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Al~a'aet：Thisis ooncemedwithtlaedesignaf serf-scheduled s眦 feedback c0II七ro with~uaranteedH。pe商Ⅺ础  

foradassafpl,q~tswith v~,iable operating eotlditic~ ．The is assumedto be deacrl'bed by alinear 噎po蜥 ∞ afWtlxr 

stable∞ fac 衄s oftlae台 h 址tWO托 黜 dve Olx~ting p面如．Base Onthellotiouaf ad H。 

peI蕾 m岫。e，stlffleilmt andileCess~'y eotaditie~sfortlae口is aftlae stato-f~ kH eonlrolk~黜 帅 as 峥  

h疵 Riccali妇 that~Clal~Ot be solved慨 衄．Then sufficient c。 蛔 fortlae solvability afthese_山 蛐  

Rieeatlin 曲岫 is givenintlaeform affiniteLMIs．Intlaisway．tlae desi龃 aftlae st 砌 backH。colatrotleris roduc~lto 

soMng afe．asi~ ty proe m “n∞ 删 bytheseLMIs． 

KeywOr出 ：pI加船with variable operating cc~aditiom ；I-I．~．11tI13t；statefeedback；self-scheduled；I_／dI 

D Ⅺm咀ltcode：A 

工作点可变系统的一种自调度 H 控制器设计 

袁向阳 施颂椒 

(上海交通大学 自动亿系·上海．2。0啪 ) 

摘要：对于一种工作点可变系统，即被控对象表达为两个典型工作点上的传递函数矩阵的正则稳定的既约分 

解的线性内插．研究其 }I蕾的控制问题，提出了一种自调度状态反馈H。控制器的设计算法．并将该自调度状态反馈 

H 控制器的设计问题转化为基于有限个线性矩阵不等式(LⅦ)的凸优化问题．采用现有的凸优化工具即可对其进 

行求解． 

关麓词：工作点可变系统；tt。控制：状态反馈；自调度；I．MI 

1 五Ⅱhl0ducd蚰  

rnaⅡIjcs ofalmost枷 pl~tsin realitywaries acc0Id— 

ingtotlle conditionlmderwhichthe plantis operated． 

Anideato出scdbetllew 缸|衄 ofplant d】Ill llicsisin一 

蛔rpdat a number of representativemodels defined at 

rel~emative。IⅫ咖 l~ints．In【1—5 J，the pl∞tis 

assI]Ⅱ刚 幻 be described by a Ⅱne口 inte~ lation of 

pIq， stable O0_pIimefactoIiza五0ns oftransferflln~ions 

of two~ 'esemtative mcdels．StaNlization~ lems 

tuave been extensively O0IIsideredtNng fixed contmllea's 

in【1，2，4，5 J and IlsjⅡg iI】唧 l砷ed~ntmllers which 

a坤 H唧 iI】terpOl缸i衄 s of oo pIime faemri~ om of two 

st曲jli商ng contmllea,s for the two mpre~3ntative models 

irI【3—5 J． 

In吐lis paper．nlc design of gain-schem ed stage-feed+ 

b0ck~ tmUers with l卸咖1倒 Hm pcdbIm肌∞ for 

m 髓h缸 d_ ：19盼 一0B一23：R 州 d砒e：加 0o一10—30 

醴】d1inte~ latedplantsis~mklered．Itis ass删m。dth址 

Ⅱlc measUI既 of me linear mte~ lation 响皿e缸 is 

availableirI realtime．The僻 u】dI培 st{她 南。d H 

controlleristlme-v~ g and卸幻m撕衄lly’gain sck：d— 

ded’along nlc 咖 of曲 ear onpⅫ *  

ter．Based O11tlle notion of 】adr cH。 pt l叫 啪 ∞ ， 

~ffieiem and lleces．~ry cO玎did0ns forⅡlc existence of 

the state-feedb~ H。controller a∞ fi~dy giw  infi— 

nite algebr~c Rieeati ine~ alities that c~nnot be solved 

direely．The ~ffieiem condition for the solvability of 

Ⅱleseinfinite a】 h Rieeatii~lualitiesis垂v nin妇 

丘岫 of finite LMIs．In this way，design of the sla 

feedback H controller is finally reduced to s01vi】曙 a 

feasibility problem eomtrained bythese LMIs． 

2 Problem fo~ ulafion 

LetcI and G2 betwo repre~ live椭m衙 
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nKdd8ofGthat aredefined attwo n~pmsentatiw  O~Cl"dt- 

ingpoints．Tlle 。p口 stable c叩血ne factoiization ofGl 

and G2 ate definedflS： 

G =NzD7 ，f=1，2， (1) 

