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Abstract: Based on the propesty that fuzzy inference system can uniformly approximete any noolinear mwltivarnable con-
tinuous function arbitrarily well, a new nonlinear combination forecasting method is presented to overcome the difficulties and
drawbacks in combined modeling non-stationary time series by using linear combination forecasting method. Furthermore, the
optimization algorithm bassd on 2 hierarchical structure of learning automata is used to identify the membership functions in the
antecedent part and the real numbers in consequent part of the inference rule. Theoretical analysis and forecasting results related
to numerical examples all show that the new tectmnique has reinforcement learning properties and imiversatized capabilities. With
respect o combined modeling and forecasting of non-stationary time series in nonlinear systeins, which has soxne uncertainties,
the method has the excellent identification performance and forecasting accuracy superior t0 other existing linear combining fore-
casts for the same event.
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1 Introduction

One of the most important functions of management at
all levels in an organization is planning, and forecasting
plays a2 crurial role in the planning process. Forecasting
can asist 2 manager or planner to identify organization
strategies to influence the future in a way that will fulfil
organization’ s business objectives. Therefore, Accurate
forecasts are essential for risk reduction and fulfilling
business objectives. Combining forecasts is an accepted
means of improving forecasts,

Since J,N. Bate and C. W.J. Granger originally pro-
posed the idea and method of combining individual fore-
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casts in a single overall assessment in 1969'"), much
progress has been made in the field of forecast combina-
tion~%). According 1o different ways of combining in-
dividual forecasts, the existing combining forecasts can
be classified in two major types, namely linear combin-
ing forecasts and nonlinear combining forecasts. A quick
glance at the combining literahire, however, suggests
that it should have focused almost exclusively on linear
combination of forecasts with linear constraints or unre-
stricted, with little attention paid to how combining can
be undertaken in the context of nonlinear combination of
forecasting variable. Owing to nonlmear essence mply-
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ing among the data or individual forecasts, these linear
combination forecasting methods suffers from several de-
ficiencies and limitations, which make them severely in-
adequate for strategic orgamization planning’™’. It is
therefore desirable to develop a new combination fore-
casting method that can overcome these deficiencies and
limitations.

Recently, there have been some attempts to solve
these problems by the application of nonlinear combining
forecasts. If the actual values of some forecasting prob-
lem in a period are v,(¢ = 1,2,"*',n) and there arc m
kinds of feasible individual forecasting methods around
it, whose forecasting values are f;(¢ = 1,2,",n;j =
1,2,---,m), respectively, then nonlinear combination
forecasting model can be expressed by a general nomlin-
ear function as follows:

fi = g[fll!ﬂh'"lfm]- (1)
where g 15 a nonlinear function and £; with higher accura-
cy or more excellent performance than these individual
forecasts according to some measure. Unfortunately,
nonlinear combining forecast hasn’ t been used widely as
effective tools in various practical applications, because
it is difficult for us to establish effecting nonlinear func-
tion g.

In recently years, the issue of fuzzy inference systems
as umniversal approximators has drawn significant attention
and progress has been made. References [8,9] have
proved that fuzzy inference systems based on if-then
rules are universal approximators of nonlinear mapping .
Reference [10] also proves that Takagi-Sugeno fuzzy in-
ference systerns can uniformly approximate any multi-
variate continuous function arbitrarily well and they are
snitable for the modeling of complex nonlinear sys-
temst"]. So, the objective of this paper is to usc the
fuzzy inference system composed of Takagi-Sugeno rule
base with constant output, a parametrized gaussian mem-
bership function, and simple multiplication operator as
approximators of nonlinear mapping to simulate nonlm-
ear combination function g of individual forecasts.

