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Abstract: In this paper, the modeling work has been done for the flexible building structure with n-th order of freedom
and the reduced model can be gotten to design the controller for ATMD. According to the analysis, the displacement and velocity
of the building structure can be chosen as the output feedback variables for the controller. By using the equivalent two-port model
of the building structure with ATMD, a robust controller can be designed for ATMD based on the H., /1 frequency shaping syn-
thesis theory. With the results of simulation, we have found that the control algorithm is very effective. The small mass has the
reasonable movement space and the controller has the reasonable output energy. The system has good robustness for performance
and stability in case of parameter variations and unstructured uncertainty caused by system un-modeling parts and system model
reduction.
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1 Introduction

Design of an active controller for civil structures in
seismic and windy zones consists of two distinct parts;
development of a theoretical controller to meet specific
performance criteria in the presence of parametric uncer-
tainty and nonlinear actuator saturation effects; and appli-
cation of this controller to a realistic control sys-
tem!' ~ 1), This paper will pay attention to the first part.

It is well known that the control performance depends
on the characteristics of controller. There are many con-
trol system design methods for active vibration control
systéem of structural control. The H,/u robust control
synthesis methods are new and powerful tool to design
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the controller for active vibration control system.

In this paper, the state space model and the reduced
order model for flexible building structure have been giv-
en out. After the analysis of this model, we will choose
the displacement and velocity states of the building struc-
ture as the feedback control variables because the effect
of this feedback states can directly modify the equivalent
coefficients of stiffness and damping of the building
structure respectively. We have formulated the control
problem as the two-port formulation and design the H,,
controller for ATMD. The simulation results of the de-
sign example show that the H,/u based robust control
synthesis methods are very suitable for tall building ac-
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tive vibration control. The design, synthesis and simula-
tion works are supported by the MATLAB with tool-
box! 1112} We will verify all these results in the experi-
ment rig in Tongji University.
2 Modelling and analysis

The model of the n degree-of-freedom flexible buiding
structure of a tall buiding is shown in Fig.1.An Active
Tuned Mass Damper (ATMD) is mounted at the top of
the primary building structure along the x -axis. The
building structure is assumed to be excited by a wind
force f (or earthquake acceleration a) input along the x -

axis too.

Fig. 1 The flexible building structure model of
tall building

The specification of the building structure and the AT-
MD of the experiment rig are shown below. In this AT-
MD system, ¢, can be used to absorb the disturbance en-
ergy and k, can be used to adjust the dynamic response
of the primary building structure and limit the small mass
movement .

m; = 6.78/nkg, i =1, ,n, m, = 0. 135 kg,
k; = 2600N/m, i = 1,***,n, k, = 22.0N/m,
¢; = 0.08Ns/m, i = 1,",n, ¢, = 0.37Ns/m.

In our research, the main problems are

1) The limitation of small mass moving space and the
limitation of control force U(¢) caused by the actuator
output force limited will cause difficulty in achieving the
best control performance.

2) There are structured and unstructured uncertainty in
the plant model. For instance, the mass of the building
M, damping and stiffness coefficients C, K will vary in
a range and the real building contains nonlinear charac-
teristics . It perhaps will cause the unstability and bad per-
formance of the control system.

Therefore, Our research aims are

1) Within the limitation, try to find the best algorithm
K(s) for the controller to modify the disturbance dy-
namics of the building structure with reasonable energy .

2) By using the H,/p robust control theory, try to
synthesise the robust controller to deal with the uncer-
tainty and the nonlinear problems.

Our research area is focused on below

1) We just deal with the one freedom ATMD system.
In real building practice, the one freedom ATMD system
can be installed in each independent freedom and direc-
tion as required.

2) We will only check the disturbance response of im-
pulse (or step) input, because any real wind and earth-
quake input can be divided into several frequency order
sifie-wave inputs and the impulse (or step) input con-
tains low and high frequency order sine-wave inputs.

According to Fig. 1, the dynamic equation of motion
of the i-th mall is described by

max; + cx; + kx; =
[+ cint (%41 - %) + ki (%41 - %)
i=1,,n-1. (1)

The dynamic equation of motion of the n-th mass is

described by
Mo + Coftn + Fin = f = U + C%o + kg (2)

Using equation (1) and (2), the dynamic equation of

motion of the primary building structure is that
Mx, + Cx, + Kz, = ef + h(u — ey — ka%s).