肌 ， C-脚 *．TheplantGisdescribed aslinear 

intml~la6onofthefactoriza~oaa E 一6J! 

rG = ND～ ， ’ 

{N=a·N1+(I一口)·N2， (2) 
【D =a·D1 4-(I一口)·D2， 

where,tl(0≤a≤I)is a p~,"amelerwhich rt：presentsthe 

va血ldOn of岫 pl衄tdym ni~ ． 

L眦 m  116] Suppose the minimal re缸Iz of 

Gi(i=l，2)is{Ai，B ，Ci，0j，then ，D satisfym_g 

(1)are 

Dl=

Ai

． ．

- BIF 

whereF is amatrixmakingAl— B eFe stable． 

From [．emma 1，we c衄 辨tⅡ state-space descrip- 

tion of(2)． 

L眦 m 2 Tile intealx)lated plant(2)carI be de- 

scribedby nlefollowing equationsin咖  印aoe： 

f、)- f、)+ 0 (3) 【 ( )
=  (a) (f)， ⋯ 

whereⅡ(‘)istt',c controlinput， (f)isthemeasI删  

output，岛(f)isthe state ofthe plant，and 

ca =【A。 2：：F1 A a—B tF2 F ]， 
)=[(1 曰 】 [c1 c2]． 

Proof From (2)and Letmlla 1， 

(4) 

N =aN1+(1一a)N2= 

r0 A2一 B2F2 c1 B2C C I 一 (一n) I= 【 ， o J 
卜  n 

0 】l 【 ch( ) J’ 

r 一 ，1 A：一 F 。： 曰 1： l
—  如： n一 J= 

： L _[Fi F2] J J 
T~ fom，from temma I， 

c ： ND～ ： ； 
Letthe 血IIg system be 

： 仲( 柑 f)I(5) 【
z( )= ‰( )， ⋯ 

where w(t)is the exo,geneous n，=(f)is the COO- 

trolled output， ( )isthe st出 oftheweighting system． 

Combining(3)and(5)，the oyez'all system cm be 

]=【嚣 ：儿蝴+ 
㈤ 

㈤  
( )=[o' r

‰

xp

(

( t))Jl
， 

y( )=[c (a) 。]L (
f)J
1． y( )=[ (a)O]

L ． 

Denote ( )=[ ( )， (f)]T then(6)is咖 - 

formedto： 

rt( )= ( ) ( )+ l( )w(t)+ 2(a) (‘)， 

{z(f)= 1( ) (f)， 
【y( )= 2(ah( )， 

(7) 

V 

，=【曰 

B一1(a)=【 。]，云 (a)=【 】， (8) 
I( )=[O ]，c2( )=[ (a) o]． 

The pIlr畔 of岫 pap is to d‘姆 a 8~J[c feedback 

con,zo1]~~Ⅱ( )=置( ) (f)that删Ikes吐le chjedb0p 

system stable and 6 <y for a mw  

r(r>0)for any a(f)∈[0，1]．The closed-loop sys- 

ternis as shownin Fig．1． 

Remark 1 Inthispaper，theH controlproblem is 

formed by adding a weigh~ system．Similar results 

c∞ be obtainedwiththe smTle~ ysisinlhis paperfor 

O~IP-Xformations ofH control prob~m oftheintmpolat- 

edplant． 
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Fig 1 The closed—loop system 

3 Design of the self-scheduled state— 

feedback tI eonlxoller 

Le Ⅱn 3f7] Forthe system 

ft(f)= (f)+百l”(f)+豆2u( )， 

{；( )= 1 ( )， 
【y( )：C一2 (f)． 

The ∞蚯d∞t and necessary condition for the exis一 

乜nce of a st劬efeedback conlxoller ( )=Kx(f)which 

makesthedo~l-loop stable and saI娜 lf < 

yis： 

exist e(e>0)and尸(尸=P >0)~tisfymg 

+ 尸+尸( 百 百 一 2百j)尸+ T l<0， 

Kc姐 be c0mm姗。d as：K ：一~⋯-B2P
．  

FromL m  3，we get f0lk啦 k ： 

L明mm4 For system (7)，d sufficient andII。c— 

essafy c0ndi for Ⅱle e五 田Icc of a state feedback 

cc彻 uern(t)= (a) (f)which makes血e cIos0d． 

1oop stable柚 d satisfying < yis： 

There e~ast e(e>0)andP(P=P >0)satisfyi~ 

(a)+ (。)尸+P(吉西 (。))百T(。)一 

西 (a) j(a)P+ T(。)0 (a)<0． (9) 

