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Abstract: For a class of uncertain nonlinear systems with time-delays in both state and con- -
trol input,when in the linear part of the plant,the uncertainties are unknown but norm-bounded,
and the uncertainties in the nonlinear part satisfy the so-called matching condition ,this paper deals
with the robust stabilization problem. The sufficient conditions for the systems under consideration
to be stabilizable via state feedback or output feedback are given in terms of Riccati inequality,in
the sense of global exponential stability. And we show that the controller can be designed by a sim-
ple procedure so long as obtaining the solutions of the corresponding inequalities.
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1 Introduction o

There are lots of literature considering the problem of the robust stabilization for linear
uncertain systems with time delays in recent years;see,e. g. Chengtl,Chio™and references
therein. But only a few works have been done on the robust stabilization for nonliner uncer-
tain systems with time delays;see,e. g. Thowsen™,Dawson et al. ™ and Nguangm. As it

was stated ,by using a Riccati equation approach, Thowsen[*]

proposed a technique to design a
state feedback controller for a class of time-delay nonlinear systems,in the framework of uni-
form ultimate bounded stability. Nguang™ studied a calss of time-delay nonlinear systems
which consist of a linear time-delay nominal model,and both matched and mismatched non-
linear uncertainties. The time-delay system under consideration does not include delayed con-
trol input. And to the best of our knowledge ,the problem of robust stabilization for uncertain
systems with delayed control inputs still remains an open area. However ,control deldys exist
commonly in practice,e. g. signal transformation and signal processing etc.. Theréfore,the
problem of robust stabilization for a class of uncertain systmes with control delays is a sub-
ject of great practical and theoretical importance. k

This paper deals with the problem of robust stabilization for a class of uncertain systems
with time-varying delays in both state and control input. The constraints on the considered
systems are similar to those of the systems in Nguang™. SR

2 Systems and Preliminaries

Consider uncertain time-delay nonlinear systems described by the following state
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equations ;
(@) = (A + DA@,))x(t) + (As + DA (2@ — 7, (1)) + (B k+ ABCxst))ult)
4 (B, + AB (xt))u(t — 1,(t)) + Bf(a,t) + Bafulx@ — 1) 5t — 1),
y(t) = Cx(2), ,
x, (P =YD )

where € R"is the state vector, # € R™is the input vector, y € R’ stands for the control
p

output, A,B,C,A, and B, are known constant matrices with appropriate dimensions, both
fx,t) and fu(x(t — t,(t) st — 7,(¢)) are m X 1 vectors representing the nonlinear uncertain-
ties in the plant, AA(x,t),AA.(x,t) ,AB(x,t) and AB,(x,t) represent the uncertainties in
linear part of the plant, 7,(z) and 7,(z) are any continuous bounded functions satisfying
0@, o<, nO<e<l, L)<l 2)
W() is a smooth vector-valued function defined in the Banach space C[— 7,0] of smooth
functions '
| ¥ [— 0] R with [ @]l = sup [T
Ifx:[— z,T]}> R"is smooth and 7' > 0 ,then for a fixed# € [0,7 ], 2, denotes the restric-
tion of x to the internal [z — r,¢] translated to [— 7,0],2, € C[—r,0] and ,(}) = ¢ +7),
—r<y<o.
In the following ,we make several assumptions.
Assumption 1
AA(z,t) = DF (z,0)E,, AA,(x,t) = D,F(x,0)E,;, (3)
AB(x,t) = BJ(x,t)E,, OB (x,t) = BaJ,(x,t)E (4)
where F(x,t),F (x,t) € R* and J(x,t),J.(x,t) € R"*fare Caratheodory matrix func-

tions (see,e.g. Slotine and Li'* and references therein)bounded by

| Flx,t) || <& forsome §&>0, (5)

| F,(x,t) || <&, forsome §&,>0 (6)

and max || J(z,0)E, || <7, <7 <1, max || Ju(x,DEs || L7, <Y <1, D
(2, ER"XR ~ (2,0 ER"XE

D,E,,E,,D,,E,; and E,, are known real matrices which characterize the uncertainties.

The nonlinear functions f(x,2) and f,(x,¢) are also assumed to be Caratheodory func-
tions and to satisfy the following assumption;

Assumption 2 There exist a positive scalar function p(x,#) such that

| f0 | < plastd, | fatatd | < plastd

where || ¢ || denotes the Euclidean norm.

In this paper we also use the notion of global exponential stability which was introduced
in [6].

