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Abstract: Moment stability of linear stochastic systems with colowred noises is investigated, an algebraic criterion with
matrix ejpnvalues without computation for square root of matrices is obtained, an example is given to illustrate the method of this

paper.
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1 Introduction

To describe the stability of stochastic systems, various
stability conceptions is introduced. For engineering
problems, a suitable conception is the moment stability .
The moment stability mostly used is the mesn-square
stability, i.e. the 2-moment stability!!. It is obvious
that moment stability with higher order implies better
convesgence of the states of systems. General moment
stability was investigated in some literature, €.g. in [2,
3] etc. ,but few result on moment stability of stochastic
systems with coloured noises is obtained. In [3] the Lie
algebra approach was introduced to investigate the mo-
ment stability of the coloured noise systems. In (3],
under certain simple conditions, the moment stability of
the systems was finally decided by the existence of posi-
tive definite solution matrices of some Lyapunov-like
matrix equations. While no method was given to verify
whether there exist positive definite solutions to the Lya-
punov-like matrix equations. While no method was giv-
en to verify whether there exist positive definite solutions

to the Lyapunov-like matrix equations. In this paper, we
will give some algebraic criteria to determine the exis-
tence of the positive definite solutions and give an alge-
braic algorithm for the problem.
2 Conception

Consider linear stochastic system with coloured noise
parameters

% = Ax+§3;,x1];‘(t), (1)

where x & R*, A,B, & K"*" are constant matrices,
fm(e)t, & = 1,2,,m, are zero-mean stationary
Ganss processes with correlation matrix
Ry(z) = El5(t)9"(z - )], (2)
where () = [ {2}, p(e), -, 5, (2} 7.
Define the spectral density matrix of the stochastic
process {1 ) as
Spliw) = FLR,(0)], (3)
where F refers to the Fourier transformation. It is as-
sumed that the elements of S, (0) are bounded.
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Let p be a positive number, z, € R, for xp € R",
the solution process of (1) is denoted by x (¢, 25, 29},
or simply by x(t).

Definition 1 The equilibiium x = 0 of system (1)
is said to be exponentially p-moment stable in large, or
briefly p-MESL, if for any zo € ", there exist positive
oumbers a > 0,3 > Osuch that for any rear-rangement

£1:82, " 2%, Of 21,20,°"7, 2, and positive numbers
P1:P2:""sPn With p1 + p2 + ° + P = P
| E[ #8185 4 ] | < ae Pe) forp = 1o

Definition 2 A subset A of R™*" is said to be a Lie
algebra if forany 4, B € A,[A,B] = AB- BAE€ 2.

Set A = {A,By,Bs,"**,B,} ., let A(A,B1, By, ",
B,,) the Lie algebra generated by A , i.€. the minimal
Lie algebra containing A, By, By, ", Bp.

Definition 3 Given a Lie algebra A , define its de-
rived series by

Al = A,

Al = am 2] = {[4,B]) A,B € 2%,
Ais said to be Abelian if A'Y = {0;A is said to be
solvable if A» = {0} for some n .

By [ 2], a matrix Lie algebra A is solvable if and only
if there exits a nonsingular matrix P such that PAP~! is
an upper triangular matrix for all A € A.

3 Lemmas

Consider also the linear stochastic system with white

noises
dx = Azdt + o BudW,, {4)
k=1

wheres .k = 1,2,---,m, are non-negative constants
describing the noise intensities, W = [W,, W, ",
W, 1" is an m-dimensional Wiener process with indepen-
dent components satisfying

E[W,(¢)] = 0, E[W,(:)W,(s)] = min{t,s].

Lemma 11 1) The equilibium x = 0 of I3
stochastic system (4) is mean-square asymptotically sta-
ble if and only if for any given positive definite matrix
€ R**", there exists a positive definite solution matrix
to the Lyapunov-like matrix equation

ATP 4+ PA+ 2 a3BPB, = - ¢, (5)

k=1
2) For given positive definite matrix ¢ € R"*", there
exists a positive definite solution matrix to the Lya-
punov-like matrix equation (5) if and only if the matrix

M=Aeﬂ+zm:ain®B,‘, (6)
k=1

is a stable matrix, i.e.. Re A(M) < 0, where A A = I,
@A +A®I ad @ is the Kronecker’s matrix procuct.

