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摘要：对可化为B]皿睁L d 正规型的多变量非线性系统．仅利用线性组成部分的状态设计了全局稳定化控 

制器．引人了有限时间滑动模态的概念，其优点是线性部分的状态在有限时间内趋近于零．当非线性系统是最小 

相位时．所设计的控制器保证了系统的全局稳定性 

关键词 ：非线性动态系统；垒局稳定化控制器；有限时何滑动模态 

1 五叫睫D 60n 

Ⅲle as忡 蛐 s【曲 cc ll盯 of mjDimm  

pl se nold-me孤 毋Is1脚Ils have been well studied via 

D【)om Stlt~ feedback∞n垃o】[ 51
． 0ncⅡIaj0 met )由1． 

ogy n蛆 kes l|se of血e n叫di蝴 Bymes-lsi&~i noNn~ 

form derived by m 可lpm i如 diffeomorflgsm 缸 a 

sta feedback Ⅱ铷】s nna吐0t 引
．
L Dca1~labilizability of 

theBvn s-bid。Ii砌 I丘脚 hasbeenwell uaderstl~l 

Ilsingthe centralmamfold [ ’ 
．A com~ter-example 

h醛 shown thatthe glOoal sIab宣liz撕咖 ~Jlnot be g~ ran- 

teed ifthe o∞岫)】only 1唧 s the lin∞r c。∞p商但dy- 

na s exponentially st出】c[。’ To address this pr0b— 

lem．ex nsive research has been focused 0n exploring 

印蒯  叩 髂 ofthe1岫 paftofthe 咖 ，e．g．， 

tIle passivity 叩 es 0f the po ∞ndi- 

妇 [5,10,11]
．[3】h蕊kq~'tigated黜 印ecial f0卿晦缸 

b0吐I the n。l ne缸 sIIbs，r蜘 蚰d the linea『唧  te 

stem ． 

In 血is ，we deal with the global靠 l此蚯 恤  

b】em u凼 the衄血rlal sⅡding mode(．ISM)c衄‘ 

cept【 引
．  蛾啪 吐le asYmt~fic s~ ility rna the s随船 

of1j瑚村part nevcr reach ttle eq Ji蛐 a【 Ⅱy．the 

sInaIl valueofthe s I唱 thew~ ient pIoccss 

ably re~ltsiIIthe pe出ng plⅫ∞m fer llonlin— 

ear system．Ⅲleuse of"I2SM istofaa~e吐1e s诅把to readl 

the e~htn'im in afinitetime s0mmtIle asyI叩 el- 

* R珊由衄 it衄 ：B f0l i byR咖d咖 forI vc 哼l 目如 by M 由y茁 Bh_妇 血  sd舶∞ R蛆d血 。f勋哪da略 

hw_岫 ( 9( ． 
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feet ofthe asymptotic staNlity 011the n0n Ⅱear systemis 

removed and hencethe peaking phenomenonis avoided． 

The advantage ofthe proposed control is thatit is inde— 

pe ofthe nonliilP．A~partofthe system ，and onlythe 

states ofthelinear cⅢ珥，0s dyrk~ ics are needed． 

2 System description 

Considerthefollowing nonline~ system with partially 

linear oomposite subsystem[9，“J 

J = ， ， ∈ ，}∈ (1) 
【 = 雎 + ，u∈ ， 

where ，e，t)is a smoothv踟 fl~ ort，andA aald 

B are const~t matriees．In order to obtain the smooth 

linear feedback controlle~ to globally stabilize system 

(1)，soI】[1c sp。dal fomas are discussed[ ， ．For system 

(1)，thefollowing assumptionismade． 

Hl：f(o，0，t)=0fbr allt．Them培rn ofthe zero 

dyl~ c$ 

=  ，0，c) (2) 

is globally asymptoticaUy stable． 

H2：the pair(A，B)is controllable． 

The control task iS to find a control u(t)such that 

system (1)is~ymptotically stable given the assump— 

lionsHI and琏 ．In orderto achieve n1is goal，t im— 

portantmethods fbfthe design ofcontrollerwere consid— 

ered．Oneisthat only usmgthelinear eoml,o~ dyn~n- 

ics etodesignthe linearfeedback controlle~to guarantee 

the dynamics (t)is exponentially stable SOthatits ac‘ 

tiontothe no]llinear dyrk~nics (t)reducesto zero ex— 

ponetltian~．This SOII~ resultsinthe pe她 phe— 

nom enon
[ The second methyl is to llse all syStelll 

states and e to design a smooth nonlinear feedback 

controller．Inthis sa s∞∞ existing researchworksIe— 

quirethatthere exists a knownLyapunovfunelionforthe 

zeID dynamics(2)．The both aforementioned methods 

re thatfunetionf(·)must sads母a pa 出 condi- 

lionfor global stability 0r semiglobal sIabmly[ · ． 
In order to illusWate the finite time eonvergence and 