(3)
‘Where,
%, = [xl xn]T’e - [1 l]T,
h=1[0-0-1],
M = diag (m; -+ m,) is the mass matrix,
ci+c, —¢ O 0
0
C = 0
0 coi+tec, —¢,
0 0 cn
ki +k -k O 0
0
K = 0
0 kyi1+k, -k,
0 0 k,

are the damping matrix and the stiffness matrix respec
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tively.

The dynamic equation of motion of ATMD mass is

described by
mo (%, + %,) = u - ey — Koty (4)

We can assume the transfer function of actuator as a
constant k,(k, = 1) ,because the response of the actua-
tor is faster than the resonance frequency of the building
stucture system and disturbance exciting inputs are al-
ways the low frequency signals. With H, /p synthesis
method, we can get the reasonable output control ener-
gy . So we can neglect the actuator saturaion and dynamic
function in the system model (the model of actuator can
be involved into the model of controller) .

The measuring sensor noise is n(¢) and is always a
high frequency signal . The measuring time delay is small
enough to ignore it.

According to equation (1) to (4) and using the state
vector
b

we can build the state equation of full order model as be-

xf=[xa X, X1 "t X, X

low
X = Arxe + Bru + dff. (5)

Let’s assume n = 1 and there is no limitation of small
mass moving space. Using displacement and velocity
states directly feedback to u(¢) ,we find that the coeffi-
cients of displacement and velocity states directly feed-
back can directly modify the equivalent coefficients of
stiffness and damping of the building structure respec-
tively . This has been described in Fig.2.The damping of
the building structure will effect the consumption of dis-
turbance energy and the change of the stiffness of build-
ing structure will change the dynamic behavior of the tall
building. For this reason, the displacement and velocity
states of the building structure will be chosen as the
feedback states. The controller cannot be realized in this
way directly, because the small mass will move to infini-
tive position under step disturbance input. The controller
must be designed by H.,/p synthesis method.

According to the above analysis, we can use the struc-
ture reducing method to get the reduced order model of
building structure with ATMD. The state equation of the
reduced order model can be written as below

~1.U(s)

F(?L#@_‘@'F 7] X(s)

8 8 3
—[CHel
76 &2 M |- -[_Jl-[ Us |-

Fig. 2 The affect of displacement state and
velocity state feedback

X(s)

= Ax. + Bu + D, f. (6)
Where
Xy = [xa Xq Xn xn]T’ n = 1;
i 0 1 0 0 7
k(M + m,) eM+m) K ¢
4 Mm, - Mm, M M
" 0 0 0 1
LA [ K
L M M M T M-
. _ = o
M+ m, i
Mm, M
B, = , D, =
0 0
1 glf
L "M L M A

Where M, K, C are the equivalent mass, stiffness and
damping of the building structure respectively.

We will use this reduced model to design the robust
controller for ATMD. There are many other model re-
duction methods that can be used for this purpose such as
the additive model reduction methods and multiplicative
model reduction methods . These methods are all support-
ed by MATLAB robust control toolbox. The model re-
duction caused the unstructured uncertainty .

3 H./p robust control synthesis

The active vibration control problem mentioned above
can be described in Fig.3(a) . According to the H, ro-
bust control theory, this control problem can be changed
and described as the two-port formation of the active
control problem for H,, controller shown in Fig.3(b).
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Fig. 3(a) Active control problem

[T
Fig. 3(b) The wot-port formation of the active
control problem for He controller

In Fig.3(a) and (b), G is the controlled plant
(building structure) , d is either the external disturbance
caused by wind and earthquake or unmodeled dynamics
in the system and n is either actual measuring sensor
noise or a representation of high frequency unmodeled
dynamics, K is the H, controller, W,, W, are the
weighting function that can describe the stability and per-
formance robustness and specification.

It is important that the control signal be included in
the regulated outputs so that we can bound its magnitude
to prevent actuator saturation problems.

If we consider the modeled uncertainty A , we can use
the 4 synthesis method to design the controller. The two-
port formulation of the active controll problem for p

controller is shown in Fig.4.

