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Abstract: In this paper,some robust stability criteria for uncertain systems with any single
unknown but constant delay are established by Lyapunov functional method together with a vector
inequality. The obtained results are independent of delay. The illustrative examples show that the
obtained criteria are less conservative than the existing ones in the literature.
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1 Introduction

Over past thirty years,there has been a great amount of literature discussing stability of
time-delay systems. The research approaches are either via frequency-domain or via time-do-
maint~*, The main time-domain methods are Lyapunov methods!!. The recent results have

12]

involved Lyapunov functional method®~*1, Lyapunov-Razumikhin method!~'*1and vector

Lyapunov function method™*~1%,

In this paper,some robust stability criteria for uncertain systems with any single un-
known but constant delay are presented. The obtained results are delay-independent. The il-
lustrative examples show that the obtained criteria are less conservative than the existing
ones in the literature[12,17~19]. In the following ,Section 2 establishes the main results,
Section 3 provides some illustrative examples,and Section 4 is the conclusion.

Notation zTand M"denote the transpose of a vector x € R"and a matrix M € R™" ,re-
spectively. Ay(M) and A,(M) denote the maximum and minimum eigenvalue of M ,respec-

n n

0 1

tively. [z, = Z|x,-|,||x||2 I (Z|x‘|z) and ||z [ . = m?lxlxi|- M|, =
i=1 i

i=1
max { > |my| |, | M|, = [A(M*M)P4 and | M || .. = max{>, m;|}. (M) are the ma-
J i=1 ' i=1
trix measures derived from the matrix norms ||M |, for 2 = 1,2,00,i.e. g (M) =

max {Re (m,;) + > |m,-j|},/zz(M) = A[(M + M")/2] and g, (M) = max{Re(m;) +
J i=1,i7j '

Z |mi; | }.

J=1.,j#i
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2 Main Results

Consider a nonlinear time delay dynamic system with a linear delay-free term in the form
@) = A@®x @) + F@&,z¢t — 1)), t>=0,
(@) = ¢@), t€ [—r,0],
where 2(¢) € R*,A(¢t) € R"™" is continuous on [0,00),0 < 7 <{ r <{ oo is any unknown but

)

constant delay, #(z) is an initial function,and F denotes the uncertainty satisfying
IFEO 1. <BI&l. V @& € [0,00) X R, @

and fis a positive number. We also consider two special cases of system (1) as follows;

z(@) = Ax(t) + FG, 2@t — 1)), t>=0,
{ (32)
' () =¢@), t€[—r,0],
and
() = Ax(t) + Bx(t — 1), t=0,
{ (3b)
I(t)=¢(t)a te [:_ 7‘,0],

where A,B € R"*" are constant matrices.
Lemma 1%  Assume that A(z) is continuous and bounded on [0,o0) and z(t) =
A(t)x(t) is exponentially stable. If Q(z) is ann X n bounded symmetric matrix on [0,00) and
Al, <Q(@)for allt € [0,00) ,where A>>0is a constant and I, denote the n X n identity matrix,
then the following Lyapunov differential equation
P@#) +PWA® + ATMOP@) =— QW), W
has an 7 X n symmetric matrix solution P (z) on [0,o0) and P (¢) satisfies 7,1, << P(t) << 9,1,
for all ¢t € [0,00),where 7, > 0 and 7, >> 0 are constants.
Theorem 1 Assume that the assumptions of Lemma 1 hold and Aand 7, are definde as in
Lemma 1. System (1) is asymptotically stable if
A

g < TR

(5)
Proof Let

Vi, z@)) = 2" @OP®x @) + efl x"(s)zx(s)ds, (6)

where P(¢) is the solution of equation (4) and € >> 0 is a constant. Along the trajectory of
system (1),we obtain
Ve, @) =2" @) (P@) + P(OAQR) + AP @))x(t)
+ 22" WP@WF (t,xt — ) + e[a"Wx @) — 2"t — D)xt — )]
S—Ala® i+ 2281 =@ [ l2G¢ =D, +eClz® |5 — lz¢—D I D.
N
It is easy to show that

2uTv < %uTu + ev™v, u,v € R, \ ®
holds for any constant € > 0. Let € = ,8. By(8),we further obtain
Vi, zN<— Al z@) || § + %véﬂz @ [I§+ellz@ Il }
S— Q=228 =@ |}
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——pllz® % ©
If (5) holds,then p = A — 29,8 > 0 and V(¢,2()) < 0. This gives the proof. Q.E.D.
For system (3),assume that A is stable so that the following Lyapunov algebraic equa-
tion
PA+ AP =—Q, (10)
has the unique symmetric and positive definite solution P € R"",where Q € R"*" is a sym-
metric and positive definite matrix. We have the following corollary.