M ofthe nonlinear system ．1et11s consider afirst 01"- 

der dyllamics 

t ： 一 一 q／p
． (3) 

We can solve the differential equation(3)amlyti~ly． 

Let z： I,／p and substitmethis into(3)leads to 

／azP～z：一 zp一阻2 ． 

1忸 solutionis 

( 一 +卢)：cexp(一口(p—q)￡／p)． 
p 

(4) 

For (0)≠0，wc have 

’ 

c ： =_呈( ( (0) ) +卢))
． 

p 

1he toIe h zeID。， 。is 

，= (1n(q0 一ln(卢(p—q)))． (5) 
nu’一 q， 

SubsNmting c into(5)gives 

，：— ——— !—— (1n(p—q)口( (0) P + 
口 p — q 

卢))一ln(卢(p—q)))． (6) 

It slm~d beinteresting t0 seethat simply jD口目曲喀 

the 劬 t may resultinlongermaclli】 ．There 

must be a balance of selection ofthe Pamm曲∞ p，q． 

口，口．Howev~，if口=0，from(5)，large the 

把ac曲瞎 血 vefy smal1．To exte~ the scal缸 to 

MIMO systems． introducethe fondling TSM ~t~fflN" 

s=cl +c2 +c3 l( 1)一qr／Pr~， (7) 

where S∈ ．Po>4q0，and Cl，C2，C3Ⅲe o0ns 

m×(z—m)．m×m，m×(f—m)ma舡i0鹤，respe~一 

tively．The c。蟠扭nt ma舡jces C1．C2，C3 aIe to be de— 

signed appIopIi刑 y according t0 the can~lical丘mn of 

MIMO systems t0 be adop ．Now let US l∞k吐 the 

咖  l( e1)一 iII(7)．ItⅡleets 

l{{l({T{1)一％ PD lI=ll{ ll(Po一 Po， 

wltieh rⅡcaI1s the powers ofthe en~es of el is l~silive 

aIldless血蛆 oneifP0— 2q0 > 0．Tnis n ∞sthatin 

(7)as ll e1 l1 is sufficiently small，s do n0tacapeto 

infinite aIld sis s【【l00thin e．This opcnywill be used 

in thefollowing section． 

3 豫 l∞曲：0ldesi 妇  曲 曲蝴 m 

Witl~ t lees of generality， as吼Ⅱne that the linear 

composite part ofthe nc inear system(1)isinthe flol— 

Ⅳ啦 ferra： 

I=All 1+Al2e2， (8) 

2=A2t l+A e2+B2Ⅱ， (9) 

wbe∞ l∈ 一 ， 2∈ 赳e system state~．An，A12， 

A2l，A∞，B2 aIe(f—m)×(z—m)．(f—m)×m，m 

×(f—m)，m×m， ×m matriees，~ vely，the 

pair(Al1，At2)is controllable．and B2 is n叫 _岫 ． 

We nOW pl删 the丘Ist re鲫I|t伽 曲al耽曲niz毗；。n． 
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Theorem 1 For the dynamical system (9)．Ifthe 

controllaw is designed as 

= 一 (C282) {[C1+C3( 1)一 。 一 

2 
P。

q0c
3~l(盯{1)一。一‘g。 ](A11 I+A1252)+ 

c2(A丑 1+A盟 )+s+ (s s)一f t． 

(1O) 

whereK is apositive constant．thenthe~ tchingInami— 

fold s d~ned in(7)will be reached in finite time and 

l~nalns at zgl"oforever． 

Proof Choo~ the Lyapunov flLVl~OU 

= {s s， 

Thetime derivative of Valongthe system dynmnics(9) 

and(7)is 

： s j ： 

s [C1{l+c2}2+c3(eTe1)一‰ 。毛一 

2 c3 ( )-1-(~o／Po) 】= 

s 【C1+C3( 1)一 。一 

2盏c (盯 -)-1-(％／P0) 
A12 )+s C2(A2I 1+A丝 )+sTC282 ． 

(11) 

Substimdag(10)into(“) 

=一s s—K(s s)(sT$)一％ ： 

一
2V 一2(p0一qo)／Po~V(P口一 )／o口

． (12) 

