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Abstract: The problem of uncertain parameter bound estimation for pole location in speci-

fied regions is considered in this paper. This problem includes two subproblems pole ro-
bustness analysis and parameterization of the controllers assigning the poles of the closed-loop
systems within prescribed regions. Based on generalized Lyapunov theory and eigenvalue de-
composition, a novel approach to this problem is proposed. The yielded bound is not necessarily
symmetric and many existing uncertain parameter bounds are contained in it,
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1  Introduction
The performance requirements are always expressed as the closed-loop pole locations in
system design. Hence one effective approach to the performance robustness is to investigate

s} obtains

the robustness of the pole-placement in the specified regions. In this regard, Juang
the symmetric upper-bound for element perturbations in the system matrix. Rachitt® pre-
sents the similar results when the specified region is a circle.

In control system design, for special plants and/or in special circumstances, some re-
quirements must be satisfied at first, such as stability, overshoot, no matter what control
scheme is used. Then other requirements can be taken into account. One approach to this is-
sue is to characterize the set of all controllers which ensure the closed-loop systems satisfy
these requirements. Then one can choose one controller from this set based on other require-

[1,5]

ments, such as by optimization of some index This problem also arises in fault torelent

controlt4,

This paper considers the above two problems in a unified framework. These two prob-
lems can be included in the problem of estimation of uncertain parameter bounds for pole lo-
cation in a specified region, A novel approach to the above problem is developed based on the
eigenvalue decomposition technique and generalized Lyapunov theory. An efficient algorithm
for estimation of the uncertain parameter set is proposed.

2 Sufficient Condition for Poles within Specified Regions

Consider uncertain linear systems
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X(O=AX ) =4+ 2kGDEIX® 1
where E(i) is the constant matrix which represents the structure of uncertain parameter
k(i),i=1,,m,and A, ann X »n real matrix which is called the nominal system.

The problem considered in this paper is to estimate the uncertain parameters bound such
that the system poles are within a prescribed region. The following two problems are includ-

ed in this problem.

1) Pole robustness analysis. Consider the uncertain system S (A, + AAYX . If the un-
certain parameters in AA are independent or linear dependent, this system can be written as
the system (1). The pole robustness analysis is to estimate the bounds of the uncertain pa-
rameters such that the system poles are within the prescribed region.

ii) Characterization of controllers for systems with known parameters. For the known

system X= A,X + BU and Y = CX, find a set of the feedback controllers U = KY such that
the poles of the closed-loop system A, -+ BKC are within a prescribed region. The closed-loop
system also can be written as the equation (1) where the open loop system A, and the con-
troller parameters K are considered as the nominal systems and uncertain parameters, respec-
tively. Therefore this problem also can be considered as to estimate the bounds of the uncer-
tain parameters (controller parameters) such that the system poles are within the prescribed
region. However, in this case the eigenvalues of A, may be not within the prescribed region.
Lemma 17 The eigenvalues of the real matrix A are [ 1o
within the region H in Fig. 1 if and ouly if for any positive
definite matrix N , there exists a positive definite Hermi-

tian I such that
(A —al)*P +P(A—al)e " =— N (2)

where ( + )* denotes the complex conjugate transpose {'{Re

matrix of (¢ ).
Theorem 1 The poles of the system (1) are within

the region H if there exists a positive definite Hermitian

matrix
A (DS RDP)) < A4, (Q) (3)
=i Fig.1 Prescribed region of poles
where
Q=— (e’(A, —al)'P + P(A, — a)e™ "), (4)
PGY =e?EG)" P 4+ PEGYe ”, fori =1, ,m, (5)

Proof From Lemma 1, all poles of the system (1) are within the region H if there ex-

ists a positive definite Hermitian matrix > such that

(A, - D TRGEG) = al) P - P(A 4 STRDEG) — al)e™ < 0 (6)

= == ]
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or M D JRGPGE) — Q) <0 (7
i=1
where Q and P (1) are defined in(4)and(5). Since(3)implies(7), hence the result. Q.E.D.

Remark @ is not necessary positive definite. For example, if all eigenvalues of A do

not locate in the region H , obviusly @ given by (4) is not positive definite.

Let U={K;AM(2k(i)P(i))</1,,.(Q),KER”‘} (8)

where K = [k(1),k(2),+,k(m)]". If K belongs toU , then the eigenvalues of matrix A are
within the region H .