In this paper, A new nonlinear combining forecasting
method based on fuzzy nference system is presented.
Fuarthenmore, a hierarchical structure of leaming automa-
ta is used to automatically identify the parameter of the
fuzzy model and partitions of fuzzy subsets. Theoretical
analysis and foracasting examples all show that the new

technique is feasible and effective.
2 Fuzzy inference system

The fuzzy inference system is a popular framework
based on the concepts of fuzzy set theory, fuzzy IF-
THEN rules and fuzzy reasoning. With respect to fuzzy
control and modeling application, the existing fuzzy in-
ference systems can be classified in two major types,
namely Mamdani fuzzy inference systems and Takagi-
Sugeno fuzzy inference systems. Takagi-Sugeno rules
differ from Mamdani rules in that their “outputs” are not
defined by membership function but by non-fuzzy ana-
Iytical functions ( frequently, constant or affine func-
tions). This feature shonld permit to exppress complicat-
ed knowledge with small number of rules. From mathe-
matics point of view, Takagi-Sugeno fuzzy rules base is
just functions mapping their input to output. For Takagi-
Sugeno fuzzy mles base used as models, a fuzzy system
can always be established which is capable of approxi-
mating any continuous and nonlinear physical system ar-
bitarily well .

In this paper, the Takagi-Sugeno rule type with con-
stant output are employed for the modeling of n-input
and single-ontput combination forecasting system. Each
mnile R, can be wrtten as follows:

By: TF x; is A" % 15 Aiy s

THEN yis w; = fi{z1 %, %0y i = 1,7
(2)
where R, is a label of the i-th rule, x7 = (x;,"",%,)
is the input vector, A; are the membership functions for
jth input of ith rule, y the output variable, W, the real
value of output for ith rule, n the total number of rules,
and m the total number of input variables.

The type of A; in the antecedent part in Eq. (2) is
parametrized gaussian membership function expressed as
follows

2

o -erl-(55%]. o

ay and by in Eq. (3) are the center point and the width
of the membership function, respectively.

The membership value for ith e, py, is defined
through simple moltiplication operations such as

#x(x) = HA;,-(-"F,) (4)
=1
The output of the rule base can be obtained from the
center of gravity method such as
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y = (Eu.w.-)/(ius]- (5)

izl (ml
The leaming of the rule base 15 realized from a set of
leamning samples. Let us define the gquadratic emor £ :
1 2
E = Eg(yp ~ ¥, (6)

where D is the total number of training data, y, is the
output calculated from procedures of Eqs. (2) ~ (5) for
pd]tra.ining data x, = (xl,"',xm),,andj/:isﬂ:lf:de-
sired or reference output value.

The purpose of leaming is to minimize the guadratic
error £. Minimization of £ is performed by tuning the
a;, by and w, parameters. This is a supervised leaming
scheme, therefore, a hicrarchical structure of leaming
automata could be used for the simultaneous identifica-
ton of these parameters.

3 Learning algorithm
3.1 The hierarhical structure of automata
The automaton is composed of a performance vaha-

First level

Second fevel A

]

baar

Third level

1D I DoInoIDs

tion unit and a hierarchical structure of stochastic au-
tomata with variable structures. It may be connected in a
feedbeck loop to the random enviromment .

A learning automaton is a sexmple {W,A4,B,P,R,
G}. W(1) is the response of the performance evahiation
system. A = {a;, ", s,|" is the set of internal states.
B = {6, by}Twith N < s is the output or the set
actions. P(t) = {py(2),*,py(2)]|Tis the state prob-
ability distribution at iteration t. R is the leaming alpo-
rithm ( remnforcement scheme or updating scheme) that
changes the probability vector from p(2) to p(t +1). G
is the mapping of the set A onto the set B ( G: A— B).

The hierarchical system of automata is at different lev-
els that are composed of single automaton with a limited
number of actions ( )12,

The first level consists of a single automaton with ¥
internal states, the second one consists of N single au-
tomata {of N actions each), and the kth level is formed
by ( A1) automata (Fig.1).

Fig. 1 Hierarchical structure of learning automata

Let us consider a hierarchical system of automata with
N levels. the vanation domain of the control variable is
discretized in A" intervals. The actions chosen at the
various levels are denoted by (b1, bnp. s bnppejn) s
and so the cotresponding avtomata are A, Ay, Ajp, )
App-(in-1y-

If the action selected at iteration ¢ by the first level au-
tomaton is b; the automaton concerned is A and the
probability distribution will be adapted according to the
following relations!'?]
Ifw(z) = O (reward):

[p,-n(t +1) = pi(2) + pipa() 11 - pu(e)], -
pm(t 4+ 1) = poy(4) - [7ip;(2)]].
KFw(t) = 1 (penalty): -

pin(e +1) = pa(e),

{p..l(t +1) = pa(e). (8)

with m1 = j1 (actions not selected at time z).