Almordingtott1le analysis giw in tt1le above ． 

V(f) ac}Ies z∞ infinite andlbefinite缸 ，is 

ablet。bc dcl圯nn ed by lbe 砒I∞e髓 K，po，qo，柚 d 

吐lcinitial value of v(o)whichis ca1cIlI劬耐by s(O)or 

(0)and (O)．(12)implies that∞∞ tbc trajectory 

￡(f)=( 1(f)， (f))leaches su面|ces s=0，itIe— 

mainsin s= 0． 

We now look at how t。choosethe o~astlumtⅡ oes 

Cl，C2，C3 s。 that the finite time reach曲 ty is 

achieved．We havethefollowing nl∞【m ． 

Theorem 2 l~fine Ll and如 ∞ 

Ll=(AlI—A12cf C1)，如 =Al2cf‘C3． 

IfthefoUowing·conditions hold： 

1)Thematrices Cl and C2 are chosen suchthat 

Re{̂(Ll+ )t<O； (13) 

2)Andthematrices C2 and C3 chosen suchthat 

Re{̂(／-2+ )t>0， (14) 

wIlefe (·)representsthe eig~values，theathe唧Ⅱ】 

dum I=0is0~dty stable and can be reachedinfi— 

nitetime． 

Pmof C_．omiderthe Lyapunov fun~ on 

V={ I． 

Di妇 en it~loogthe dynan (8)lcads协 

V=e"i}1= 

(￡I+z1)el一盯( +如) 1( I)一％ ≤ 

一 min{Î(玎+ )Il 1一 

rain{Î(髓 +L2)l} (盯 1)一qe／Po≤ 

一 2minlI A(玎+L1)̈ V一 

2一‘ 一 ) n{I (踞 +如)I l po一 ／Po， 

(15) 

if the oond~tions(13)柚d(14)hold．Then using the 

same analysis as Theorem 1， ( )∞well as the 一 

librium 1is gtobaUy stable and∞n reachⅫ infirdte 

time．And since <0for 1≠0， (f)柚d l( )will 

瑶main zerofb 珂 0ncethey reach zero． 

Corollary 1 If the mallic~s CI，C2，C3 a∞ chosen 

such that 

An—AI2C2 C1=一Diag( l'⋯， 一 )，( >0)， 

(16) 

A12Cf C3=一Di~g(p̈ ⋯，p )，(Pi>0)． (17) 

也％ the equilil~ium =0is 蛐 st~le and each 

e~iity of c姐 reachin afixedtime spec~ xl∞ 

( ) i [1ll((p—g)( ( (0) 一 + 

))一In( (P—g))]． (18) 

Proof The Ixoofdirectly follows from the Ixoof of 

．Iknrem 2 and sccd锄 2． 

Thereis a problem with( )一qo／Pe．For 唧 】c， 

as 1÷ 0，a singularitymay occurin controller(10) 

whichitgans u÷ ∞ ． 

Theorem 3 If 

P0—4q0>0， (19) 

tb∞ whenthe dyil~ cs (f)and (f)leach owl 

the suFfaoo s=0，the coots1 u de删 by(10)will be 

bo~mded forever． 

Proof Because of contzolier(10)，tbe temls that 

舢】d删 se吐le sil|gll1arityⅢB 
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s1=(盯 1)一qo／Po×A12~2， 

and thetom3 

S2= l( 1) 一 ×A12如． 

When the t~jecrny lnOV~ 1311 the surface s 

nle出  

(20) meansit satisfies 

C1 I( )+c 2( )+c I(分)(盯(分) ( ))一 =o． 

(21) 

= 0．it 

2：一ci。cI l—c C3 l( 1)一 n ．(22) 

substitu~ (22)intothe above secondteml，we have 

II S2 = l( 1) ×[一c C1 一 

ci。C3 l( 1)一qo／Po]ll≤ 

肘【l l【l 一 qo／Po+N【l II。一qo／p0， 

(23) 

whefe M ．N aIe positive constant mⅡ bers．According to 

the conditionP0—4q0>0 giv∞ in lhetheorem，S2 is 

bounded．The same argument can be used to prove Sl 

bounded．1b we knowwhen}l—O，thetem3sSI and 

S2tendto zero，lhe n daIi哆is avoided． 

Theorem 3 guarantees that as the∞扣 I(f) 

md 2(f)reachthe switching sm'face s=0andmove a- 

longthis surface，the controllaw u(￡)isbounded．Ifthe 

initial stateis notonthe$11Yf~ 5=0 。itispossiblethat 

s0me of coTI1pon蛐B of l(￡)and如(￡)flint reach z廿D 

beforelhey reach surface s = 0 ．Under this situation， 

the eontrollawⅡ(f)is inf~te，For example，let~l= 

0， 2≠0，u(t)is unbounded because( 1)一qo／p0 is 

in if l=0．To饥，ej 珊 tbis血g【|1a由 ，Ⅱ 

Pl1ase control strategyis proposedI：o dealwithme singu‘ 

ladty situation[’ 
．

De五De血e controllability aⅫm∞ as 

(o，c，)垒J (一加)BBtexp(一Air)dr， 
(24) 

vch~l~A．B a∞ sla把 coefficient“峨扛b【and input velar 

matrix ofthe line system (8)and(9)，n~peetively． 

(O，c，)is n0nsiIlgularfor all >0．The solution of 

(8)and(9)is 
rt 

(f)=e砷( ) (0)+J 0exPA(‘一r)Bu(r)dr， 
(25) 

