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。flhe 啪 be c0 d廿ed笛 a valid extlmslcm。f Rj曲an】湖 mdKwong’s tOlhe pe蛐 vc ． 

1 w0rds：ped曲cRieeafim晚|叫 目l eqllafion~琢仰 pe蛐 po~tiw de (唧 )宕0l咖 ；stats basis 

妇ns ；由圳jz蛐 日nd amctatil~ 

DOOmIMII"eode：A 

周期黎卡提微分方程正定解的存在性 
陈阳舟 陈善本 

(北京工业大学电子信息与控制工程学院·北京．1(~0'22) (上海变通大学焊接研究所 ·上j孽，删 0) 

摘要：讨论了标准的周期黎卡提微分方程．给出了其存在壤尔米特周期正定(耶PD)解的一个完整的充分必要 

条件．准确地说．在经过一个适当的状态空间基底变换后该条件通过能穗性和能检测性概念表述 结果表明，当FffJ- 

IPD解存在时，它或者是唯一的，或者有无限多个．这一结果可以看作是 PJellaids~和Kwot~的结果对周期时变情况 

的扩展． 

关量词：周期黎卡提微分方程；壤尔米特周期正定(邛羽D)解；状态空间基底变换；能稳性和能检测性 

1 bl1 Oduc60n 

In Illispaper．we舡e e~w,emedw 吐 ~ odicRi~· 

c面 di Ⅱtial。qu蚯0n(PRDE)(seeEq．(1)below)． 

InIe0蛐t years．ttleilI 0I ofPRDE in吐1e哪 

control，丘lte血Ig∞ dmany 姐 problems of odi甜 · 

ly缸 e_varyiIlglj sy汹 hasledto dev 

of a e~ derable Ic 砌 枷 、，ily 0n岫 m~eet(s。e， 

e．g．．[1—6】啦．∞dIef lo∞d )．Many 

aIllllO【s have o dc糯d lx~ 'bility of a．征mding ilo- 

rices 柚d results of algt Rieeati dlu m  into 

刊殳DE．For jDstmce．various d城哺咖眈izati彻 s of廿Ie IIO· 

曲ns for peri0dic version，．ⅢcnldiIlg~ bilizability， 

出螗c lity， ~ Uability 柚d 曲sc 曲iHly， llavc 

been completed(see[7．8]ere．)． wel1．known 

Ly 哪州 kmIna 幻m恤心  oera n 唧  

been als0∞：屺Ilded to the p‘ 0dic versi~ (s∞ 【9— 

11】)．h a【蛳 0n．the n∞瞄涮y柚d懿] id龃t i． 

0ns h舒忙b0既 0btaiIled f_讲 the a【is忙nce of a st曲丑i五ng 

功咄  c ped0dic solution，a 瑚n pcTi0djc p0 · 

dye selIIjde丘lli s0h坩oⅡ'0r aⅧ 】e m嘣 pcli0d· 

ie lx~ifive出：丘ni把 s0抽吐。n to岫 sta~lard PRDE．Ie． 

speedvely．For r∞ details．theinterested re出 isI℃· 

fenedtoa曲 n窑鲺 v 础 l鹧 册 PRD~t ． 

曲 p is devoted to tle 蝴cfn of what is 

necessary a埘 或 丘d嵫哇o00di6m 缸 the目ds怔n∞ of a 

血n pe【j0dic 蚰他 ~flllitc(}删 )sohI妇 to 

st{mdard H}DE willl complex coefficients．Namely． 

、 eomider a出船I∞ of趾 HPfD s0抽 嘶 lllmri- 

* i咖 ：柚I删 by №删 N曲埘I s lm 0f ( 卵删 ＆国 )枷 岫 № sci∞略T_棚 。由瑚  

Im _dl茁 西 曙sc ∞略T m‘ 。由_∞m 睇棚 (99嗍 0D)． 

R iv d啦 ：l9 一06一田 ： d ：2∞D一0B一傩 ． 
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od，’tothefonov~ stnndardPRDE 

