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Ab譬响 d ：We coasiderthef~ ioll 曲I曲 of Dc曲 d均 c 枷 inthevec~g p0w冒 fo．m．Wemow this class 

。f systez~can bemmsfam~dinto ~z-w-ying ccz~ol systems 劬m蛐 m 蛐 蛐 vm~ble．Tees．asymp- 

咄 stal~ty with p c0m嘲 扛ac 。d by啦 a圈蛐 痂m-w咖  ed砒 coat,ellaw Besldesthe 

smoodmessof the ccz~ollaw-the de ∞edIl is very商坤 k andthe convergenceI眦 。f each state canbe spec i - 

耐 ．si妯I】la如Ⅱre~ults show the efficiency。fthemahod． 

Key w咖 I窖：n叩h n0面c systems；power fean；smoo~血址 衄 如edba出；c】币。帕 al sttt~zefion 

I．口cIⅡ唧 t cede：A 

非完整向量幂式系统的光滑时变指数镇定 
李世华 田玉平 

(东南大学自动控翩系·南京．21OO96) 

摘要：研究非完整向量幂式系统的镇定问题．通过弓Î 一个辅助状态变量，此类系统可被转换成一个线性时变 

系统，由此可得到具有指数收敛率的光滑反馈控制律 该方法优点是控制律光jI|并且设计过程倚单，系统每个状态 

的收敛率可被事先确定．仿真结果表明了该方法的有效性 

关麓词：非完整系统；幂式系统；光滑时盎反馈i指教镇定 

1 Introduction 

The problem of co．~ mng no．hokmcmic systems has 

~ ctcdmuch attention 01惯 廿Iepast d0 ．B10cbtt’S 
， 

necessary conditionL forfeedback stabilizationprecludes 

the a【 蜘 ce of conlinuovsly differe．fiable． invati- 

ant， 眦 feedback 0咖 l laws for sIlcl1 systems． 

岫 Ilgh meyⅢe c~m-oUable． 

One way to c~ vcnt this 0bs岫lc is using 

smooth~ne-varying ed晒acl ’ 】andI1c 自n】0oIlltime- 

vary咄 feod~．．k【 ’ ．Itjswar衄 0f thatmost of 

吐le existing(c0m．mu0Ils or discoI]毗吐0璐)石me-Ⅷ咖  

oontrol results，tll0u曲 onreme]y婶 硝ca吲 and ele- 

gant。suffer丘吼n曲Ie d 畦ckthatthe c0玎廿0llaws de． 

signedbythesemethodsⅢe very comple~andthe 

p~ xdureisf 丘om intuitive．An alternative appIDad1 

to the stabj脏z刮iotI ofnonholo~ormc systm~is using dis． 

contimxx~time-invadant s~tegies．In[6]，a nOD- 

smoothtre~fonuafion WaS usedto develop 6me-invad． 

ant，exponentie]ly ce．vergent controllers for a special 

class of nmbolonomic systems~ 1．ding chained sys- 

toms．In[7J锄吐I啊s dcvc a on即 a埘 扰n1，cI舯 t 

feedback~3nuol laws fornonholonomic systems in[X~Wo 

erform usjI】gthemethodofinvarimtmanifolds．The rc． 

叫dl培eonWollers in【6，7]are disc∞血u OI1 a mp目- 

pl却Dc ofthe slate space． 

In 【8】，a smooth aperiodic dme-v{Irying a m - 

出 ∞m 目Itc∞Ⅱd laww镕出 0p酣 for aclassof 

nonholonomic systems including(Ⅻ蛐 )ch凼耐 

form syste~ ，powex foma system ， Brockctt system ， 

ete．．By-m垃o(hlcif培 al~oper as醯§tant咖  variable and 

ta ng a cc0Idi珊Ite Wansformadon， a class ofI1ollholo= 

ll(~Bic Ir~msformed intoli嘟 Ⅱme-Ⅵ咖  

systemswhichc姐 be de葫 u血喀 l ccntmltheo- 

ry．Tiffs paperis a subsequent research of[8】． 

岫 ：曩呸删  脚 n哪峨 ofc抽皿(卿睨lml7)．缸 n ＆ 岫蛐 afc ( 4∞9)柚d 咖 

R恤da妇 of Bdllcad∞ M 妇 (加呲 撕n)． 

R∞州 d啦 ：猢 一阱 一10；Red edd啦 ： 001一o1—15． 
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，，⋯ 

(1) 

variable ，yf=【 { ，⋯ -i)】 ，血∈ ，̈ 

control systems with aug~ mted actllat0r dynamics[ 
． 

A曲c 唱(2)tothe 1 S1]bsy~nl of(1)we haw 

5rt+1)= (3) 