Many existing bounds in robust stability analysis are subsets of this set. When the spec-
ified region is the left-half plane and the poles of the nominal system are within this specified
region, the problem considered in this paper is converted to the problem of robust stability

analysis. The bounds given in [8,9] are obtained based on the following condition

am_}junm)) < A Q)

where 8y (+) denotes the maximum singular value of the matrix( ¢ ). This implies the condi-
tion (7). Hence those bounds are subsets of the set U .
3 Estimation of Uncertain Parameter Bounds
It is very difficult to estimate the set U directly since the geometry of the set U may be
very complicated. The existing approach is to imbed some geometric figure (such as hyper-
rectangle, sphere). If the center of the figure (i. e. ,the parameters of the nominal system (or
open-loop system)) is close to the actual bound, the bound yielded is very conservativet. In
the following, an approach to estimate the uncertain parameter bounds is proposed based on
eigenvalue decomposition.
Theorem 2 The condition Ay (2#B) <CA, (A) is satisfied if and only if 2 belongs to the fol-
lowing set N = (&' ,2") , where for A,(A) << 0,
B o=—oo, k'"=X,A)/A,B), A(B)=41,(B)>0,
B = A, (A Ay(B), k'=oo, A(B)<A(B) <O,
no solution for £ and £” , A, (B) << 0 < Ay(B) ; and for 4, (4) >0,
k! =--o00, k'=oc0, A (B)=2Ay(B)=0,
B o=—oco, k"= A,(A)/Ay(B), A,(B)<0, Ay(B)>0,
ko= A,(A)/A,(B), &"=o0, A (B) <0, Ay(B) <0,
k= A, (A /A (B), k' =2A,(A)/A(B), A,(B) <0< A (B).
Proof 1t directly follows from calculating the maximum eigenvalue of the matrix 45 .
Q.E.D.
On the basis of Theorem 2 and in the view of that the set U defined by (8) is convex, we
construct an algorithm for estimation of uncertain parameter bounds. and the bound yielded
is as close to the set U as possible.

Letb(i) = k() /k L fori == 1,+-,m . Theun the set U can be written as
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U = (K BGHP D) < A4, Q).K = k[(1),++,6m) T, K € R”),

=1
Let

m m

a=2,Q), d=nq(DbOPW) and ¢=2,(326OPE).
i=1

i=1

For a given vector BY , it follows from Theorem 2 that K belongs to U’ if and only if K
belongs to
S(§) = cov{K'P,K"P} = cov{k B ,k"BY}
where BO=[p"(1),69(2),++ 6% (m) 1"
and &' and k" are given in Theorem 2 by replacing 4,(A),A4(B) and 4,(B) by a,d and ¢ re-
spectively.

In fact, & and 2" are two points on the boundary of the set U along the direction defined
by BY (where the open set U is extended to a minimum closed set. For precise mathematical
manipulation, please refer to [4]). For different vectors B , different.convex subsetsiare
obtained. Let j =1 to/ , we obtain S, ,S% . Obviously, the convex hull

S '= cov{K' W, KMV, KI® K L KO K0 (9
is a subset of U because U is a convex set and the convex hull of the union of any collection of
subsets of U is also a subset of U . By increasing /, the convex hull S is as close to the set U
as possible.

Corollary 1 Let M denote the specified region which is the common region of w open
domain H, , i = 1.+ ,w , with respective L;,¢;,v, defined as in Fig. 1. Then the poles of sys-

tem (1) are within the region M if K belongs to the following set

SR
i=1

where S, is defined as (9) corresponding to H,,i = 1, w.

Example Consider a simple uncertain system with the system matrix
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Fig. 2 Desired region of poles £{2) (1) Fig. 5 Uncertain parameter Lound

Due to the performance requirements ., the poles of the system are desired within the region M

depicted in Fig. 2. The region M is the common region of the open domain H,,i=1,2, corre-
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sponding to L;, respectively, and with e, =—1, 6, =0; a, =0, §, =n/4 . We want to estimate

the bound of uncertain parameter £(1),%(2) which ensure the poles of the system are within
this specified region. The eigenvalues of the nominal system matrix are (—14+) v11)/2,

(—1—j v11)/2, which are not within the desired region M .
LetP =1, 6G) =kG)/k, i =1,2, and

B:{;}’ {(1)} {1} {—11} {—110}’ {015}’ {017}’ {—15}

The yielded bound is depicted in Fig. 3. Obviously, any other existing method can not yleld

such large bounds.
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