P(t)=一c (f)C(t)一A (t)p(t)一 

P(I)A(t)+P(t)B(t)B (f)P(I)，(1) 

where A(·)，B(·)，and C(·)are x n，n×／17,and p 

× n matrices of eomplex．eolllinuous and ／'-periodic 

ons，t~pectively．户(‘)isthe derivativewith re- 

spect tothetime t，andthe superscript standsforthe 

conjugate transpose of a mat／ix Or v~ctor． 

Fhthetlme-inv'~iant versi0nthe Eq．(1)b。瑚 a 

standard algebraic Riccad。【IIl (ARE)．For the 

ARE Richardson and Kwong have presented a remark- 

ableflmtltr 
． In ourpaper，for Eq．(1)wewill give 

all analogous 0∞ ，i．e．，a necessary and sufficient con— 

dition the existence of aIl HPm  solution． Like 

Richardson-Kwongthec~m．via a ncm面1gl】1 and ped— 

odiem te-Sl~ etramfom~ onthe conditionisa mssed 

intclms ofthellolJol~ of stabilizability and detectabili- 

哆．Ⅱis also shownthatwhen柚 HPPD solution exists， 

itis either unique．Or else there aIe tmcotmtably many 

such solutions． 

Bef~re introducing our main result．we first recall 

some basjc noliolls ielative to penoctic町吼 ∞ and，in 

pallicttlar，the state-space tramform~on r~ ormed for 

Eq．(1) 

Associatedwith Eq．(1)isthe peiio~icaUytime-vary- 

jⅡglinear system 

= A(1) +B(t)H．y= c(t) ， (2) 

where ∈ ，H∈ ，y∈ ，aIethe state．thetnOut 

andthe output ofthe systean，t~specdvdy．Let (t， 

r)denote the system transition matrix．In literature 

(T．0)is namedthemonodmmymatrix ofthematrix 

A(·)，and its Jeigenvalues aIe called the clxaractetistie 

multipli~ ．ItiswelllmownthatA(·)is asymptotically 

stableif锄d∞ if all the daaracteristic raultipli~ of 

A(·)lie inside the open unit disk of the complex 

pl缸c[13]．Fmthemaore，par~al raultiplicities ofacharac- 

teristicmultiplier p-ofA(·)aIe the dimensi~ls of the 

Jordanblocks o。I q)。 I to inthe1ordanfolrn of 

(T，0)．Itis alsowell knownthatthe necessary and 

mflieieta condition for A(·) stable(in the sense 

ofLyapunov)is allthe cl~racteristiemttltipliea~ofA(·) 

lie Onthe cloudtmit disk锄dthe par~almultiplicities of 

Ⅱl。∞ lying 013 the unit circle are all 1(s。e，e．g．， 

[13])．The pair(A(·)，B(·))is refm~l to as stabi- 

／izableif exists aT-p删 c矗mc妇 m8州 K(。) 

suchthatA(·)+B(·)置(·)is asymptoti~ y stable； 

the pair(c(·)，A(·))is detectable if(A (·)， 

c。(·))is stabilizable．Notethat a rannberofif曲 一 

c／it yet~luivatent cb卸瞄c也 z 0ns of吐lese llolJ~ls c扣  

befoundin[8]．A／'-periodicfllnclil3~l matrix P(·)is 

calledpositive definite(resp semidefinite)，denotedby 

P(·)>0(resp．P(·)≥0)，ifP(t)is positive deft— 

nite(resp semidefinite)for all t∈[0，T]． 

A state-spacetransfolmation 

(t)=F(I) (t) (3) 

血 a n0nsingl ， peIi0dic∞d difh ∞血bk flll~- 

matrixF(·)位Ⅱ e st口n(2)into 

监dt=五(f) +雪(f) ，y=e(‘) ， (4) 

where 

f A(f)=F (t)a(t) (t)一F (t)P(t)． 

{台(f)=F (f)B(f)， (5) 
【e(t)=c(f)，(f)． 

c0msPo耐lmgly，Eq．(1)beeo~s 

dP
d

(
f

t)
= 一 e (f)e(f)一A (f)p(f)一 

声(t)h(t)+p(f)台(I)雪 (‘)声(t)， 

(6) 

