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Ab吕血act：Mome~ stability of llaear stt3dla~~systems wilh∞I嘎嘟  s is investigated，粕 al窖B嘶 c ct'itl~on wilh 

x eignval~eswithout。o pII嘶衄 for squa~rootofm is obtained，arI exampleis giventOillustratethemeltat~ofthis 

paper 
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具有有色噪声的线性随机系统的矩稳定性 
邓飞其 陈金堂 刘永清 

(华南理工大学自动控制工程系·广州．51~40) 

摘要：研究具有有色噪声的线性随机系统的矩稳定性，得到了无需计算矩阵方根的矩阵特征值代数判据，并用 

实例演示了文中的方法． 
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1 Introduction 

To describethe stability of stochastic sy6telllS，various 

stability concepdons is inlroduced．For engJnee~  

pr0b】elns，a suitable ooncq 。nisthe n~omcnt stability． 

The fn0Ⅱ黜 c stability 1710Stly used is the Ⅱ 粕 一square 

stability．i．e．the 2-moment stability ．It is曲 vious 

血越 加0r嘧 比 stability wi山 higher order maples better 

convergence of the s 船 of systems．General moment 

stabilityWaSinvestigatedin sc literature，e．g．inl2， 

3J ete．，butfew result Oilmoment stability of stochas~c 

systems with coloured m is obtained．In l3 J the Lie 

algebra approach WaS introduced to inwstigate the too- 

merit stab~ity of the coloured IlOi~ systems．In l3 J． 

under certain simple condilJons，themoment stability of 

the systems was finally decided by the ds rIoe of posi- 

tJve definite solution matrices of Ⅺne LyalamOV．1ike 

matrix equations．砌 e11o mettmdwas givento verify 

w}IcIher there exist D0sidve definite solutions to the Lya． 

ptmov。like matrix equations．Ⅵ ∞ melhod was giv- 

ento verifyw} 蛔 there existpositive definite soludom 

totheLyapunov-likemaUix equations．InINspaper．we 

will give s0rne algebraic criteria to detearaine the exis— 

tence ofthe posi~ve definite solutiom and give∞ alge- 

bl~ic a 耐 mm forthe problem ． 

2 Conception 

Considerlinear stcc．hasdc system with12olollted noLqe 

p~a'araeters 

： Ax+∑ ( )， (1) 
I=1 

where ∈ ， ， ∈ aIe o0ⅡsI柚t ma廿iocs， 

{ ( )}， =1，2，⋯，m，aIe l曲 ∞ary 

Gmss processes wi山 correlation m 

R (r)=E[ (‘)矿(t—r)]， (2) 

(‘)=[7l(f)， 2(f)，⋯，‰(f)]T． 

Define me 印删 density m蛐扭 of the 

process (t)as 

s聊(jm)=F[ 种(r)]， 

wh既e F refers to t}le F。Ilrier transformation 

sumedthatthe elements ofS (0)are bounded 

Imda ∞ i 钟pp。fl越 by the N； f N帆Ⅱ Soiree Imd_i∞ of( ( 盯40I5)蚰d Q岫e衄 g胁  血raI scie∞e RImiB由n 

(970497)． 

R∞ 酣 d劬巴：19o~9一IO一12 

— 
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Letp be apositive ntnnb~，to∈ ，for o∈珊 ， 

the solutionproc~$of(1)is denoted by ( ， o， o)， 

Or simply by ( )． 

Definition1 The equilibrklm =0 of system (1) 

is saidto be％pc仉e嘶aIly p_m0玎Ⅻlt stableinlm-ge，Or 

br~tlyP-MESL，iffor any 0∈ ，there existl~itive 

numbers口>0，．9>0 suchthatfor any rear-rangement 

l， 2，’。。， n，of 1， 2，⋯ ， “，and l~ itive mmlbea's 

pl，p2，’。。，p with pl + p2 + ‘’’ + p = ， 

I E[ 1雌⋯ ]I≤口e— 口)，for ≥to． 

Dd缸 i0n2 A subset ofⅡ is saidto be aLie 

algeNaiffor卸yA，B∈ ，[A，B]=加 一BA∈ ． 

Set̂。：{A，Bl，B2，⋯， }，let A(A，B1，B2，⋯， 

)Ⅱ1e IAe algebra geaerated by A0，i．e．Ⅱ1e 

IAe algebra eoatmning A，B1，B2，’一⋯B 

D赶-m缸0II3 Given aLie algebra ． its de- 

rived series by 

O
：  ． 

(̂ )=[A ，A ]={[A，B]I A，B∈ }． 

is said to be Ah肚m if̂ 【lj： {0}； is said to be 

solvableif J= {0}for soIIle n． 

By[2]，ama~ixLie alg曲nAis solvableifⅢld 
ifthere exits aII(m虹 缸 ma恤 P suchthmPAP一‘is 