Lemma 2/2%  If the Lie algebra A{A, By, By, Bn)
is solvable, then the equilibridm » = 0 of system (1) is
p-MESL if for any given positive definite matrix ¢ €
R**", there exists a positive definite solution matrix to
the Lyapunov-like matrix eguation

[4+ 25 5,088 +

P[A + ii} isw(o),ﬁ,ﬂ,] +

rel g=1

2 E 335,,(0),8,PBT = - Q. N

r=l a=1

4 Algehtmcmtenmfornnnentstabﬂity

Although criteria were given to determine the moment
exponential stability of system (1) in Lemma 2 with
Lyapunov-like matrix eguations, and this kind of matrix
equations are not standard Lyapunov matrix equations or
Lyapunov-like matrix equation of the form of (5), one
can pot verify the existence of the positive definite solu-
tions with standard tocls, e.g. MATLAB.

Since SW(O),,,r,s = 1,2, --,m may be negative, we
can not directly write Spy(0),, a5 [Sp(0), R[S, (0), ]2
and then change (7) into the form of (5). Here we
rewrite equation {7) in the form of (5) and thus obtaip
the following result.

Theorem 1 Assume that the Lie algebra A (A, B,
B,,---.B,) is solvable, let

[S’Fn‘(o)]é = [gn]mxmi Ek = ggriBr’

Sn(0),85,| @

[]s
[

Mg = [:‘l +

r=1 a=1

Pl
[V]a
AN

[A + SW(O)”BPB.]

any
;.-

r=1l a=

%E]Ek () EE) (8)
then the equilibrium x = 0 of system (1) is p-MESL if
and only if M) defined by (8) is stable.

Proof  Since [ $,(0),, 12 = [ g Jmxm is Symmetric,
we have

2 E E 2 £+8uB.PB; =

k=1 k=1l r=1 4=

P Z <&uBPBT = ) 21 5,(0),B.PH,
7) can

r=1 a=1
be rewritten as

r=1 1

thas Eq. (7).
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PR -8 0 S5 0
[A 4 Zf E; S”"(D)"B’B']P * . 1 -1 0 5
a o T, - W=y o -1 5|
ya PN per
PlaE D3 5,080 +£ S BAT=-0. 2 1 1 12

(9)

By Lemma 1, the existence of positive definite solutions
of (9) is equivalent to the stability of the matrix
G -—[A +‘EEES (O)rrBrBt] ®

r=l s=1

m m

> 50088, +

% Bl ® Bl. (10)
1

In fact, we have G(;) = M}, , from this and by Lem-
ma 2 we get the result of Theorem 1.

Remark 1 With the definition of B;, one can
rewrite M) into

Mo <[4+ 25 55,0880

[4+2 230 5, (00,88

flEs (0),,B, @ B.. (11)

re] 2=

which is convenient for the practical applications, for we
do not have to compute the square root of the matrix
55(0).
5 Example
letn = 2,m = 2 ,and
A:[-m 5 . B, = 1 0},
-5 -9 00
E[p(e)p(e- )] =
E[led (e - )] = exp(-1 £ 1),
E[p(e)m(s -7)] = 0.
One can show that A( A, B;, B,) is solvable.
A computation shows that the spectral desity matrix of
the noises at zero is S,,(0) = diag(2,2).
For the case p = 3, with MATLAB we easily get
-2 5 5 0
4 -8 0 5

=0y

M = )
M=rs o -8 5
3 4 4 -1
o( M) = {3.6406; —8.3094; —16.3310; —8.0000].

Thus, by Theorem 1, system (1) is not exponentially 3-
moment stable.
For the case p = 2, we have

(M) =1-5.1739; ~12.9130+0.7946j; —11.0000} .
By Theorem 1, system (1) is exponentially mean-square
stable.

The simulation curves of the system are shown in Fig. 1.
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Fig. 1 Simulation curves of the system
6 Conclusion

In this paper, we have investigated the moment stabil-
ity of linear stochastic systerns with coloured noises, in-
duced the condition with non-standard matrix equations
into a criterion with computations of eigenvalues of asso-
ciated matrices with the systems. The criterion does ot
involve computation of square root of any matrix, so, it
is very convenient for engineering applications.
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