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Abstract: This paper considers the design problem of linear-phase FIR digital filters with
weighted least-squares error criterion and a random sampling recursive least-squares (RS-RLS)al-
gorithm. The design problem is regarded as parameter estimation for a supposed linear system
whose parameters are those of the filter to be designed. These parameters are estimated with re-
cursive least-squares (RLS) algorithm. Input signals of the supposed system are generated with a
random sampling (RS)method. The proposed RS-RLS algorithm is very simple and easy to use. A
simulation example demonstrating the effectiveness of the proposed algorithm is provided.

Key words: digital filter; system identification; recursive least-squares algorithm

1 Intoduction

N—1
The frequency response of a FIR digital filter can be expressed as H(w) = Zh(n)exp
n=0

(— jnw) . The design problem of a FIR digital filter is to find a set of parameters {h(0),
h(1), <+ R(N — 1)} in order that resulting frequency response H (w) approximates a desired

repsonse H () in some optimal criterion. Minimax design can be formulated as min {maxW

(w) |H(w) — H(w) |} where W (@) is a preset weighting function. Weighted least-squares de-

sign is minimizing the cost function given by
J= j"W(«» |H (@) — H(w) |, 1)
0

The implementation of minimax design requires sophisticated optimization algorithms such as
the Remez exchange algorithm and linear programming. Weighted least-squares methods are
easy to implement and the solution can be obtained analytically!'~*), With suitable weighting
function, the weighted least-squares solution is equi—ripplém“‘],but the weighting function
must be computed iteratively. Moreover ,these methods need computing the inverse of a m X
m matrix where m is the number of independent parameters of the filter. When the order of
filter is high,some trouble will be encountered.

In this paper,we look upon the design of linear-phase FIR digital filters as parameter es-
timation of a linear system. A supposed linear system whose parameters are the parameters of

the filter to be designed is established according to the specific structure of the filter. Thus
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we can use system parameter estimation algorithms to design the filter’s parameters. We also
take the weighted least-squares error criterion but use the random sampling recursive least-
squares (RS-RLS)algorithm rather than the usual weighted least-squares algorithm to design
the filter. Input signals of the supposed linear system are generated with a random sampling
(RS) method. The parameters of the supposed system are estimated with the recursive least-
squares (RLS) algorithm™*. One of the advantages of using recursive algorithm is that ma-
trix inversion is not needed.
2 Formulation of the Design Problem

The frequency response H (@) of a linear-phase FIR digital filter with symmetric param-
eters A (n) can be expressed as

N —1
2

H(w) = exp(—j w)H (w), (2

2
the case of odd N :

where exp(— j 1w) is the linear-phase term and H (w) is a real frequency response. In

(N—1)/2

H, () = a(0) + >, a(n)2cosnw, ®
n=1

an) =h((N—1)/2—n) =h((N—1)/24+n), n=20,1,(n—1)/2 4

and in the case of even N

(N—1)/2
H,(w) = > bG2cos[(n — 1/2)w], (5)
=1
b(n) =h(N/2 —n) =h(N/2—14n), n=1,2,-,N/2. (6)
H_ (@) in (3) or (5) can be written as following compact form:
H, (w) = §¢(w), )]
where for (3) with odd N '
6 =_[a(0) a(l) a(2) -+ al(N—1D/2DT, (8)
#(w) = [1 2cosw 2cos2w =+ 2cos(N — Dw/27T 9y
and for (5)with even N
0=1[b1) &2 - bN/DT, (10)
$(w) = [2cos(w/2) 2cos(3w/2) -+ 2cos((N — 1Dw/2)]. an

The weighted least-squares design problem of linear-phase FIR digital filters now becomes

into finding parameter vector ¢ such that the cost function
T = [ W@ |69 — Hu@) 1o 12)

is minimized ,where H,(®) is the desired magnitude frequency response. If we regard the fre-
quency w ranging from 0 to 7 as a random variable whose probability density function is just
the error weighting function W(w), the cost function J in (12) will be the expected value of
function |0'¢(w) — H, (@) |? of random variable w, i.e. ,

J = E[|0¢(w) — Hy(w)|?] (13)
Let {w,,k=1,2,++,L} be a set of samples of random variable @ . If L is large enough the de-
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sign problem can be approximately formulated as
17
min > |0$(@) — Ha(w,) |2, (140
k=1

