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Robust Stability of Linear Interval Systems with Time-Delay

NIAN Xiachong
(Department of Mathematics, Tianshui Teacher’s College ¢ Gansu, 741001,PRC)

Abstract; In this paper,some results for robust stability of linear interval time-delay systems
are derived and some previous criteria for stability of linear time-delay systems are further devel-
oped,the stability degree are also discussed. Finally,the robust stability of large-scale linear inter-
val time-delay system is studied.
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1 Introduction
Since time-delay is frequently encountered in various engineering systems,the study of
time-delay systems has provided considerable interests among researchers from both home
and abroad. Many methods to check the stability of time-delay systems were obtained by
Mori and Kokame™), Hmamed!?, Wang et al. ", additionally,since the robust stability is use-
ful in designing control systems, the robust stability of interval systems is also studied by
many authors. Many results to test the robust stability of uncertain time-delay systems were
proposed by Wang and Lin™,Liu Y. Q. and Tang G. Y. ,Shyu and Yan'®,
In this paper,we will study robustly stability of system
2(t) = G[B,Cla®) + G[D,E]z( — h), t>0,
{x(t) = o(t), t€ [—h,0]
2  Robust Stability of Linear Interval Time-Delay System

1.1

Consider the linear time-delay system described by the following interval differential-dif-
ference equations:
2(t) = G[B,Clxz(®) + G[D,E]x(t — h),t >0,
{x(t) =t), t€&€[—h,0] S
Where x € li"is a state vector ,matrices G[B,C],G[D,E]aren X n interval matrices, A
~ 0 is a constant, @(¢) is a continuous vector-valued initial function, A = (@;)ux.B =

BiDwxcnsC = €idwsens D = (dipdusn s E = (ei;).xn are matrices.
Let Ay = %(B L O),K = %(c — BY,M = (mi)eensmy; = max { |dy| 5 es] }5i0i =1,
9, ,n; for any A € G[B,CJ,A, € G[D,E], consider system
() = Agx (@) + (A — ADx (@) + Ax( — h). 2.2
The system (2.1) is said to be robustly stable if for any A € G[B,C],A, € G[D,E],
system (2. 2) is asymptotic stable.
Definition 2.1 The system (2.1) is said to have stability degree ¥ >0 ,if there exists &

> 0 (depending on initial conditions) ,such that any solution of (2.2) satisfies
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|z@) | < &z |expl— Yt = ¢) ] for all 1,2, € R and £ > to.

In this paper, |z| is an Euclidean norm of vector z, |z|= Vv (Tz); | A is a matrix

norm of matrix 4, [A] = V A (ATA4).

Suppose interval matrix G[B,C]is stable,then A, is stable,so there exists a positive def-
inite matrix P,such that A,P + PA, =—2I.

Theorem 2.1 If the condition |PK |+ a|P| | M| <1is satisfied,then systems (2.1) is
robustly stable.

Proof LetV(x()) = x"(t)Px(t), then

V(@) |agn=— 22"z + 2" O[A — A)TP + P(A — A Jx@®)
+ 2Tt — WATPx(t) + 2" W)PAx(t — h)
< 2@ + 21 PK @I + 2] UM 2 |G — B,

Assume V(2 — ) < ¢V (z(£)), then |z — h) | < ga]x@®)].

1
=112
Where @ = |:N .’;"‘ﬂxgﬁ).):l , SO we have;

V) lep <— 2 — 2| PK|— 22| PY M|z
Therefore, if |PK| + a|P||M| << 1, then a sufficient small ¢ > 1 exists such that
V(x ()| ap < 0. Thus according to (Hale 1977, Theorem p. 127)system (2. 2) is stable.

the theorem follows.
Theorem 2.2 If there exists B > 0, such that constant matrix
[2 —2|PK|—8 —|P| ||M|\]
— | P[] B

is positive definite ,then systems (2. 1)is robustly stable.

Proof Suppose 8> 0 ,let V(z(®)) = 2" )Pz (@) + ﬁj 2T (s)x(s)ds, then

‘
t—h

V) lan <— 2|a@ ]|+ 2| PK[1z@ |2 + 2| P| | M] |z@ | |2¢ — A
4+ BT @ x(t) — 2"t — Wx(t — h))

2 —z2|PK|—8 —|PIIM]|
== dewlLlze =D [* bl
) | z@]| )
|z —m |}
If matrix [2 —2PK|= ¢ — Pl "M“} is positive definite,then V (x()) |2 < 0.
— Pl Ml B

The theorem is proved.

Corollary 2.3 If the condition | PK |+ | P| | M| < 1is satisfied. then systems (2. 1) is
robustly stable.

Proof LetfB =1— |PK]|, if the condition of corollary is satisfied ,then B> 0and ma-

_r2—2z2|PK|—8 —|P|IM]7. .
trix is asymptotic stable,the corollary follows.
— [PyiM] B

It is obvibus that the result of Theorem 2. 2 contains the result of Theorem 2. 1.

Consider constant linear system
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1) = Ajx(t) + Azt — h). 2.3

We have:

Corollary 2.4 1f the condition | PA,||<1is satisfied ,then the system (2. 1) is robustly

stable.
Condition of this corollary is less restriction than those given by Hmamed'!, Shyu and
Yant®,
Theorem 2.5 If the condition |PK |+ ™| P| | M| < 1is satisfied,then system (2. 1)
have stability degree 7 .
Proof Let 2(¢) = e"2(¢), the system (2.2) can be transform into
(1) = (A, + Dz@) + (A — Az (@) + e"Ax(z — h). 2.4
1— |PK| —e"|P| ||M||}
—e"|P| M| 1—|P|IK]

If the condition of the theorem is satisfied,the V (z(t)) | o << 0. this complete proof of

Let V(z()) = 2T()P=z(t) + (1 — |PK ||)J /zT(s)z(s)ds, then

|z | )
|zt — m)| .