For any a∈[0，1]． (口)c缸be e~'tmeted as： 

(。)=一~～-B2(。)P． 

MI】l印 IIgP n∞ch of(9)．wec姐get： 

(a)尸。’+尸 (a)+ 豆 (a) T(。)一 

e吾2(a)豆j(a)+P一‘ f(口)01(a)P一 <0． 

(10) 

D眦 ：口=P_。，山eII(10)is位m l讲med协： 

(。)口+ (a)+ 豆 (。)豆 (。)一 

e吾2(。)豆j(a)+口 T(a) (a)口<0．(11) 

L即m衄 5 For虹 syst~a(7)， suflleie~t and 

n∞瞄5ary c0 帆 for(I a【_愠t廿l∞ of a st疵 feedback 

∞曲【0uer (f)= (a) ( )which m 璐 dosed- 

l∞p stable and~tisfymg ll ll <yis： 

There exist e(e>0)arId口(口=口 >0)sa 蛹  

(11)for any a∈[0，1]． (a)c姐be e~'tmeted as： 

(a)=一号豆j(a)口_。． 

Rom(4)aIld(8)，wec姐get： 

B 1： B C： C 2(a)=21+ ，l(口)=1， 一 

rAl—Bl，l 

： l B2，1 
l 
L 2C 

A2= 

BlFI 

— B2， 

0 

一  『0] 

E

A 2 0

C2 A三]， l， ，J 
B1F2 0] 

一 B2F2 0I， 

0 0J 

钮 
C1=【0 0 ]． 

S'ub~timte(12)jⅡ吣(11)，(11)is∞nv删 to： 

(口)+aFl(口)+口 F2(口)<0， (13) 

(口)= t口+ T+{ 研一函2I船+口研 口， 

(14) 

，l(口)= 口+口 —e吾21豆 一e 盐豆 ． (15) 

F2(口)=一e舌 豆墨． (16) 

It c姐 be observed that (口)，F-(口)，F2(口)are 

毋雠町 ma 馏 ． 

The咖 1 For system(7)，the sllffici血t柚d ncc． 

essafy condition f0rⅡle existence of a sta feedback 

con~ller ( )= (口) (E)that makes the el~d- 

loop s~able and satisfies Jf G珊lI <y is：Ⅱm Ⅱ 

e(e>0)and口(QT>0)satisfying(13)for my口( ) 
∈[0，1]． (a)caⅡbe ccn曲cIl曲目as： 

K(a)= 一5⋯-B2(。)Q～． 

h Tl崩玳 m 1，sufficient afIdⅡt，cessary oondi血)璐 for 

Ⅱle exi咖 1比 of st她 删 backtt c0I血nIler缸e - 

eIl硒hffmite all蛳 Ri∞撕in唧址崎 妞 ca咖 t be 

solved directly， 血t∞|】di曲nfor妊 s0 of 
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Ⅱleseiafinit~algebraicRic,cafiiIl。quali峨 will be giw  

intheform offiniteLM Isin thefollowing．Inthisway， 

吐Icdesign ofthe枷 向。dback H ~oatto~ris 坤 

i~daced to solving a feasibility problem conm'ain~ by 

U ． 

L‘蛳 a 6 日be a 2-dimeasional conv~ 

polyhedronthatincludes T=“口，a )l口∈[0，1]}in 

it．D即me (3≤ m< ∞)vI icesof日are：( ， ) 

(i=1，2，⋯，m)．Ifthere exists口suchtlIat： 

Fo(Q)+ l(Q)+ F2(Q)l<0， =l，2，⋯，m， 

(17) 

then口sa1is丘es 

ro(口)+aF1(口)+d F2(口)<0， (18) 

for all a∈ [0，1]．Herc F0(口)，F1(口)，F2(口)∽ 

assumed to be 皿啪 c m址r es． 

Proof Since日is c∞vex，and T={(口，a )l口∈ 

[0，1]}isincludedin日，anyIx~intinTcaⅡbedesm'bed 

籀 a oonx,~x oambiaation ofthem W of日．Thatis 

to say：for any(口o，a5)∈T，there nmst exist̂ “， 

三  

 ̂，s蚯蜥   ̂=1，̂‘≥0．Such nIat： 
i=1 

印：∑  ̂，a5=∑  ̂
￡ 1 iffi1 

Ifthere exists a口suchthat(17)holds，岫 ： 

F0(口)+*1F1(口)+，l，2(口)<0， (19) 