蛆 u挪盯 廿i卸gIl for allA∈ ． 

3 Le珊 nas 

G0mider also吐1e linear stochastic sys缸n with white 

noises 

dx： dc+∑ d ， (4) 
●=t 

， = 1，2，⋯ ，m，a∞ n0n_ncg鲥 ve con蛐  

desa蛐 g吐1e noise imImsi妇 ， = l I， ，⋯， 

] is aIlm一曲I婿Isi伽 Wiener p10aesswith_唧Iep盯1- 

deot compc ts龇 s吨  

E[ (t)]=0，E[ (t) (5)]=ⅡIin“，sf． 

L删脚 1【 · ] 1)Tie田umbIium =0 of n6 

曲)ckIs此 sys蜒m(4)is m sq岫rc asympmtieally sta- 

bleifaⅡd onlyifforany givent~itivedefinite rn xQ 

∈ ，there exists a p0sidve definite solutionma~ix 

to吐1e Lyaptmov-like ma~ix eq~ on 

ATp+PA+∑ 扭 ：一Q， (5) 
^；】 

2)Forgiven dve defmitenⅢt血 Q∈ ，there 

exits 11 positive definite solution nla舡ix to 吐1e Lya- 

p咖 m罅ma舡ix eq_u l啪 (5)if珊 onlyif吐1ema舡ix 

= A 0 A+∑ 0 ， (6) 

is a stableII锄【j】【，i-e_．Re (M)<0，、 A0A=厶 
0 A +A0 0 isthe 叩。妇 ’s x 妯n． 

Ldm  2【 · ⅡⅡ1eLie algebraA(A，B1，B2， ) 

is solvable，廿船 吐1e。quil涮 I_皿 =0of system(1)is 

~-NESLiffor any given positive d m Q∈ 

腿 ．therea【i b a positive def~aite solud0nma舡lxto 

tlleLyal~ ov-likema舡ix e‘lu鲥0吼 

【A+号耋 c。 ，】P+ 
P 喜喜s 。r+ 

号∑∑ (o) j=一Q． (7) 

4 AIg jcqit咖  瑚啊 鼬 bili婶 

Alt}Ⅲ eriteaiawere giV∞ to dc妇面De吐1em t 

exponential stability of s啪 (1)in L∞m  2 with 

Lyapunov-like皿曲 ix equ~iom ．脚1d曲Lis ofnIa舡ix 

eq 讲1s aIeImt曲mdⅢdLyat~novma舡ix c【 s or 

Ly~unov-likeⅫ【枷x equation of吐1eform of(5)，olle 

c柚 Imtw 吐1ea出把珏ce of吐1epositive defmite solu- 

tions with standard tools．e．g．M A1I-AB． 

Since 【0) ， =1,2，⋯，mmay be ve， 

c卸n 蛐  (0) 胬[ (o) [s聊(o) 

∞d血en cl1aII (7)into吐1e form of(5)．Here 

te 0qu ∞ (7)jn吐leform of(5)a耐吐llls oNai~ 

吐1e following result． 

硼1eman1 Assume廿Iat吐1e Lje algebrâ (A，Bt， 

曰2，⋯，B )is solvable，let 

IS (o)] ：[ ]⋯ ， ：∑ ， 

㈣ =【A+ 耋 s c。 】。 

寺娄娄s ，】+ 
∑ 0 ， (8) 

thenⅡ1e eq 】i =0of sys锄 (1)isp-MESLif 

md if眠1)defined by(8)is stable． 

Proof Since[sw(0) ] =[g ]⋯ is Syl~ C， 

have 

∑ 嘲 

∑∑∑占 曰 j=∑∑s (0) ， 
r；】 ●=t I=】 ⋯ 1 ；1 

thusEq．(7)cm be rewritten as 
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A+ 宝
r=l i=l 
s (。) 】P+ 

P【A+ 蓦善 (0) 】 +号毒鼠觏=一口． 
(9) 

By La加 a 1．1headst∞oe ofpo~five蛳 lIi把solutions 

of(9)is equivde~ttolbe stability of凼e nmtlix 

G⋯：【A+号耋 s r。 

【A+ 姜薹s c。， r+ 
导宝 10 (10) 

fact，wc haw G(I)：M}I)，fromthis andbYLeln- 
lm 2we get山c result of l。0m 1． 

Remark 1 With flae definition of ，0ne can 

rewfit~jIf(I)into 

‰ =[A+号喜蓦s ) 】。 
【A+号 

t=l s=l 
s (。) 】+ 

詈 s (0) 。 ， (11) 
whichis convenientfor 山ctxacdcal applicatkms．forwe 

do n0t have幻 c0 pI]睡 山e squam root of山c matrix 

s啊(0)． 

S Example 

Let = 2。m ： 2 ，and 

A ：f__ ，】，Bt=【 ：】，B ：【 ：】， 
E[ 1(1) I(f—r)】= 

E[ (f)啦(c．r)]=exp(一I r I)， 

E[ l(f)啦(1一r)]=0． 

One∞n showthat (A，BIlB2)is solvabl~． 

A cora0utat~ showsthat山c spectral desitymalrixof 

lhe nois~at Dis s (0)=diag(2，2)． 

For lhe cascP：3，with MA'ILAB easily鲋  

卜 5 5 0 1 

‰ =l 4_0。 5f' l 
3 4 4 一llj 

(帆1))：{3．6406；一8．3 ’．16．3310；一8．0000}． 

Thus，byTheolem1， 蜘 (1)isnot~~ptmenfially 3- 

n∞n龇  出k． 

For廿le caseP = 2 ．Wchave 

卜 8 0 5 0 1 『
1 —11 0 5 l 

” l 1 0 -1l 5『， 
L 2 1 1 —12J 

d(肼(I1)={一5．1739；一12．9130+0． 蛔；一11．0000}． 

ByTheorem1，system(1)is~XlXmCnfiallymean-square 

stabl~． 

Tk simulation of岫 syaem Ⅲe shovalin ．1 
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Fig 1 Simu1ation curves Ofthe stern 

6 Conclusion 

Inthis paper，we haveinvestigated thenxyal~nt stabil— 

j ofHne盯 sUrAmstic systemswith coloured nois~ ，in— 

doced the condition with non-standard matrix a 0ns 

into a criterionwith comp．】tali0ns ofeigenvalues ofasso- 

ciatedmatrices with the systems．The criterion does not 

involve c0ⅡpIJta on of square root ofny matrix，so，it 

is very convenient for eng~ g applications． 
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