By assumption, z{p{:)} is positive for alt p(2)(0
< 7i{p(2)} < 1). To camy out the adaptation mecha-
nism for the Nth level, let us introduce the following
notations:

Jijar - JN is denoted by JN,

mymy - mlY is denoted by MN.
In the Nth level, if the selected action at time ¢ is by the
automaton concerned 15 denoted by A;y_,. The probabil-
ity distribution is adjusted by the following algorithm.

If w(t) = 0 {rewand);

{pm(r + 1) = pw(t) + pvadp(e N1 - piu(2)1,

Pav-tmilt + 1) = pay_1ou (21 = (i p(2)]].

(9

If w(z) = 1 (penalty):
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{pﬂv(t +1) = p}w(t). (10)

Pavaimi(t + 1) = pyvoim(2),
with mi = JN.
For all the other actions
PMN(: + 1) = PMN(¢e), for MN 5« JN,JN - 1mi.
(11}
A pl+| function is associated with every automaton in
the hierarchy. The following algorithm!'2! which ensures
¢- optimality is chosen to adapt the p{ - | functions at
every level:
amitl = paoidelZpw(e + 1D, (12)
In summary, based on the probability distribution, the
fist level automaton randorly selects an action b.
This, in tum, activates the automaton A; at the second
level, which chooses an action b;y from its action prob-
ability distribution. Consequently, the automaton A4;1;, is
activated, etc. The final action selected at the last level
generates an action that comesponds to a value of the mile
parameter with which the multilevel automaton is associ-
ated. Each parameter of the fuzzy inference rules is as-
sociated with such a multilevel antomaton. At each itera-
tion, amnd complete set of parameters is generated and a
new performance index criterion E{i) is calculated and
used to update the probability distribution of each level
of all multilevel automata. This procedure is repeated at
each iteration until the desired convergence is reached.
The probability vector P(:) at each level depends only
on the cormesponding level and on the action selectad at
the previous level.
3.2 Implementation aspects
Let us assurne that each of the parameters of the fuzzy
inference system varies in a predetermined domain. This
domain is discretized into N". A number of hierarchical
structures of automata equal to the parameter number
need to be used for the identification task. Each set of
actions of these different pyramidal structures of automata
is associated with ope of the parameters to be identified .
The performence evaluation unit contains the follow-
ing rules:
[FE(t) < E(¢t-1), (13)
THEN w(¢) = 0, else w(t) = 1,
where E{ ¢} is the identification critedion (6) and 2 {z)
is the response of the performance evaluation system.
At each iteration ¢, a uniformly distributed random £

is generated, and an action b; is randomly selected,
hased on the probebility distribution associated with the
selected antomata in the corresponding level. The index
{ is the last value of the index, verifying the following
constraint :

IO S LRI (14)

izl

Tlﬁsprocedm;isrepeatedforﬂtNaulmmIaacﬁvuad
at the different & levels and for the set of different hier-
archical structure of leaming automata associated with the
different parameters of the fuzzy inferene system. The
last actions selected by different hierarchical structures of
the leaming automata correspond to the estimation of the
inference system parameters.

The cost function is calculated and introduced in the
performance evaluation umit, which generates an output
w(¢) according to rules (13). The probability vectors
are then updated according to this response, this proce-

Nonlinear combination forecasting principle based on
fuzzy inference system is as follows: let ¥, states reality
observation data of some forecasting in a period (¢ = 1,
2,-+,n) and f; states forecasting values produced by m
different individual forecasting models around it (¢ = 1,
2,-+,n3j = 1,2,+,m), respectively. We take f =
(farfar o fm) € B™and ¥, € R as the input variables
and the output variable of the fuzzy inference system,
respectively, then tupne the fuzzy inference system to
make fitting precision of f; approaching y, according to
some measure the less the better. After tuning, we have
constructed the nonlinear mapping relation of the data
about individual forecasts and an actual value and apply
the system to combine these forecasts or information
from individual forecasting model or different sources in-
to a single forecast f; with higher accuracy or excellent
performance .