户(t)=F (t)P(t)F(t)． 。 

Itis obvious血at s缸出iljz由 哆 and de~ ility bold 

traderthe椭ns向m撕∞ (3)，i．e．，(A(·)，B(·))is 

~ dlizable ifa1ld only if∞is( (·)，雪(·))． 

At the end of廿Iis sl~iffll， 叩 iaⅡy mention a 

type of_埘单 诅nt sta把一印acc ∞m m 0珊 ， 血砒 is 

Fl~quet订卸 bIm 衄 ． Through Fl0 埘 仃卸 吼- 

d伽，oDe can血孤 h system(2)into(4)witho。lIs曲皿f 

matrix (t)(see．c_g．|[13])． 

2 MAin Results 

As in the fime-invari~t versi~i．we 丘rst出0W 

thatifIll啉 exists anHPPD so 0nto Eq．(1)．岫  

via a state-Sl~CeⅡm1s 嘶0n system (2)cmI be de- 

“mlP∞edin such awayltsto sel：~ te outthe un~ biliz- 

able，埘lde幛曲|blep盯c nthe舶l玎B 盯，w}Ii曲 is sta- 

Nlizable．To be exact，we shall prove the fbll0wi卫g the— 

Ol~rn． 

1lld皤em 1 "lie e~ nce of蚰 ∞lu to 

Eq．(1)i唧 Ⅱcs衄 Ⅱm  a state-~lceIIt~ Or- 

m 0n(3)踟dlthatEq．(1)bc咖 (6) 删血joes 
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^(t)，古(t)ande(t)oftheform 

，= 

古( )：【B ’]，e(c)=[C1( )。]， 
vCae~(All(·)，B1(·))is stabilizablc，A is a co~lstant 

and diagonali~ l~ matrix and only of imaginary axis 

eigcm-valt~s．Fur&ennom，the solu6on户(t)of Eq． 

(6)tabs，withmsp0ctto the abow transformation，岫 

foma 

，： ’ 

vdae~ P2 is a aMIstmt mauix， and Au( ) 一 

Bl(t)B (t)Pl(t)is a cxmstant and竭 坤蛐  

stablemauix． 

The foUowing leamm  will be used in nle proof of 

Theorem 1．One easily verifies it iftang V(1， )= 

‘P(f) theLyapunovf1．1l~ Oll ofthe close-loop 

sy~ma(2)pe lIl1蜘 bythe control 

u(t)：一B (f)P( ) (f)． 

L臼蛳 1 Ifthem exists allHPPD solutionP(-)to 

Eq．(1)，tl'ma all nle characteristic m~ eas of the 

matrix 

A (f)：：A( )一B( )B。(f)P( ) (7) 

belongtothe closedunitdisk ofthe complexplane，and 

thep Imultiplicities oftheselying onthe unit ciwle 

are aⅡ 1． 

Proof Asstm~that Eq．(1)has m HPPD solution 

P(·)．Tkm 0ne caIl write(1)into 

P(t)=一c；( )Cp( )一A；(t)P(t)一P( )Ae( )， 

(8) 

vCae~ 

)-．
一 日 ㈤]I (9) 

andAP(t)is dcfin~ in(7)．By Immna 1，l|＆ing a 

Floqucttmnsfonnafion ( )=F( ) ，vCae~F(·)is a 

lKmsi】瞎u1ar，T-periodic anddiffemntiabl~complexfunc- 

∞mauix，0∞ can n 妇 equation(8)into 

dP
d

(
f

t)
： 一 e；(f)eP( )一Ao)P(f)一声( )A。， 

(10) 

suchthatAois a c(msplex c 晒tantⅡ坷血ix，Re (A1)< 

0，Re d(A2)=0 andA2is diagonalizable，w 

J 【 =F-1∽舶 州f)’ 
【eP(t)=c尸(f)F(t)，P(t)=F (t)P(t)F(f)． 

(H) 