Fig. 4 The two-port formation of the active
control problem for u controller

The x robust control synthesis method has the same
frequency shaped principal with the H,, robust control
synthesis method but with different algorithm. So in this
paper, we just deal with the problems of how can we de-
sign the H,, controller.

With the two-port formulation, the plant can also be

represented in state space form as

Vol. 16

!1 = Ax + H|H' + Hlﬂ..
z = Cl,l' + D“'H.? -+ D[:,:Hng (7)
y = Cox + Dyw + Dypu.

Using the packed-matrix notation, we get

A B, B,
P(s) =| Ci Dy Dp|. (8)
C, Dy Dy

For the reduced model of the designing example, we
can choose W; = W, = 1 and
W=1I[d n nl",Z=I[xn % ul,
Y =[x +n =%+ ny T

Here, n;, n, are measuring sensor noise.

A=A,
0
-0 0 0 P
_1/M 0 L
B, = , By =| Mm,
0 0 0 5
L_ 1
/M 0 0 Y
001 0
@ 000 1],C [0010
b 2% 1lp o0 0 11
‘Lo 0o 0 0
00 0
D 0 0 0|,D [010
1 = s 21—001
000
Dp =[0 0 0], Dy = [0 0],

our objective is to keep the plant output small despite
disturbances acting on the system and measuremen
noise. It is also desired to keep the actuator effort dowr
to conserve control energy .

The main difference between the LQR/LQG/LTR an¢
H,, control is the norm that is used. The former uses the
2-norm and the latter uses the o -norm. the main proper-
ties and advantages of the o -norm over the 2-norm are
the following;

1) The ®-norm is a gain (the L2 gain of the sys-
tem) . It can also be interpreted as the energy gain of th
system. The 2-norm is not a gain.

2) The % -norm minimizes the worst case RMS valu
of the regulated variables when the disturbance has un-
known spectra. The 2-norm minimizes the RMS values o
the regulated variables when the disturbances are unit in-

tensity white processes.
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3) H. control results in guaranteed stability margins
(i.e. it is robust), whereas LQG has no guaranteed
margins.

The H, control problem is formulated as follows:
consider the two-port diagram in Fig.3,and find an in-
ternally sabilizing controller K(s) , for the plant P(s),
such that the % -norm of the closed loop transfer func-
tion T,, is below a given level ¥ (a positive scalar) . This
problem is called the standard H,, control problem. If the
7 is the smallest value, the problem is called the optimal
H.. control problem. The standard problem is more prac-
tical because we must consider the moving space limita-
tion of small mass and reasonable control energy output.

It should be obvious that H,, control problems can-
not be solved manually. Computer software such as
MATLAB with toolbox can be used to solve these prob-
lems. A summary of the solving steps is given below.

1) Set up the problem to obtain the state space repre-
sentation for P(s).

2) Check if the assumptions (the rank conditions)
are satisfied. If they are not, reformulate the problem by
adding weights or adding (fictitious) inputs or outputs.

3) Select a large positive value for ¥ .

4) Solve the two Riccati equations. Determine if the
solution is positive semi-definit; also verify that the spec-
tral radius condition is met.

5) If all the above conditions are satisfied, lower the
value of ¥ . Otherwise, increase it. Repeat steps 4 and 5
until either an optimal or satisfactory solution is ob-
tained.

4 Simulation results

With the model of the system and the robust controller
algorithm described above, we can use MATLAB to get
the simulation results about the system responses. The
system reponses without active control are shown in Fig.
5. Fig. 6 shows the singular values graph of the open
loop controlled plant.