3 Derivation of System Parameter Estimation Problem
Suppose a linear system with input U (¢), output y(¢) and noise w(¢). The model of the
system is given by
y(@) = 0U@) + w(). (15)
The least-squares estimation problem for system (15) is estimating the parameter vector 8
based on input data {U(¢),t = 1,2,++,L} and output data {y(¢),t =1,2,,L} in order that
the predicted output, y(&) = U (), of model (15)with parameter vector & approximates the

actual output y(¢) in the least-squares error sense,i. e. ,

/5

main;[ﬁ'U(t) — ¥y ] (16)

Comparing equation (16) with equation (14) it can be seen that the design problem of a lin-
earphase FIR filter is equivalent to the parameter estimation problem of linear system (15)
under the same parameter vector 8 if we set

U@ = ¢(w,), an

y(&) = Hy(w,). (18
Now we focus on the least-squares estimation problem (16),the solution of which denoted by
6(L) can be either non-recursive or recursive. In the recursive case,we can calculate the pa-
rameter vector (L) by simply updating 6(L — 1) without matrix inversion and the covariance
matrix in the algorithm can be updated with U — D factorization which has good numerical
stability®. We use RLS algorithm to estimate the parameter vector 8 of system (15). The in-
put and output data of the system can be generated with the Random Sampling (RS) algo-
rithm described below under specified H,(w) and W (w) whose maximum value is denoted by
Wi

1) Generate a uniform distributed random number w, ranging from 0 to .

2) Generate another uniform random number P rahging from 0 to 1.

3) EW(w) << P X W, continue. Otherwise ,go back to 1).

4) Generate U (¢) by equation (9) (or (11)) and equation (17).

5) Generate y(¢) by equation (18).

The input data generated with above random sampling algorithm have strong excitation
property which ensures the estimated parameter vector converging rapidly. The probability
density function W(w) is the error weighting function in cost function (12) which determines
the weight of errors between H, (@) and H,(w) in different frequency. It should be selected
by the designer in accordance with specific design and in general,it should be large for impor-
tant frequency bands,small for secondary bands and must be zero for transition bands.

4 The Random Sampling Recursive Least-Squares Algorithm
The random sampling recursive least-squares (RS-RLS) algorithm for the design of lin-

earphase FIR digital filters is given below. This algorithm is very simple and easy to imple-
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ment.
1) Specify H, (@), N and W (w).
2) Select recursion number L and initiate parameter vector and covariance matrix as
8¢0) =0, PO =el,
where pis a large number,100000 for example, [ is a unit square matrix.
3) Sett = 1.
4) Generate U (¢) and y(¢) with RS algorithm.
5) Update 8(¢) and P (¢) with recursive least-squares algorithm,i.e. ,

- I S PGt — DU g i
60 =8¢ =D + 15 rgpG — DTG ~ U@ — DI

_ 4y P = DUDUBOPE — 1)
P@) =Pt—1 T UOPC— DU

6) if t << L, then sett = ¢ + 1 and return to 3).Otherwise,continue.

7) Compute h(0),A(1),++,h(N — 1) by equation (4) and (8) (or equation (6) and
10)).

8) Set H(z) = h(0) + Az + h(2)z 2+ =« + h(N — 1)z~ """ and terminate.
5 A Simulation Example

We consider the design of a 63th-order high-pass filter with stopband [0,0. 3Jand pass-
band [0. 345, 0. 5]in normalized frequency. The weighting function W (@) is taken as 0. 3,
1.0,0.0,1.0,0. 3 for 0 << w << 0. 577,0. 577 <L @< 0. 60%,0. 607 << @ < 0. 697,0. 697 <L 0 <<
0. 707, 0, 707 << w < 1. 007 respectively. With recursion number L = 300, the magnitude fre-

quency response for this example is shown in Fig. 1 and the mean weighted squares error is
1.35X107°,
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Fig.1 Magnitude frequency response of the filter for (a) fullband and (b) passband
© Conclusion
The design problem of linear-phase FIR digital filters is studied in this paper. Based on
the weighted least-squares criterion, a random sampling recursive least-squares algorithm
has been proposed. The frequency points are samples of a random variable whose probability
density function is the error weighting function and the parameters are estimated with recur-

sive least-squars algorithm. The proposed algorithm is very simple to implement and easy to

use,and it was shown to yield excellent solution.
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