}h d(·)denotesthe set ei鹊 ah|嚣ofamatrix．R 

妇 ∞ 刚 by u咖 gthis hOg．on a∞ m 口删 to 

applyitto eacll咄，amdl|ciDdivi血ally．Re denot~the 

real paxtofa complexi1Ulilb~．Asstm~ thatmaa-ic~ Al 

andA2hawdimeasiom × and(n一 )×(n一 )， 

~ pecfively．Partition 

，=f0 】I 
suchthatPl andP2haw tlIe s黜 djm O惦 罄 A1雒d 

A2，n~ectively．Thus，(10)b。can 

f户l+A P1+P1AI 声3+A +尸3A21 

【户 +A P +P Al 户2+A +P2A2 J 

— e；(t)eP( )． (12) 

WeBow prove several claims： 

Claim 1 

P2(f)=constant，A2"P2( )+P2( )A2 i 0． 

(13) 

Proof Let be m ei掣mV咖 associated with the 

~gcnvalue ofA2．Then havethat 

口 (A P2( )+P2( )A2) ；0， (14) 

声2(f) ≤0． (15) 

be(：ause(12)i吣 that户2( )+A P2(1)+ 

P2(t)A2≤0．On the otherhand，beingP2a T-vmod一 

c di／Smmtlable function II~Tix，it follows foma(15) 

that口 P2(f)q=constmlt andthus 

口 P2(f) ；0， (16) 

Hence，(14)and(16) 踟 re删 id(mtifie~in 

(13)，because bythe amta'n~ q es ofA2the憎 - 

tots{ }constitute alinearly Idq，endent setwith ntlm- 

b of e】 【le吣 eqIIaltothe dimen m ofA2． 

Cl血 2 

户3(f)+A P3(f)+P3(t)A2 0． (17) 

Proof We c衄write(s0nle6皿 the dIne f is c~lit- 

叫 fⅢ岫 s~ city ofwriting) 

e；e尸=D D= 

0；11
。

0

，

1 
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tD Dt+Di D 【．D Dl+D D3 for a rnatlix Bl willa row dil]lel~oll equal to that of 
， (18) P

l(．)． ． (11)we have that 

whereD is an n X nⅡm扛】 andl乜 subdivision1S chosen 

sothatthe凼 siom ofthetwo subdivisons ofe； in 

(12)and(18)。0∞ po ．By Claim 1 we conclude 

+ D4 i 0，and thus D2{ 0 andD4 i 0． 

胁 (12)and(18) obtaillthe identity(17)． 

Claim3 P3(t) 0． 

Proof For a n 由[i】【M let M  denote the vector ob 

rained by composingin a sing~ column all coltmans of 

Mtaken in their llatlllal md啦 ．It is[1Ot difficult tO 

v曲 that(17)caⅡbeIewiittell into 

巾  。 。。A2")P )_ol 

(19) 

where0 deootestheKroneckerproduct，and1,-is aj× 

iaen~ymatrix．One c∞provethatAI"0 +厶一 0 

A is asymptotically stable becallsc Rea(A1)< 0， 

Pea(A2)：0 aIIdA2 is djag0nal边曲e．It follows丘0m 

well-known Fl~luetIllm n(s。e，e．g．，[13])thatthe 

i solution P3(t)of(19)nmst be ． 

We r硎  咀吐mle proof of T}∞。I咖 1．Us 

Claim 1 aIId Claim 3，om 0bIail1s n(9)，(11)and 

(12)恤吐 existsorncm曲icesM(·)≥0andⅣ(·) 

≥ 0 suchthat 

c cr y(t)= o】' (2o) 

PBB俐㈤=【Ⅳ o]'(21) 
and 

t )= ． (22) 