Intheinterval【0， ]，Ⅱ controlinput 

“(￡)=BTexp(一ATt)CZ (0， )【唧( ) ( )一 (0)] 

(26) 

CalltI*dl~gl"anyinitial state (0)to ypresetfinal stato 

}( )．Substituting(26)into(25) obtain now the 

final st曲e (f，)is selected oi1the surface s=0which 

(27) 

Combining control(26)withtheTSMcontrol(10)， 

will obtain a nonsingular control strategy stated fol— 

lows： 

1)Define pr,n,eaythe parameters Ct，C2，C3，K，and 

let q 0，P0 salt@ the conditioninTheorem 3． 

2)Define switehin~ f1．1~ Oll s andinthe surfaee s= 

0，cbcose all arbiUmypoint ． 

3)For(8)，(9)and (O)，first d'loo~alxopertime 

tz such衄  state = (tZ)is readiedby using13o11一 

Uol(26)． 

4)Once (‘，)= is reached，the cent~lisimln~o 

diatoly switched to the TSM control law(10)．Since奇 

∈ { ：s=0}TIlcmem 1 guarantees that (￡)will be 

confined1311 this surface f(m ．Uponthe action ofthe 

TSM controllaw(10)， (￡)reachesⅢDin finite tune 

alongthe surface s = 0． 

Now f0rⅡle gin nonlinear system (1)，we have 

the following result~： 

Theorem4 For system(1)，iffor any ut (f) 

which safisfies~(f) (f)≤I (f)1wh~l~r(t)is c盯_ 

rain solution of systc~n 

⋯ ay ， (28) 

where口>0 and口>0 aIe c npositive COllstants and 

q andP am positive odd COllstants(q<P and 2q—P 

>0)，the solution (t)of the nonlinear由nalnical 

system 

t= ， ，￡)， 

with arbitraryini6al value can be ex ndedto【0，∞)， 

which nle黜  (f)cannot escape to infinite in finite 

time。lhe conditions ofTheorem 2 and．I11。D册 3 hoM。 

∞dlhe controllers ale chos∞ in(10)and(26)，then 

system(1)is~bany asymptotically stable． 

Proof For any垂venini幽l state( 0，岛)，(26)only 

actsintimeintervall0，‘，』andthetime canbedlosen 

arbitrarily．We can always sdeet a small ，口， ，and P 

and q suchthatin[0，￡ ，血e solution (f)withinitial 

(0)me出 (f) (f)≤I r(t)I．n 皈 ， (f) 

and (f)withinitial (0)and (0)areboundedintime 

interval l0， ，J．Once the controller is switched to the 

TSM control(10)， trajectory( (f)， (f))will 

m0ve a量0I[1gthe surface s=0 and (f)teaches蹦Din 
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= l厂( ，0，t)，t>T． 

I-Ienee， (t)will tend to zero siIlce Assumption H1 

hold． 

4 Conclusion 

1he 幽 biliz m  ofm ne日r systeI【Iswith par- 

ti~ly linear“H '∞i djma cs has been discmsed in 

this p日p日 u 唱 terminal sliding modl~．The pro— 

p1)sed~ntml strategy enables廿Ie equilibrium oftI lira 

car sI】 煳 to be reachedin finite time， sL】 I培 in 

曲 effect of asympt~ convergence on Ⅱ n0nlinB缸 

咖 being removed．Under s0IrIe b曲t∞ndid lsfor 

nonlinearh咖 ，(·)，the glOo~ly asymptotic stabi— 

li~ ionis realized and assumption ofweaknlininlum 

plIaseforⅡle hnear composite system is not l1∞d。d as 

long astI system d m icsfirstlyis suppressedinto an 

arbiwary bo~mded regi~ by appI。pria contro1．The 

删 b adIi删 have also wnthat T controller 

which globally asy~ dcally stabilise system(1)is not 

砖l鼬白dtothe n0minear由 cs ．The 叫l吐【lg∞n_ 

tmlis not ctu~ ering． 
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