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Abstract: “G-cactus” (or called “cactus-like diagraph”)is a useful notion in the study of struc-
tural properties of dynamical systems. In this paper,this notion is used to derive several new re-
sults on the structural controllability of composite systems.
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1 Introduction

A large-scale system such as a complex industrial process is generally composed of a set
of units or subsystems interlinked through several connections to form an interconnected
one. Structural analysis plays an important role in the design of such a composite system for,
which the properties of each unit is known. It is also important for the synthesis of control
structures of such a process.

The structural controllability is an important notion for structural analysis,and after its
first introduction by Lin C. T. il some others [2~5] have made much effort to simplify the
proof of the controllability theorem or to demostrate its complementary properties. However,
the studies concerning the structural field relating to a complex composite system which is
considered as a global one are still far from perfection,and the problem we have undertaken
has not been investigated thoroughly.

“G-_cactus” or called “cactus-like diagraph” is a useful notion in the study of structural
properties of dynamical systems. (673 and this diagraph is the generalized form of “cactus”
which was introduced by Lin C. T. 01 In this paper,the new graph—“g-cactus” is used to
derive some conditions for the structural controllability of composite systems with different
forms of interconnections.

2  G-cactus and Structural Controllability

We first briefly recall several graphic notions as preliminary knowledge (one may refer
to LI Kang et al. 7).

1) Stem. A stemis a directed noncyclic path of edges,where the origin is required to
be a control input node.

2) Cycle. Acycleisa directed path whose origin concides to its extremity.

3) Bud. A budisa directed edge at the end of which a cycle is attached, where the

number of nodes in the cycle is not restricted.
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4) Cactus. A single-input cactus is a graph
Cc=TUB,UB,~ UB,, )
where T is the stem,and B;, = 1,2,+*, p are buds. The origin of the distinguished edge of B;
is also the origin of an edge in the graph 7 U B; U B, U B, , U denotes union.
A multi-input cactus is a disjoint union of some single-input cactus.
5) G-cactus. A single-cactus is the union of a stem and some buds,

C/(A,B)=T U B, U B, U B,, (2)
where T is the stem, B;,i = 1,2,++,p are buds,the origin of the distinguished edge of B; ¥ ¢
= 1,2,+,pis only required to be the only node belonging to both B; and graph T" U B,*+ U
B;_, (see Fig. 1).

A multi-input g-cactus is a disjoint union of some single-input g-cactus.
In this paper,a single-input g-cactus is called elementary g-cactus.
6) Spray. A spray is the union of a group of buds,

S, =B, U By U B,, (3)
where B;,i = 1,2,+*,p are buds,and the origin of the distinguished edge of B;Y i = 1,2,+,
2 is the only node belonging to both B; and graph B, U *+ | B,_;. The origin of the distin-
guished edge of B, is also called the origin of the spray (see Fig. 2).

Apparently,a bud is the simplest form of a spray.
Remark 2.1 Eqn. (2) is the general form of g-cactus. However,some graphs such as

sprays,they possess the same properties of g-cactus relating to the structural controllability,

therefore, they are also g-cactus special g-cactus. In order to coincide with the general
description of g-cactus of (2),if a spray is consider as a g-cactus,its origin is treated as the
“stem”—— a special stem that has only one node and its origin and extermity is the same. In
this paper,if we do not point out, a g-cactus is referred to one of any form that can be taken
as g-cactus (including sprays), and if we call a g-cactus a general g-cactus,its construction
strictly follows (2) (e. g. its stem is a noncyclic directed path of edges),and if we call a g-

cactus is a special g-cactus,we refer it to be a spray.

Fig.1 A g-cactus Fig. 2 A spray

Now,we consider a linear time-invariant system
S. z= Ax + Bu, 4

where, A and B are structured matrices with dimension n X n and n X m respectively.
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Let G(A,B) be the diagraph (or called coats graph) of structured matrices pair (A,B) . Then
we have the followng.

Theorem 2. 1% Structured matrices pair (A,B) is structurally controllable if and only
if its diagraph G(A,B) is spanned by a g-cactus C,(A4,B) .

Corollary 2. 2170 System S(A,B) is structurally controllable if and only if there exists
a group of cycles Cyiyi = 1,255 P and a group of stems 7,7 = 1,2, b (B < m,mis the
number of control inputs) satisfying all the following conditions

1) Cyivi = 1,25++,pand Tyi = 1,2, ,k are mutually disjoint;

2) _CJlei _CJIT,- covers all state nodes;

3)16),; V}i_ — 1,2,-,p is reachable through an edge by a node in its rest part of the
graph.
3 About the Structural Controllability of Composite Systems

When a composite system with the form of interconnections of subsystems is taken into

consideration ,the verification turns out to be complicated. Consider a general composite sys-

tem,
S, x = Ax + Bu, (5
where A and B are structured matrices with dimensionn X 7 and n X m respectively,
A, 1 B,
A
A= y, B=1: (6)
Au
_ Ayl Byl
and subsystems described as:
S,q = A 4 Bu + D) Agx; + DAy, <)
j<i i
N
where A, € RV*N, B, € B¥*m, i=1,2,~,N, > Ni=n
i=1