From Fig.5, we can find that the building structure
has the characteristics of high stiffness and light damp-
ing.From Fig.6, we can find the system has a high res-
onance peak and has not very good low frequency pass
characteristic. The gain in low frequency region is low.
It will cause system more oscillation when disturbances
occurr. If the resonance peak can be relatively reduced

and has a signififcantly low frequency pass characteris-
tic, the system will become more stable. This is just the
aim of the vibration control.

o
o L
L
g .
. I
ML

0 | 2 3 4 5 6 7 8 910
Time/s

Fig. 5 Building structrue impulse responses

without active control

Controlled Sturture Open Loop
40 : r ; T

=20

Singular Values/db

i i

107 1072 10° 10 10* 10°

—60

Frequency/rad-s-!
Fig. 6 Singular values of the open loop controlled plant

With the two-port model (A4, B,, B, C;, C;, Dy,
Di3,Dy,Dy), the optimal H, controller can be de-
signed and we can get the closed loop control system.
Fig.7 shows the building structure impulse responses
with active control. Fig.8 shows the impulse response of
control force. It seems that the amplitude and the setting
time of displacement of building and small mass are re-
duced significantly and the control force remains in rea-
sonable area. Fig.9 is the singular-value graph of the
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closed loop controlled plant. We find that the resonance
peak of the closed loop control system has been relative-
ly reduced and has a significantly low frequency pass
characteristic . The gain in low frequency region becomes
higher. Due to the low frequency pass feature of the
controled system and the small energy feature of high
frequency part of disturbance, the building can’t be in-
fluenced by the high frequency part of disturbance greatly.
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Fig. 7 The building structure impulse responses

with active contro}
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0 2 4 6 8 10
Time/s
Fig. 8 The impulse response of control force
For the realization purpose, we should consider the
actuator’ s dynamics and limit its output force further.
Let’s assume that the equivalent transfer function of ac-
tuator K,(s) is an idea 2-order system

k,(s) = K/(T%s? + 26Ts +1),6 = 0.7 (9)

Controlled Structure Closed Loop
50 I ! ! T _‘
—

=50

Singular Values/db

_150 e e b

—200 5 :
1wt 1072 1 102 10* 10°

Frequency/rad-s™
Fig. 9 The singular values graph of the closed
loop controlled plant
and series with controller K(s).

From the simulation results with different K and T ,
we find that the time constant 7 must be small enough
and the gain K can be chosen less than one. From Fig.
10 ~ Fig. 12, we find that the system disturbance re-
sponse will contain high frequency parts if T is not small
enough. The singular values have a second resonance
peak. Although the control force is reduced, yet it can
not be realized in practice easily. If we reduce the gain
K and let the time constant T be small enough, we can
get very satisfying control results shown in Fig.13 ~ 15.
The system disturbance responses are satisfied enough
and do not contain high frequency parts and the control
force is more reduced. It is very easy to realize in prac-
tice, because the actuator, which is described by formu-
la (9) can be realized easily by hydraulic and electrical
devices. These results verify that the H,, active vibration
control system has significant robustness.

Tf we design the p controller, we can get better vibra-
tion control effect. The principal is the same as Ho, con-
troller.
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Fig. 10 The building structure impulse responses Fig. 13 The building structure impulse responses
with active control (with actuator 7=1/100s, with active control (with actuator 7=
K=1) 1/200s, K=0.125)
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Fig. 11 The impulse response of control force Fig. 14 The impulse response of control force
(with actuator 7=1/100s, K=1) (with actuator 7=1/200s, K=0.125)
5 Controlled structure closed loop 3 Controlled structure closed loop
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Fig. 12 The singular values graph of the closed Fig.15 The singular values graph of the closed
loop controlled plant (with actuator loop controlled plant (with actuator
T=1/100s, K=1) T=1/200s, K=0.125)
120 ‘ : - 5 Conclusions
1007 ' Firstly, we have done the modeling work for the flex-
80 i s o
g " ible building structure with n-th freedom order. We find
T w0 that we can get the reduced model to design the con-
c
g 2 troller for ATMD. According to the analysis, we find
Q
£ 0 that we can choose the displacement and velocity of the
A T207 building structure as the output feedback variables for the
—4 9 . )
_62 . ‘ . controller. Secondly, by using the equivalent two-port
0 2 5 8 8 10 model of the building structure with ATMD, we can de-

Time/s
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sign a robust controller for ATMD based on the H,/u
frequency shaping synthesis theory. Thirdly, with the
results of simulation, we have found that the control al-
gorithm is very effective. The small mass has the rea-
sonable movement space and the controller has the rea-
sonable output energy. The system has good robustness
for performance and stability in case of parameter varia-
tions and unstructured uncertainty caused by system un-
modeling parts and system model reduction. All the re-
sults can be examined on the experimental rig in Tongji
University .
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