V@) ww <= (el le@ = B[

the theorem.
Since the system discussed by Liu Y. Q. and Tang G. Y. in work™ is a special case of
system (2.1),s0 some main results are contained in Theorem 2. 2 and Theorem 2. 5.
3 Robust Stability High Dimension System
Suppose interval time-delay system can be decomposed as following defferential-differ-
ence equations ;
F@) = G[By,CiJz® @) + G[Di»,EJa® ¢t — h) + D [G[B;;»C;i1x? ()
j= L
‘ +G[Di19Eij]I(j)(t""h):|a t>0; i9j: 1,240 ,7,
J.(i](t) - g0(1') (t), t e I:_ h,o:l.

3.1

Where; G[B,;,C;;1,G[D,,,E;;] are n; X n, interval matrices, En,- = n,A; = @i xi s
i=1
B"j = (bgj))nanj’Cij . (Clijj))n‘%(n-’ ’Dij . (dgj))u’Xn}AEij . (eIE;”)n')(n}' .
1 . . y — — y
Let A,o] == ?(BU + (/ij) sKij = %(Bij - (’ij) 7M|'j = (mi;]))n‘.XnJ’Mij == (mlg']))n',xnj’m;y) =
max { |b,§fj) | i |c,§}7) ‘ } smf” = max { |d,fff) y|es” | ysisi=1,2,,m; for any A;; € G[B,;,C;;],
Al € G[D,;,E,;;], consider the following system
TPy = Ajx? @) + (A; — AP + AP @ — k)

+ D) (AP @) + Akat — b)), (3.2)
j=1.jEi
Denote ; z,@) = (J=z @), [z @ — DT,
_ )‘mm ( V"—.E] ) || H”’I?. || e “ I(V Ir ||
(." " H,le [| = Amu-{ H".".::‘ ) et ” H'IZJ' ||
Wil [W.| ser = A (W)

wo=[1ml M ]

= [P IMa] 1= [P ] K
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_ [P My )+ Pl M) | Pl |3 II} _
W, = 17,118, Gt g 2"
since Wij = Wz ,so U is a symmetric matrix. Assume Alis asymptotic stable,then there exists
positive definite matrix P; ,such that; A°IP, 4+ P,A% =— 21, ,then we have following theo-

rem:
Theorem 3.1 Suppose following conditions
1) ||PiKii"+ ||Pz|| "Mﬁ <15 =1,2,,7r;

2) matrix U is negative definite

are satisfied ,then system (3. 1)is robustly stable.
Proof Since |P:K;|+ |P;||M.|<1;s08 =1— [PKy|> 0. Let

3
t—h

V@) = 2 Via@),Viz@) = 29 0Pz @) + ﬂ.j 29" ()2 (s)ds,
i=1 B

then
V{z () |

= D[AP @) 4+ (A; — ADxP (@) + Aba® (¢t — B)IPz® (¢)
i=1

ri=1

+ D129 OP AP @) + (A — ADaP @) + Ak @ — h)]

ri=1 i
+ D7 >[4 @) + ALx (¢ — AP (1)
J=1,j7i
i= i
+ 2 2 _r(f)T(t)Pi[A/-jx(j)(t) + ALz Pt — k)]
J=1,j7%i

+ DBz D @) — Bt — 2Vt — h)]

<O =222 W|* + 2| Pk | |z @) |* + 2| P
i=1

| M| |2 @[ =G — w)]

4 ﬂ,-x(")T(t).r(/)(t) _ ﬂ;r(i)’r(t — Wz — k)]
+220 20 1P M| 1z2 @ =@ O+ 17, ] |z @) [ 29 ¢ — k) |
J=1.jFEi
S . 1 — |PK,
—— Mol 1@~ n D[ ”
i=1

— [P | M ][ [ @)| }
= PM] 1= P L2 G — B
SR . . [P N8|+ Py M) 2 8,
+ 3 3 U2 ol daoe —wh]| i ]
1Pl 13 0

i=1j=1,j+i

[ ESLO) }
|G —m]

Sz @[5 [z @], 2. @O DUz |5 2@ | -+, | 2. @ D™
If the condition of the theorem is satisfied,then V(x(£)) | 4.5 << 0, the theorem is proved.

Since the system which discussed by Liu Y. Q. and Tang G. Y. is a special case of system

(3.1),s0 Theorem 3.1 contains relevant results of work!™.



CONTROL THEORY AND APPLICATIONS Vol. 15

138

4 Example
Consider the time-delay system
X@ =G[B,C1X@) + G[D,E]X(@ — h)

[—2.4,—1.8] [0.8,1.6] )
G[B,C] = H
EEEE L3,C] [[— 2.2, —1.6] [—0.8,0.2]
—0.15,0.141 [— 0.1,0. 14
GID.E] — ([ 1 i ]).
[—0.12,0.14] [— 0.16,0.16]
Calculate
—2.1 1.2 0.3 0.4 0.15 0.14 0.9464 —0.5198
A = P K = ]; :[ P |
~1.9 —0.3 0.3 0.5 0.14 0.16 —0.5198  1.2543

| P~ 1.6424; |PK|= 0.5018; M|~ 0.2951; |P||M]= o.4847.
Let 8 =1 — |PK|= 0.4982; since matrix
0.4982 — 0. 4847
( — 0. 4847 0.4982 )
is postive definite,according to our result in theorem 2. 2,we can declare that this system is

robustly stable,
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