Firstly,a general composite system with only two subsystems (3;,2,) is considered. We
suppose 3 structurally controllable relative to the control inputs, =, structurally controllable
relative to the control inputs and all state variables of 2, that have direct influence on =, (“Di-
rect influence”means that the node concerned is connected with a node in 2, through a direct-
ed edge) ,while, C;; and C; are assumed to be the g-cactus spanning the graphs of subsystems

S, .3, respectively. The single-input g-cactus in C,, and Cj, can be partitioned into two distinct

types general single-input g-cactus and special single-input g-cactus (c.f. Remark 2. 1).
Let 0 = 1,2,y be the origins of the stems of general single-input g-cactus in Cy; »
and define a set Oy = {0152 = 1,257+, } »it is required that o; € {u;,j =152, Y} UGy ] =
1,2,+,m are control inputs.
Let ¢;,i = 1,2+ ,n, be the terminal nodes of the stems of general single-input g-cactus in
C, »and define a set E; = {e;si = 1,25+ S}

With respect to 3;,according to the hypothesis that 2, is structurally controllable rela-
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tive to the control inputs and all state variables of 3, that have direct influence on 3. »the ori-
gins of stems of general single-input g-cactus in C;, can be classified into two distinct types.
The first group includes those origins that are control nodes,and the second group includes
those origins that are state nodes of subsystem 3, ,define two sets, O; = {0}y = 1,2, ,n}},
and Of = {0}y = 1,2, ,n%}, where o} € {ujpj=1,2,,m},0% are state nodes of subsys-
tem P

Definition 3.1 Cascade connection of g-cactus. Consider a general composite system 3,
with two subsystems (3,,3;),5, is structurally controllable relative to the control inputs,>,
is structurally controllable relative to the control inputs and all state variables of 3, that have
direct influence on =,,and two multi-input g-cactus C,; and C,, are found to span graphs of 3,
and 3; respectively,then the interconnection of C, and C; is a cascade relative to the control
inputs if and only if both the following two conditions hold for all the general single-input g-
cactus in Cy; and Cy,

1) o} are different from each other,and 0% € E,Wi=1,2,+,n%

20, N0, =g.

Cascade connection of two general g-cactus is illustrated in Fig. 3.
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Fig. 3 Cascade connection of two general g-cactus

Remark 3.1 As one might have noted in Definition 3. 1 that some special conditions are
only imposed on all general single-input g-cactus,not on the special single-input g-cactus,
that is to say,if a single-input g-cactus in Cj, is actually a spray (or simply a bud),its origin
is only required to be a control input,and if a single-input g-cactus in Cp,is a spray (or simply
a bud),its origin is only required to be a state node in 3, or to be a control node,and the in-
terconnection of g-cactus Cj; and C,, is a cascade only if all general single-input g-cactus in C,,
and C, satisfy the two conditions in Definition 3. 1. This case is illustrated in Fig. 4.

Theorem 3.1 Given a general composite system with two subsystems £(3,,3,),3, is
Structurally controllable relative to the control inputs, 2, is structurally controllable relative
to control inputs and all state variables of 2, that have direct influence on 3,, C;,C,, are
g-Cactus spanning the graphs of 3,,3, respectively,then,the global system 3(3, »23) is struc-

turally controllablé if the interconnection of Cy; and C, is a cascade relative to the control in-
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puts.
The proof of Theorem 3. 1 is apparent according to the definition of g-cactus and cascade
connection of g-cactus.
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Fig. 4 Cascade connection of two g-cactus. In the second g-cactus, there are

three sprays, and no special restriction is imposed on them

Now ,we consider a general composite system 2 with N subsystems (2,2, ,S~). The
graph of 2 1s supposed to be spanned by a multi-input g-cactus C,, »define a set O} = {05t =
1,2,000,m, ) s where 0557 = 1,2,07,7; are origins of stems of general single-input g-cactus in
C, sand they are all control nodes. Define another set Ey = {esf = 1,2, ,n,}, where ey; are
terminal nodes of stems of general single-input g-cactus inCy . _

For other subsystems s.=2,+,N, the origins of stems of general single-input g-cactus
in C,; are divided into two groups and define two sets O; = {0}, ] =152, o), 0t = {o},j =
1,2, ,nt}, where ol;,0} are origins of stems of general single-input g-cactus in Cji,0}; € {ues
bo—1,2,0e,m} Y j=1:2,m0) and 04 (j = 1,2,+,n}) are state nodes of 2,7 € (1,2,
i — 1}. Let ¢;; be the terminal nodes of stems of general single-input g-cactus in Cj; ,and de-
fine a set E;, = {eijs] = 1,2, ,n;}» where n; = n; + nt.