Definition Given ann -dimensional continuous nonlinear system. Suppose there exists a
- Lyapunov function V (x,¢) with the following properties

Al KV@n<hla®, Ve,d) <— A la@® | +e ™,V (x,) € R"XR

where A,,4,,4;,¢€ and A are some positive scalar constants, Then the system (1) is said to be

global exponential stable.
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Obviously ,we have the following- Lemma.
Lemma Given system (1).If there exists a Lyapunov function V (x,#) satisfying
MA@ | <V, <Allz@ |,
Viz,t) <— 2™ MP)x + e ™ + 6,0, Y (£,8) E R X R
where A»4;,45,€,& and Aare some positive scalar constants,and inequality M (P) <C 0 has a
positive—definite symmetric solution P . Then the system (1) is global exponential stable.
3 Main Results
In this section,first present a sufficient condition for the nonlinear system to be global
exponentially stabilizable via state feedback under assumptions 1,2. And then extend this re-
sult to the case using static output feedback. In the folloWing we are searching for a state
feedback control law of the form
u(t) = p.(x,t) (8)
where ¢.(x,2) is a Caratheodory function. .
Now we state our main result.
Theorem 1 The system (1) satisfying Assumption 1,2 is global exponential stabilizable
via a nonlinear state feedback controller of the form (8) if there exists a positive constant €

such that the following Riccati inequality

PA+ AP — P((2 — #—BS)BBT — €(A,AT + B,BS + EDD" + £,D,D}))P
9
+ BB, + s (I + EaER) <0
has a positive definite symmetric solution matrix P which should satisfy following inequality
I BiPz@®) || < | B"P2(t — 1) || . (10
And if this is the case,a suitable stabilizing control law is given by
u(e) == Ka(@®) — -0 (z,0) an
T T 2
where K = B'P, ¢(x,t) = B Pa(p(z,t) + 7 || B'Pz || )

| B"Px || (p(x,t) + 7 || B*Px || ) -+ e*e™*’
A and e* are any positive scalars.

Proof Suppose there exists a positive-definite symmetric matrix P such that Riccati in-

“equality (10) holds. Then a suitable Lyapunov candidate is
Viz,st) = 2TPx + Jt 2T Sade + Jl W xdt
l'—Tl t*“fz

where S and W are positive-definite symmetric matrices yet to be chosen. It follows that the
derivative of V (x,,t) along the trajectory of (1) is given by
V(z,,t) =22"P(A + AA(x,t)) + 27(S + Wz + 22TP(A; + DAz t)) 2@ — 1))

— 22"P (B + AB(2,0) (K2 (0) + 7. (200)

— 22"P (B, + AB,(x,0))(Kz(t — 1,) + T}—;—-}—,sﬁc(x(t — )t — 1)

22T P(Bf (2y1) + Bafu(a(t — 1) ot — 1,))
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— (1 =" ¢t — )Sx —7,) — (1 — )" (¢ — rZ)Wx(t —T,),

Note that
22TPBf(x,t) — ZxTPBJEsz — 9 1 —{ 71’[~PB(I + JED$(x,t)
2| BPx| (plx,t) +7 || Ka | Jee™® ,
SN B™Px (pla,t) + 7 [BPx ) +e e’ 12)

20 PB,(fylx(t — 1)t — 1) — JE Kzt — 1))

- yxtrPBd(I + JuEu) ¢ (2t — 1) 5t — T3)

2| BTPz(t — ) || (ot — 7)ot — 7,) + 7 || Ka(t — 1) || dere 7%

< N BTPz(t — 1) || (p(xt — 1) 5t — 1) + V|| B"Px(t — 1) || ) + ere™™7 )
(13)
1 1
and Chose S = m([ + Ed1E31)9 W = mPBBTP, (14)
it is easy to obtain that
Vix,,t)
<L 2T (PA+ ATP — P((2 — E?i——l_——p-)—)BBT — e(A ALY + B,BY + §DD' + £,D,Di))P
-+ —]E;E’IFEI -+ e—:(llﬁa + ELEX))x + 2% e™ 4 2e*e 07, ~ 15>

Considering the Lemma in Section 2,we conclude Theorem 1.

Remark 1 Several previous results® ") are special cases of our result.

Remark 2 For an asymptotically stable system,inequality (10) is easy to satisfy.

In the next,we make some additional conditions and extend the state feedback stabiliza-
tion result in Theorem 1 to the static output feedback. ;

Assumption 3 There exists a positive scalar Caratheodory function

elyst) = flx,t), fala,), ¥ (x,0) € R" X R,

where y = Cx are in Eqn. 1.

Now ,the static output feedback stabilization result can be presented.

Theorem 2 Given system (1) satisfying Assumptions 1~3,it is globally exponentially
stabilizable via a nonlinear and time-invariant static output feedback controller,if there exists
a constant € > 0 and a constant matrix H € R”** such that the following Riccati inequality

1

PA+ AP — P2~ cq g

YBB" — e(A,A] + BuB} + DD + £,D,D})P

- 1 .
+ ?E?I’q + m(l + E EL) <0

has a positive definite symmetric solution P which satisfies inequality (10) and following con-
straint;

B'P = HC,

And if this is the case,a suitable stabilizing control law is given by

w(t) =— Hy(@) — Tl~¢f<y,z>

-7
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‘ b (yot) = Hy(p(y,0) +7 | Hy || )
where T THy TGy + 7 THy [ +eve ™

4 Conclusions

This paper has solved the problem of the robust stabilization for a class of uncertain
nonlinear systems with timg—varying delays in state and control input via a memoryless state
feedback controller in the sense of global exponential stability. A sufficient condition for the
gystem tO be stabilizable is presented and the construction of the controller is given. Several
previous results are special cases of our results. Finally,this result is extended to the case

using static-output feedback.
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