Corollary 1 Assume that A is stable. System (3a) and (3b) are asymptotically stable if

4. (Q)

® B<oi Py

(11a)
and

I PBI, <

@, (11b)

respectively.
Proof Immediate from Theorem 1. Q.E.D.
Remark 1 For system (1) and (3),using Razumikhin-type theorem as given in [12]
yields the following stability conditions

Al ﬁ)”
ﬂ<2,72(,72 , 12)
An(@ [ A (P))%
B < | ) S
and
An(@ [ An(P) )%
IPBY, <2227, (13b)

respectively. Obviously,the results given in Theorem 1 and Corollary 1 are better than those
obtained by the method of [12] since (7,/7,)% << 1 and (A,(P)/A,(P))% < 1.

Remark 2 It sould be pointed out that the results given in [12]can include the time-
varying delay case. But the results given here show that those results are conservative when
they are used for testing the systems with any single unknown but constant delay.

Remark 3 In [17],the following criteria are given for system (3b):

IB Il s <— (A, (14)
This implies that only the class of systems which satisfy 4 (A) << 0 can be considered.
Theorem 2 System (3a) and (3b) are asymptotically stable if
B<AE(YPTIQP™! — 7P, (15a)
and
| BIl,<<Afi(YP'QP! — y:P%), (15b)
respectively,where 0 < ¥ < 4,(Q).
Proof We only give the proof of (15a) in the following,but the condition (15b) can be

obtained in the same way. Let

V(t,z()) = 2T )Pz () + 7]' e e 16
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where P is the solution of equation (10) and ¥ > 0is a constant. Along the trajectory of sys-

tem (3a) and by inequality (8),we obtain
Vit,x(t)) <22T@)PAx(@) + 2B | Px@) || . | z(t — ) || ,
+7(lz@® = llz¢—D|D
2
<— 2T ORx® + 5 | P2 11+ 7 1 26 — 0 I3
+7(lz® = lzG—D D
2
=— 2" ()P(P'QP™! —YP7? — —'[;—I,,)Px(t)

l AL(P)
ST 7y

[A,(YPIQP™1 — V' P~ — ][l =) || 5.

It is not difficult to show that A, XYPTIQP™' — 72P~%) > 0 for 0 << 7 < 4,(Q),l. e,

A (YPTIQP™! — 2P~ = A [PTIQ%(VI, — V'Q™HQ%P™']

= AL[QEPTQAI, — 7'Q™)]
= A QAP QA (Y, = 7'Q7H)
= A QAP QM) (Y — VA (Q71))
= A, QAP QM) (Y — 7 /A, (Q))
>0, [0<”<A(@Q)]

If (15a) holds,then we have

V@) <—pllz@ 1§, »#>0,
where

2P
g

We complete the proof. Q.E.D.

[A.(YP7'QP~' — 72P~%) — B].

7

(18

(19

(20)

Remark 4 As we have seen,a key technique used in the proof of Theorem 1,2 and

Corollary 1 is that two terms with the unknown constant delays cancel out each other. This is

different from the existing other methods such as that in [18].

Remark 5 By appropriately choosing ¥ and/or Q ,we can derive some less conservative

upper bounds for for || B ; from (15).
3 IHustrative Examples
Example 1 Consider system (1) with F(¢,x(¢t — 7)) satisfying (2) and

—t— 3 e
A(t)=[ ]

— e —t—1
Choosing
2t+ 6 0
= [ Angte
£ 0 25 =

and solving (4) yield P(¢) = I,,7, = 7, = 1 and A = 6. By (5),we have § < 3.

Example 2 Consider system (3a) with a constant matrix

o)
A= c
1 0
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The obtained bounds for asymptotic stability of the system are
B < 0.1459 [by(13a)with Q = I,],
B <C0.3820 [by(lla)with Q = I,],
4.6 2.7
2.7 10.2
The upper bound of Bis improved up to about 270. 11%. For this example,a recent result giv-
en in [19] is #<C 0. 5245. Besides, g (A) = 2,1,(A) = 0. 0811,and p..(A) = 1. this implies

the method given in [17] is useless.

B < 0.5400 [by(15a) with Q = l: :| and 7 = 3.1 <<A,(Q) = 3.5103].

4 Conclusion

Some robust stability criteria for uncertain systems with any unknown but constant de-
lay are derived by using Lyapunov functional method and a vector inequality. The established
results are independent of delay. The illustrative examples show that the obtained stability
criteria are less conservative than the existing ones in the literature. It is not difficult to see
that the technique used in this paper can also be used to deal with systems with multiple un-

known constant delays.
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