[4) 

ingtothe de 舭 ’s need． 

P 】posi岫 1 Ifthe eigtmvah~ ofthed0s。d．100p 

sysm'n(3)underthefeedback(4)are ass鲫 t0be l 

t-1 diffel~ntnegalive nmnbers—lo，一zl，⋯，一‘ ， 

where 0 < lo< 11< ⋯ < ，悯 there always ds乜 

_皿 inilial value of xo(t)，denoted aS XO(O)，which 

makesthefollowinglimit vallles 

熙 ， ， 一- ， ， ，J．u，⋯ 1 
be邛 l踟 real n1加 盯s，where z( )=e- ． 

Proof Under the assumption of岫 proposition．the 

solution ofEq．(3，4)c_皿bedescribedbythefonowing 

equation 

xo(t) 

(t) 

mo 

— molo 

坼 L 

一 坼 ‘ 

e 

e_f】 

x~rt-1)(t)J L(一1)rI啪 ⋯(一1) z J Le’‘． 

(5) 

where豫ti=0，1，⋯，r1I m Ⅻ t姐协．Eq． 

(5)cml als0 be凭wTi呦 as~Hows 

w  

=  

Xo(t) 

(o]( ) 

1 

一 Z0 

= 工 

m 0e一 。 

m 1e— 】‘ 

m r e- 

1 

一 Z， 

(一1)r】z ⋯ (一1) -z 

(6) 

(7) 

Itis easyto ct日出 thatthemmlix Lisinvem'ble．De‘ 

noteitsinverse byN={ }‘rI 1)×‘r_ 1)．1『aldngt=0 

in F．q．(6)，one concludes easilythatmiti=0，1，⋯， 

rlI are ed by initial砌ues of 咖 s眦s． 

b【e ，啪 is de恤1Ⅱ1iIl。d by 

I+1 

啪： 1期(o)+∑n1 (o)， (8) 
J 2 

where 

1 
11 

一 Z1 ⋯ 一 Z， 

(一1)rI珥 ⋯ (一1) 

0 

(9) 
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Sinos ois an assistm~t state variable，its删 valtm 

x0(0)can be selected frc*ly．Given any fixed initial 

vah YI(O)of sta w懒 YI， lisItollze~o，mo 

can always be setto ben0rIal皿 ifwc choosexo(O)such 

that 

靴(0) n1；,4J一 (0)． (10) 

From (I)wc Imow I(f)= (f)．Obs*rving 

(5)we can concludethat 

： (．1) ， 

． o( ) 
啪 ， 

墨 
： (_1) 啪 ：。，⋯ 

(II) 

AⅡ仕 abovelimit values a ilOilTXT~o real珈Ⅱ【ll rs be— 

cause m ≠ 0．The pIDIm is thus proved． 

Remark1 Giventhe ntummc area of (0)， = 

0，⋯， I一1，WC call choose the xo(O)in山 ∞dent of 

{ 0)and make mo≠0．For example，we ass1．1nle 

that I } (0)i≤田， =0，一--，r1一i where毋。 posi— 

live colastants．It can be easily verifiedthat Bq．(8)al- 

ways holds ifwc cho~e xo(O)such that 

．  

，I+】 

0)l u · 

2．2 Controllaw for u2 

1．4meflvt．q l[B] Consider alineartime．v~dilg control 

system 

t=(Ao+AI(f)) +(B0+B1( ))l‘ (12) 

with ∈R ，l‘∈职 ．sl pose system (12)satisfies 

tIle fonowing propcrti= 

1) lim
。A1( )=0，J。II AI( )II dt< ， 

b二m I( )=0，J。II BI( )II dt< ； 
2)(Ao，Bo)is a stabilizabl~pair． 

1l瑚1 tIlere exists a state feedback ：一 which 

I口妇 the closed system(12)be unifomaly exponential— 

ly stable，whereK is selectedtomakeAo—BoKaHut- 

witz matrix． 

Now，tim variablet"1， I can be considered as some 

functions of time．TfIere e。the lloldillear part of the 

original nonlinear system (1)becomes n a linear 

ene-va~ system 

f = 2， 

i l。 ：A c ， 【 ]， ： ，一--， ．‘ 
If system (13)can be transformed into a linear time- 

varying system in file foma of(12)with the plq cs 

1)and 2)，rheathefeedback controllawfor“2 Call be 

obtained by using Lcmma 1．Before l,rocecd~ to our 

mare theorem．wefir needtointroduce some assump- 

tioms． 

Assumption1 A (Y1，l‘1)， =3，‘。。， is not i- 

dcndcalto z~ix)andthem exis~aPl> 0 suchthat 

liIn ： Di， ’ 