(20) ． 

c(t)F(t)=[cl(t) 0]， 

for amatrix C1(·) Ithe s ∞I岫 d± msion as 

P1(·)．Next，缸n (21)Ⅲld(22) 0№Iinthat 

c 胛-IS)(B．F-*F~ =【 o]' 
(F-1B = ， 

aIIdlbm 

=  】I 

- 1AF — FI1 = 

A0+(F一 B)(F一 B) (F PF)= 

【 一 = 

n c妈 

nlIls，d1e of ∞ 1 is e~ plete． 

踟 咖 1 pIesen据 nc∞s蠲Iy conditi~ forthe既is— 

tenl：~of∞ solution tO Bq．(1)．We∞w nn 

(mr m Id帆 tO~ffficient 0oIldi 0ns．f 锄 Th咖 n 1． 

if Bq．(1)admits∞㈣ solutionP(·)，thenP(·) 

takestheform diag(Pl(·)，P2)(血c0l ∞叩 一 

ate change ofb~sisin s掘te space)＆lchthatPa(·)＆ 

ties 舰  

Pl(f)=一c (t)c1(t)一A (￡)Pl(t)一 

P1(t)A1l(￡)+Pl(t)B1(t) (I)PI(t) 

(24) 

andP2m啪 thefollowing equation 

A刍P2+P2A笠=0， (25) 

whereAII(·)，A ，BI(·)and C1(·)p0ssess the p】c叩一 

erties statedin1h∞姗 1． 

following lemn~Ⅸjgi|1出s丘。m Lemrm 2 of 

[12]． 。 

LeⅡ岫 2 Ifin(25)A翟is a o0lIstant aIId出a 一 

izablematrix w property Pea(A笠)= 0，then廿艟fe 

exist~ nmble m血y dve definit~ solutions tO 

equation(25)． 

Now inold盯 tO 0b the sufficient 0oIldi吐0|lsf the 

e~isteace of all H D solu血m∞ (1)we no。d 0口 幻 

蚰 Ⅳwhen Bq．(14)will adrmt∞I矾D 砸∞．The 

f0Ⅱc啦 tll咖宙n is well h删 n aIId瞄n be fixed in 

[5]． 

硼1e㈣ 2 Bq．(1)a~llits a lm  s0lu— 

llon P(·) ∞cII that AP(·) = A(·) 一 

B(·)B (·)P(·)is啊 stableif andonlyif 

the p出(A(·)，B(·))js stabi】izabc，the p出 (C(·)， 

一 A(·))is det白：删 ． 

o加 嘴 the ve results，we 0bta_m the如ll0w g 

necessary aIId嗣l矗 o0ndi矗伽 forthead 眦cof an 

lm  d0nto Bq．(1)． 

n啪 3 Bq．(1)a&llits∞ }埘D ∞ if 

4 4 n D 

* 3 * 4  D D 

+ + 

2  2  D D 

* L *2  D D 
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andonlyif,~x．1ghm 叩胛 n0m 妇 ，r-p=i- 

cdic and differeutiable sta~spacetramfom-aition，lna~- 

ces (f)，B(I)andC(t)take岫 form 

=  

)= ’】’c( )o]， 
the pair(All(·)，Bl(一))is stabilizable，the pair 

(Cl(·)，一AI1(·))isdetectable，∞dA∞is a a)口s 

and di iz出Ie matrix and only of_埘m rIary axis 

ei辞 帽lI，皤．FI删睦- I蝌 ，d solution P(·)takes， 

血 Ie州 to{he a 位m 0n，theform 

P“，：【P 
、vbc Pl(·)isImiqI】e and 

AIl(I)一Bl(f) (I)Pl(I) 

is a∞nsI鼬t and嬲yI叩∞血ally stable ma舡i】【，Pz is a 

c口 ；tantmanix andthere existinfact~ tablymm 

P2． 

3 C nclIlsimIs 

．Il血 p叩口 terIds 岫 Ie!丑lh of Rich缸ds0n and 

} [I2】0nl~ tive delete soluti~ of 曲mIcPdc． 

cati eq~ om to pe Ri∞ differ~ ial equations． 

the pe【i。dicRicc蚯 ~ tial cqlla咖 a complete 

ne疆 and sI】虚Icient c0 O皿is 删 forthe ex— 

is~ ce of Hcmd妇 l pe【iodic p ve deflni~ sohni伽 ． 

M咖踟 ，itis曲胛m thatwI蛐 anHPPD solmi~ ex． 

ists，it is eitl~er tmique，Ⅱ else 目e am ~ tably 

many soluti~ ． 
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