(口)+ 2Fl(口)+yzF2(口)<0， (20) 

Fo(口)+j ，1(口)+ ，2(口)<0． (21) 

Malliply(19)by 1，mal Iy(20)by 2，⋯，multi- 

ply(21)bŷ ，andtakethe$1．1tQof山船n，we咖 霉e七： 

∑ (口)+(∑ l )，1(口)+(∑20,i) (口)<0， 
i，1 LE1 -1 

(口)+口oF1(口)+口3 (口)<0． 

Therefore(18)holds for aIl a∈[0，1]． 

Siacethe sizeof／-／is closely relatedtothe cODserva_ 

fiveaess ofthe evalumi~m ，itis necessatyto construct a 

small size日 for sharp evaluati~m． 

Letthe m(3≤m<∞)vertices ofH∽ ：( ， ) 

(i=1，2，⋯，m)．The nmftieient condilicmforthe solv- 

ability of(13)for alla∈【0，1]carlbe de the 

following condition： 

(口)+ ，l(口)+y (口)<0，i=1，2，⋯，m． 

(22) 

Subsli~ (1a)一(16)into(22)，(22) be 

formedto the following LMI using Schur cc口pl印嘲t： 

[ z，⋯ c 
where 

A=一(_=il 2)口一口( l _=i 2) 一 l研+ 

E( 2l + 2l + 西丝盖三1+ 篮 T丝)． 

Theorem2 Ifthere exist e(E>0)and口(口_r> 

0)酬 曲g(23)，thenthe state盎。曲a出conux~r 

u(f)=膏(a)*(f)，膏(a)=一 ；(a)口～ 

will make the closed-loop stable and s Il c-Il 

< y． 

In Theorem 2，the design of the stale feedback H 

eonttolIer is converted to a feasibility Dl，l哪 COil- 

strainedbyfirdt~L／dlsthatc锄 be solved b I．．MI COil- 

ttoltoolbox． 

4 A design example 

Suppose 

n  + Z n + 耳 0 

百： ， = 可 。 
The ni喵 l realiTsaioll ofCl and C2is 

【 ，Bl= cl=【z 1]， 

A =【 _32】，B：=【4]，c = 0- ， 
and F1。F2 are sele吲 as： 

，1=[7 5]，F2=[1 4]． 

Supposetheweighing system is 

f*．(f)=2．7"(f)一2．7y(f)， 

I：(f)=‰(f)． 

The pIlIpo∞ is to design a stale feedback oaatmller 

that male．s the closed-loop system stab~ and satisfies 

_l _l <1． 

Fig 2 Construction ofH 

维普资讯 http://www.cqvip.com 

http://www.cqvip.com


I-lea'e／／is constructed byfour straightlines： 

= ，y=2 _lI =号 一号，y=o 
showninFig．2．Four vertices of／／aIe 

(0，0)，({，o)，(言，了2)，(I，I)． 
The solmie~a c befb1Ⅱld byMA'IIAB： 

Q= 

79．蹈醴 一 ．9 l咽．35l8 —31．∞ 6．3668 

一  
．卿 175．册 一 ．1趼 甜．4l舒 一2．9蛔B 

l咽．3518 一 ．1鄹7 597．哪 一111．7 1．鹅 4 

— 31．∞ 甜．4185 —111．72 8l玎 l_,1610 

6．3668 一{．9I∞ 1．2384 1．4610 5．啦7 

￡ = Z ．1 7． 

And dle self-scheduled statefeedbackH controller can 

be really comm,,ted： 

u(￡)一 ～B2(口)Q一 (￡)， 

豆j( )=[0 4—4a 1一 0]． 

5 ~ dusion 

"INs pap盯 h蜀 cc呱 1衄edthe design of self-~ eduled 

taIe fee~ aek controllers with guaIalm cd H perf0r_ 

Inancefor a class ofptan~withvariable 0l目咖 condi- 

0Ⅱs．Designof sucll a controlleris~ veaedto solvi~  

afeasibilityl~ blm  contained by f~ite UⅥb 恤 clln 

be solved by cc蚰埘eIcia山y a'~ailable LMI旺ntrol ∞l1． 

b呸 ．1tIe effective~ of dle p10p0s。d algorithm is 

出釉咖st by a dedgn example． 
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