Definition 3.2 Cascade connection of g-cactus. Given composite system Sy 22t
Sx),where 2,V i = 1,2,++,Nis structurally controllable relative to the control inputs and
all state variables of Z;(j=1,2,"" ,i—1)that have direct influence on S,. Graphof % V i=
1,2,++,N is spanned by a multi-input g-cactus C,; . The interconnection of Ciivi = 1,253 N
is a cascade relative to the control inputs if and only if the general single-input g-cactus in

Cpivi = 1,2, N satisty all the following conditions:

i—1
1 olzjekglEk’ Vj':l’z,"'n?’ i:]-’z""’N'
2) O'NO =&, Vij€ (1,2, N}, i7].
3) O?ﬂO%:Q, Vi, & {1,2,"‘9N}9 1.75.]‘-‘

Theorem 3.2 Given a general composite system Z(Zy, 2z s Sa)sZ Yi=1,2,N
is structurally controllable relative to the control inputs and all state variables of Z;(j=1,2,

«e,i—1) that have direct influence on S sCiri=1,2,,N are g-cactus spanning the graphs
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of subsystems respectively,then the global system Z is structurally controllable if the inter-
connection of C;;,i = 1,2,++,N is a cascade relative to the control inputs.
Theorem 3. 2 is apparent according to the definition of cascade connection of g-cactus.
Theorem 3. 2 offers a sufficient condition for general composite systems to be structural-
ly controllable, moreover, for a composite system with certain interconnections of subsys-
tems ,this condition is also a necessary one.

Consider the following interconnected system:

3. x = Ax + Bu, (8)
where, A and B are structured matrices with dimension n X n and n X m respectively,
A, y B,
0
A= g Bl =l st ixkr ¢
A
L Ax. By
and subsystems described as
Siia; = A + Bau + D) Ay, (10)
j<i y
where A, € R¥*M, B, € R¥*", {=1,2,+,N, >,N =n
i=1

Theorem 3.3 Consider an interconnected system Z(Z;,2,,+*,2x5) of (8),(9),(10),the
global system I is structurally controllable if and only if subsystem %, V i=1,2,,N is
structurally controllable relative to the control inputs and all state variables of 2;(j=1,2,
-++,i—1) that have direct influence on 3;,while the interconnection of g-cactus C,;i =1,2,,
N spanning the graphs of subsystems is a cascade relative to the control inputs.

In the following, we also consider the structural controllability of composite systems
with identical units. Consider the following large-scale system = that may be described as an

interconnection of an external system 3, and N subsystems Zy,3,,*,2y(N>1)

S.r = Ax + Bu, an
where, A and B are structured matrices with dimension n X n and n X m respectively,
A, enHy epHy o eowHon
enH 1, A, e, H,, ++ enHn
A= |ewHy e,Hy A, -+ e,wH,y|, B =diag[B, B, - By], (12)
enoHno eniHy,  enyHyy o Ay |
and subsystems described as:
N
Sz = Aix; + B, + Zein;j.rj, (13
=

N N
Where Ai 6 R"ix"i,Bi e R"ixmi,i = 0,1, ,N, Zni =n, Zm; =M Ny = Nyttt = RN My = MY
i=0 i=0

* = my, and usually e,;, = ¢;; = 1, and
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1, (3;acts on 3, through H;), o
€;j — 19]21’2’""N;1¢]-

0, (3, does not acts on 2;).
We shall hereby refer to the system described in (11),(12),(13) as a large-scale system
with identical units. As for the structural controllability of such composite system, we may
also present some sufficient conditions.

Theorem 3.4 System 3 as described in (11),(12),(13) is structurally controllable if
subsystem S, ¥ :i=0,1,2,+,N is structurally controllable relative to both the control in-
puts u; and the state variables of Z;(j=0,1," ,i—1) that have direct influence on 3; while
the interconnection of g-cactus C; ¢ =0,1,- , N spanning the graphs of subsystems is a cas-
cade relative to the control inputs #oseys " sUn .

Theorem 3.5 Consider the large-scale system 2 as described in (11),(12),(13),it is
supposed that all state nodes are covered by a group of disjoint cycles (e. g. Condition A in
their paper of Yang Guanghong and Zhang Siying ts1), then the system % is structurally con-
trollable if and only if each state node is reachable by a control input.

Example 1 The graph of a composite system with three subsystems is illustrated in

Fig. 5. We are required to determine its structural controllability.

a2 N
s

Fig.5 An interconnected system
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Fig. 6 Cascade connection of Ciy Crpand Cyy

Stepl A g-cactus C, spanning the graph of 3, is found,then according to the terminal

nodes of stems in g-cactus C; together with rest control nodes,g-cactus C,, is found out for
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subsystem 2, ,similarly,g-cactus C; is also found for subsystem =;. The three g-cactus and
their interconnection is illustrated in Fig. 6.
StepZ Apparently, the interconnection of these three g-cactus is a cascade relative to

the control inputs,and the composite system is structurally controllable.

4 Conclusion

Several important results have been drawn with respect to the structural controllability
of composite systems with different forms of interconnection of subsystems. The approach
presented in this paper is quite suitable to the design of a composite system for which the
properties of each unit are known,because it satisfies in a simple way both the accessibility
and generic rank criterion. This approach is also quite helpful for the design of control sys-
tems of complex industrial processes.

Futhermore,the notions of “g-cactus”and “cascade connection of g-cactus”may deepen
our understanding of the structural controllability theory, and they are also shown to be

graphic tools which are really worth manipulating.
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