C II 一。 II ar +*， 
whereDi [dil dn⋯ di( +1)]is a noⅡzeI。conslmlt 

l"OW vector with the s∞e dillll~ Oll of A (Y1，l‘1)， 

=( )is defined as_m Proposition1． 

AsstmtpGon2 Pl≠Pj， ，，=3，⋯，n； ≠ 

From Assump 1，A can be considered as a mini 

mm relative convergence a叩0ⅡcDt ofAi(Yt， 1)with 

respectto z．LettlSintroduce a coordinateI／*dlk~ Oll 

= [ ⋯ ] ， 

whsre = ， xi 
， ， ⋯  Thelime 

( b + ， 

+ 

(14) 

By(13)，the last line of tIle above equations can be 

rewritten as 

( 卜 。 + 
(15) 

— 一  ( 一 2)- 

__∑ 
上 

，I -，  l̂ 

啪 
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( z。丽X!r~-1)柚 

( 蚴 ， 
～ ( )as 

A0 

1 ⋯ 0 

’

． 

-

． 
： 

_ _ ● 

⋯  

O 1 

⋯  0 O 

1 

B0：[0 ⋯ 1 0 

Al(E)= 

0 

： 
● 

O 

O 

“ 0 

⋯

以( +1) ⋯ 0 

0 ⋯ 0 

● - ● 

- O O 

· 0 0 

h l(t) h (t) 

BI(t)：[0 ⋯ 0 0 

 ̂(t) 

3̂fr2+1)(I) 

Itis easyto s∞thatmatricesAl(t)，B1(t)satisfyprop- 

clty 1)． 

It can be verifiedthat underAssum~on 2，(A0．Bo) 

is ao~zollable pairif∞d only if 

∑ o+1)[p 0】 ≠0．i=3，⋯，n． (18) 
j=0 

Itis easyto showthatthere alwaysa【isBm Z0 suchthai 

( 一。 )：[hll( )̂ (t)⋯̂ c + ，(t)】 
then system (13)carI betransfomledinto theform： 

= (A0+Al(I))W+(B0+Bl(t))“2．(17) 

wb龃c 

O 

0 0 -- 

： ’
．  

‘  

0 ⋯ 0 

O ⋯ 0 

0 ⋯  ̂‘ +1)( )】T． 

(18)hoIds．Inde~，f0 can be cll0s饥 as any 

real mⅡnb目 ∞ 妊 following values： 

，

⋯

， ，f： 3，⋯ pl’ ’ 一 一 J’ 

where l，⋯ ， ‘are positive real roots ofthefollowing 

polynomi~ ~IUflliOIl 

吐(̂+1) +⋯ +d 2 +破l=0． (19) 

～ ．．． 。 

O  
0  0  

1  
P 

O  

一 ．．． 0 

o 0 

P 

南 

如 

如 

0 ； 0  0  

～ ．．．0 0 

0 ．． == == 

0 ； 0  0  

)  

I  

(  

3  

)  

‘  

(  #l 

^  

)  

I  

(  

3  

●  
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Notethatif =0．i-c_，Eq (19)does not have any 