4 Evaluation of forecasting effects

In order to evaluate and compare nonlinear combining
forecasting method based fuzzy system, a feasible evalu-
ation index system must be adopted . According to the e
valuation conventions and principle of forecasting ef-
fects, the following evaluation indexes and criteria kave
been employed here:
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5 Application

In order to illustrate the efficiency of nonlinear com-
bining forecasting based on fuzzy inference system
{NCFS) and compare NCFS with other combination
ways, several application examples are given in this sec-
tion. The original data in Examples 1,2, respectively,
are taken from references [ 13 ~ 15, as shown in Table
1. The evaluations of forecasting effects for NCFS are
described in Table 2 in detail. For convinces in compar-
ative analysis, we also give all the evaluations of fore-
casting effects about all methods both individual and

1) Sum of squares eror, SSE = E(y. - 2%,
t=1
where y, and ¥, represent the real values and the forecast-
ing values, respectively;
2) Mean absohite error, MAE = %E |y - %0 13
=1
3) Mean square error, MSE = %VSSE;
4) Mean absolute percent etror,
MAPE = —:;E [ (:Y: —f.)/’;h [
e=1

5) Mean square percent error,

1 - P
MSPE = — Sy - 9073, combining in Table 2.
i=1
Table 1 The original data of forecasting examples
T 1 2 3 4 5 6 7 8 4 10 11
y, 149 186 222 176 196 240 3.6 437 3N0G 4.2
Exampie 1 fi, 10 4.9 233 25.1 17.5 .2 26,4 3.8 52.5 38.5
F 12 15,48 18,95 2243 259 .38 3185 36.33 39.80 43.82
v, 57.0 65.4 754 8.5 9.8 102.7 119.5 143.8 16.7 2010 1.2
Example 2 f, 54.52 62.89 72.54 B83.67 96.51 111.32 128.41 148.11 170.34 197.06 227.31
S 64.68 66,74 68,72 76.61 88.42 104.15 123.79 147.35 174.82 206.21 241.51
Table 2 Evaluation results of forecasting effects
Indices of forecasting effects SSE MAE MSE MAPE MSPE
Individual Method(I) 520.60 6.04 2.28 0. 2251 0.0825
Forecasting Method( I} 199.76 4.1 1.41 0. 1696 0.0599
Wl - 0. 1158
WAM 194,16 4.05 1.3% 0.1649 0.5719
Exmnplel Wz = 0.8842
CF W = 0.2159
WGM 191.35 3.97 1.38 0.159 0.0561
W, = 0.7841
NCFS 183.72 3.60 1.31 0.149 0.0516
Individual Method( I} 795. 59 5.78 2.56 0.0440 0.0156
Forecasting Method ( IT) 338.25 4,96 1.67 0.0474 0.0179
W, = 0.1259
WAM 328.56 4 .80 1.65 0.0443 0.0159
Example 2 W, = 0,8741
CF W, = 0.5652
WGM 449 4 4.28 1.92 0.0334 0.0159
W, = 0.4348
NCFS 283.4 3.98 1.53 0.0306 0.0144

CF: combining forecasting; WAN: weighted arithmetic mean cornbining forecasts; WGM: weighted geometric mean
combining forecasts; NCFS: nonlinear combining based on furzy inference systermn,

ty, smoothing and trend analysis to forecasting target.
Besides, other big numbers of examples also show the
similar results. Therefore, the method (NCFS) is al-
ways recommended such that the best combining fore-

The simulation evaluation results, relative to two ex-
amples, show that ovonlinear combining forecasting
method based on fuzzy system can get the best forecast-
ing effects of all the methods in fitting precision, stabili-
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casting effects can be obtained.
6 Conclusion

The analysis reported in this paper has demonstrated
that the ponlinear comnbining forecasting method based
on fuzzy inference system forms a fruitful extension to
the existing methodology, and contributes new insights
into practical ways to model problems involving large
number of complex and possibly interrelated altematives.
In other words, the nonlinear combining forecasting
methed incorporating fuzzy inference system possesses
adequate generalization capability, leaming properties
and umiversalized capabilities. Further empirical studies
of combined modeling and forecasting of non-stationary
time series in nonlinear systems with this method are
therefore under way.
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