Theorem 4.3 For the nonlinear control system (4. 5),if

i) for any n € N,h,(w,,*,@,) is a proper rational fraction of @,,i = 1,2,++,N;

M
i) A;(s) = 2“1-/’15" is a stable polynomial;

=0 ’
iii) Let g, = sup | A7 (w,)C, (o) | # 0,
“
P = 8sup |A1_1(j(w1 + o+ @) B, (jw e, jw,,) | »n=1,2,,N and o1 %0,

2n

0, =0,=0,=p,, 0,= (7%} + 1)ps,

6,=0,_, + Zp,p{”z’ Z Z 0k]--°0k2/number of permutation,n > 3,
s=2

all permatation &, -+ +&, =n—s
n/2, if n<C2N andniseven, N
wherea =<(n — 1)/2, if n<C2N and nis odd, the series Eﬁ,.pq_l is convergent;
N, if n>2N. i
iv)u € H, N H,,

then the system is open-loop L,- stable.
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Proof Because

Fh e =20 Thllw <ol bl = pey = 6,04,

IAs e =01l e Il o = 2o} = et

T2l e <pilAs |l + o2 || Ay % < popt + p205 = (o0 + p7°0:0) 0} = 640},

| Ay |l o SE,D, E E I fz,] |l = || A || »/number of permutation
aw=] all permutation k1+-'-+k_‘=n—s .
< Z I Z E 0, 1" ++6, o1~ /number of permutation

s=1 all permutation ki teth =n—s

= ZP:P';_Z: 2 2 0y, *++0, /number of permutation
s=1

all permutation kl Foethk=n—s

=070, + ZP;P'{_Z’ E E 0, *++6; /number of permutation
s=2

all permutation k1+ +k’=n—.v
=pi7 0, + Ep:pl_z‘ z Z 6, +++6, /number of permutation }
=2 all permutation k]+---+k’=n—: “
=0nP'1'_1 s
by using the method in Theorem 4. 2,the system is L,- stable.
Finally,we discuss the general case,its GFRF’s are those in (2. 6).
Theorem 4.4 For the nonlinear system (2.1),if
i) for any n € N,h,(jw,,+,jw,) is a proper rational fraction;

M
i) A,(s) = Eal-msf‘ is a stable polynomial;

pr=0
iii) {E | A |l «},2 € Nis convergent;
i=1

ivye€ H, N H,,
then the system is open-loop L, -stable.
Proof This is a straightforward result of Theorem 4.1~4. 3.
5  Simulation Examples
Example 5.1 The pure output nonlinear system is considered as
¥+ 6y + 11y + 6y — u + 0. 1y* = 0,
the GFRF;S hi(w) by (@, ,@,) ks (@, , 0, ,@,) can be calculated as
hi(@) = 1/[~ jo’ — 6« + jllw + 6],
he(@y, @) =— 0.1/{[— joi — 6} + jllw, + 6] + [— jw} — 6} + j11w, + 6]
* [ jo + @) — 6(w;, + @) + j11(w;, + w,) + 6]}
hy(wyy0,,05) =— 0. 1[h, (w0, ,0)h, (@3) + hy(w,,0,)h, (w,)
+ by w000k (@) 1/(3[— jlan + @, + @;)°
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o 6(‘01 + W, ot wa)z 3= ]11(‘01 + w, + wa) + 6]}.
It can be checked by Theorem 4. 2 that i) A;(s) = s* + 6s* + 11s + 6 is stable; ii) o, =
0. 166667 ,0, = 0. 019468,6, = 1,0, = p, = 0. 019468;6, = 205 = 0. 000758 ,***,by using the

oo

recusive computing test,the series 8.0} is convergent; the system is open-loop L, -sta-
p g g

n=1}

ble. The response diagram of the system is showed in Fig. 1.
Example 5.2 The following system is also pure output nonlinear
Y+ 3y + 0.8y + 2.2y — u + 0. 65yy = 0,
the GFRF’s A, (@) ,h; (@, ,@,) yhs(@, ,w,,@,;) can be calculated as
hy(@) =1/[— jo* — 3¢ 4 j0.8w + 2.2],
flz (w;,0,) = 70. 65w w,[w; + wz]ﬁl ("-’1)’11 (w)/{2[— j(w + w)?
— 3(w, + @,)* + 0. 8(w; + @) + 2. 2]},
hy (@), 03) = 70, 65{[ (@, + wp)ef + (@, + @)?w; Tk, (@, , @)y (@)
+ [(@, + @)@} + (@ + @p)iw,] * hy (@, ;)R (w;)
+ [(@, + @)@} + (0 + @) 2w, Tk, (w030, (@)}
/{3[_ Jj(w + w, + w;)®
— 3w, + @, + @)t 4 0. 8(w; + @, + @) + 2. 2]},
A,(s) is stable ,and p, = 18.1591, p©,=0.0963, 6, =1, 6,=p,=0.0963, &, =20}
=2 X 0. 0963%,+:*, by using the recusive computing test,the series E’:lﬁ,,p’l‘ is divergent.
The time respones diagram of the system is shown is Fig. 2.
6 Conclusion
The stability criteria for the polynomial class of nonlinear control systems based on
GFREF’s are similar to ones of linear control system,and the zeros of the linear polynomial
A, (s) play main role. The convergence of GFRF’s norm, however,is a special desire for
nonlinear control systems,and the absolute integrability of the input is a further condition

of the nonlinear stability. From the open-loop stability criterion,some closed-loop stability

criterion can be obtained.

3.00 9 3.00 1
2,50 r 2.00
2.00- 1.00
0. 00 1

1.50 4

-1.00
1.00 4 —2.00 4
0. 50 < —3.00 1
0. 00 T T — —4. 00 T T T T T d

0.00 5.00 10.00 15.00 20.00 0. 00 10. 00 20.00 30.00

Fig.1 Time response diagram Fig.2 Time response diagram
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HT 7 U R M A& R R R AR E R

HEE HEE
(Pogean By ARG TBHIHT « F%E.710049)

B, 2TF Volterra GELH ™ SR B 5 B (GFRE) B FR Ak L ¥ 15 3 s 3, A AR etk R AR Bt
TR, CEM SR ARG REERERMERRRTRIES, —R2H B ad Rk
1538 RBCR AT THFIE, RSB B RN B R RUER LR GFRF IHH 7 U R RIEE D &
B B Tl P 2 TS T — 7 B SRR (BB FE Ak 3 B A RO GFRF @) R R SE Y
R SRR W B A SCRT I SUR R B 1R T — R AR R R IT AR AR R
P, fEZ & 56 GFRF FikHiik T Itk i R YE, RJB 44t T 12 R GE AN B i o R v U8, SEE T3
i T ORI TR RUEAE AR, BU5 A IR 05 BB 38 4 AT T BRE.

A AR RS, S SO RN R RE

A AR A
EEEEE 1043 A, 1968 N TR S WYL TR R, 1981 ERU T RFRERF KB L2 6, AAT
FHKERLE TRRAFAFE 28, M E50 KRN EEETRYLE 5B BHER, T REH S5 RSN
makﬁ%&%%mﬁﬁﬁfﬁ%.
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