po~fiw feal r00饵，山en10cml be cl10s廿I as∞ypositive 

删 IIlnnber． 

Now are standing at aix~ onto s眦 OIⅡmain 

resBlt． 

TbImrem1 System(1)唧derA蜩m 吐0ns 1 and 2 

can be e~ tially sta蛐i删 by(4)and f0Ⅱ0丽Ilg 

ccGm~llaw： 

毗=一 ⋯ (r2_1) XtO) 
⋯  

⋯  ⋯  

(啪：)̂ (啪 )̂ ( 0 ) J ～ 

I， thefeedback gain vgtoYK2is chosentomake(A0 
一 BoK2)be aHmwitzmat~．'ix． 

Proof From Proposition 1 welmow that 1鲺】 em 

of(1)can be exron~ lly stabilized by(4)and Y1， 1 

cm be made the《lIne ccGvexgent rale = e-to‘
． From 

the aforegoing discussicaxswo know thatthrough a coo]-- 

～ 一  =【啮 ⋯志 】 
system(13)cI1 betlansformedinto system(17)w1岫  

is~lear由I vaIyillg and sa~fiesthe1)and 2)proper— 

destinder A~lllllplions 1，2．By virtue of Lemma 1． 

system(17)cml be cxVonena~y stabilizedby廿lefeed- 

backu2 一K2W，i-e-(20)-Thus， · Y3
，

⋯

一 

converge exponentially 幻 zP．$o which implies 

that ，y3．⋯， converge exponentially to zeTo 

Hence． ／esuhfollows． 

backlaws c孤 be usedtoa叩0l al1y stabili∞the sys- 

t既Ⅱatthe 0rigin．Herewehavei．1 72 2， 1，P 

= i一2，i= 3，⋯ ，n and 

y1m)=【。 f_ o】， ：3，⋯，n． 

By(11)一 lmow that lira m0z=一f0-we get 

=

～liraAn=0 着守 0】 3．⋯一 
The o labi1ity condition(18)is now h删 to 20 

≠ 0，whichis obvious Thus，廿le cc~lxollawsfor ex- 

tendedpowerform system Ⅲe obtained． 

A practical exm'nplewhichc趾 be describedinthe 一 

tended powerfounisthe knife edge systt~l usmg e日 

irg and pushing pIl忸，whose TnoIiOn equation c孤 be 

given by[11] 

= BIn≠+r1∞B≠． 

=一 c0s乒+ 1sin ， 

乒= 2． 

Define variables 

Xl xeos~+ysin~， 

2=乒， 

3 xsin~一yeos~， 

Ul=r1一r2( 血 一yooe≠)一妒( o吣≠+ysin≠)， 

u2 = r2， 

sothatthe神 删 differential equa~onsⅢe given by 

i = 1， ： 2， )： 1 {”． (22) 

A simulationwithh i 。dge sy~tlkql has b唧 。口 血ct- 

ed Tileinitial~c~ition WaS cl脚 I as 

Rm'tmrk 2 From F．q．(6)一(9)， c∞ d妇  
rt+1 

thatmo= to／Ill知(f)+荟n (f)-一一一the i．e 
convmie~ce of physical r~liTJaJOll of eetatrol system ， 

／tl0zc衄 be substituted by吐lelatter． 

3 E~m'nple 

Inthis 8ectiouwe show how ourmethodis applied to 

the 佃1d出powe~form syst=d”] 

r { )= 

= (21) 

I { = i— ’ ll ． =3，⋯， ． 
whichis a印ecial case ofthe vectorpova~ form

． 

Acc0Iding to'l"noollglll 1，smooth tim~vm,ing feed一 

( (0)，y(O)， (O)，t(0)． (0)， (O))= 

(0，1，1，一1，0，一1)， 

( 1(o)， 2(0)． 3(0)， { (o)， l。 (0))= 

(o．84，1⋯o o．54，一2．39，一1．0)． 

1henwegetlo=1．“=2．4，22=2．8．Select勒(0)= 

2 and get D-g0= 6．12．M cesA0，B0 are giw  by 

A。=『。0 0。0]，B。=[。1L0 1 1 0j]． o=f f， o=I I． 
一  J L 

The sain v~-'tor is sylnhesimt bY u她 the pole 

placement慷  withthe ei~mvalues ofA0一 B0 
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sp~ified as 1̂ 1 5， 2 1 2，̂ 3 0 8．Then 

w 曲ta_mthe gain vector = 【一1．44 4．5—9．9 J． 

Ng．1 showsthe 耵nseof variables( ，Y．乒)of]~life 

edge system．Fig．2 showsthe l ofthe COIl- 

吣】∞ ( l，r2)．Ng．3 shows the pa血 of 

edge system． 

time2s 

Fig．1 The responseofvari~olesO ) 

Fig 3 Pathofknife edge system 

4 CDnclusi0n 

Inthis pap ．a蚰础 廿mc_v且 feedback l 

law 训lha 0n∞ 问 convergence Fatefor nonholoncmie 

啪∞ inthe w咖 powerform has been devel~ 1． 

Sudl systemsc锄 betrlmsf~med血t0line mc_va yiⅡg 

。0咖 l system by introducing a pf0p assistant statc 

variable． m ， 蛔 Ⅻ pk虹c stability lh exponential 

oom日 ∞∞is achieved by咖 a dme-va 

feedback o0n吣 】law．Besides the adv~tage of design 

~ city，the o0nv Fate of eacb拙 c蚰 be 

specified a ri．Theidea of血缸odIlcing an as s锄  

stale v~iable h曲 is the integral of s【Ⅱne s【a艟，is 

cIⅡcial in d盯ivi】曙 廿me-W町IiI喀，a 0n舶问 曲出nizing 

control laws for n0nh010f．0mic systems． 
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