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Abstract: We address the problems of robust H.. control for & class of uncertsin discrete time-delsy systems. Using the
linear matrix inequality (LMI) approach, both the necessary and sufficient condition for the existence of robust siabilizable con-
troller and 4 necessary condition for the existence of robust stahilizable with a disturbance attenuation controller were derived.
‘Two types of memoryless state-feedback controller have been designed in tenms of the solutions of such LMIs respectively.
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1 Introduction

The time delay is a major source of instability and en-
countered in various enginecring systems. The stabiliza-
tion and robust H.. problems of these systems have at-
tracted many researchers (Choi and Chung!'); Li and
de-Souza®; Yu, Chu and Sul®; Kapila and Had-
dad™} , but most of them are about continous systemns .
On the other hand, the problems of robust stabiity and
H.. performance for discrete-time systems with paramet-
ric uncertainty have received considerable attention (de-
Souza, Fu & Xie™™); Li Y C and Xu X M¥; Yu[") and
their references) . Despite the significant role of time de-
lays in discrete-time systems, little attention has been
paid to the class of uncertain discrete-time systems with
delays. Robust stable and robust H, control were con-
sidered in Song and Kim!® and Mahmoud!®) by using
Lyapunov functional approach, however the discrete
Lyauncv equation is conoected in nonlinearity with sys-
tem state matrices, it leads to more difficult to deal with
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the uncertainties of discrete systems.

In this paper, for a class of uncertain discrete time-
delay systems, the conditions of robust stabilization with
a disturbance attermation 7 are investigated. The memo-
ryless state-feedback controllers have been constructed by
solving LMIs using the existing efficient convex opti-
mization techniques.

2 Problem statement
We consider a class of uncertain time-delay systems
represented by

x(k + 1) =(A+AA(k))s(k)+ A x(k-d) +

(B + AB(k))u(k) + Gu(k), (1)

z(k) = Cx(k), (2)
where x (k) € R is the state, u(t) € R™is the control
input, w(k) € R? is the disturbance input which be-
longs to 4,0, » },2(k) € R? is the controlled output,
d i5 a kmown positive integer representing the amount of
delay. The time-varying uncertainties AA(%},AB(k)
are assumed norm-bounded matrices with
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(AA(k) AB(%)] = DF(K)LE E:], (3)
where D, E;, E, are known constant matrices and the
properly dimensioned matrix F(k) is unknown but
nom-bounded as

FlRF(k)y < T, VE (4)

In this paper, suppose (A, B) is controllable and the
states of system can be measured directly. We will de-
sign state feedback control law for system (1) ~ (3)
such that the closed-loop system is asymptotically stable
and vnder zero initial conditions, the closed-loop system
is robustly stable and guarantees that || z(%) [, <
Yl (k) 2, VO % w(k) € 1,[0, ) independent
of delay.

Before main results, we give some lemmas.

lﬂmll[s] Given any constant square matrix A , if
there exists a matrix0 < P = PTsuch that ATPA - P <
0 balds if and only if there exists a matrix X > Q satisfy-
ing

[—X AX
T o-x

Lemma 21 Given constant matrices W,D,E

where W = W7, then

W+ ETFT'{(,k)D" + DF(K)E < Q,
where F( k) satisfied FT(k) F{k) < I, if and only if
forsomee > 0,W + e 'ETE + eDD" < Q.

Lemma 31! Given constant matrices M, L, W of
appropriate dimensions where W is symmetric, for d >
0,6 € R, then

W MTLe® | [TMe ™ < 0,
if and only if for a matrix0 < Q = QT,

W+ MQM+ LTQ'L < 0.
3 Robust stabilization

We firstly consider the unforced disturbance-free por-

tion of the actual system
2k +1) = (A + AA(E)x(k) + Ajx{k - d) +

(B + AB(k))ulk). (5)
We are concemed with designing & memoryless linear
state feedback control law

ulk) = Ky2(k), {6)

such that the resulting closed-loop system
x(k+1) =
[A+AA(K)+{B+AB(k))K Ja(k)+A1x(k-d) =

<o

(A+04 +(B+ABYK + Az ¢1x(k) (D)
is quadmatically stable for all admissible uncertainties,
where z = ¢%,6 € [0,2x].

Definition 1 The system x{k} = Ax(k) is said to
be quadratically stabilizable if the difference of the Lya-
punov function V;(x) = £T(k)Px(k) satisfies

AV = Vi - Vi =
aT(RY(ATPA - Pyx(k) =- o |l x(k) || %,
for all x{k) € R*, whereQ < P = PT, a > Q.

Theerem 1 Givene > 0andQ < @ = QT, system
{7} is quadratically stabilizable if and only if there exist
matrix X, and symenetric matrix X > 0 such that

eDDT+ A1 QAT-X  (A+BK )X Q

X(A+BK)T -X+X0X X(E+EK)"| <0
0 {(Ey+ 5K )X —ef

(8
has a stabilizing solution X > 0 and X, then u(k) =

Kyx( k) is the desired control law.

Proof By Definition 1,(7) is robustly stable if
§TPS- P <0, (9)
where

S=A+AA +{(B+ABK; + 27%,.

By Lemma 1, (9) holds if and only if

-X (H + Aje” )X
X{HT + ATe ¥ X <0
(10)
where

H=A+ BK, + DF(K)(E, + E;K,).

Definite
[ -X (A + BK,)X]
W= .
X{A + BE))"T -X
It follows by Schur complement and Lemma 2, 3, for
samee > 0and0 < Q = QT, we have

M-X (A + BK)X
[X(A +BED)T  XNX-X ] <0,
where
M = eDDT + 4,047,
N = e (Ey + E.K\)T(E, + EzKp) + Q.

Using again Shur complerent {11) is equivalent to (9) .
Theorem 2 Given a scalare > 0 and a matrix0 <
Q = QT, system {7) is quadratically stabilizable if and
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only if there exist matrix ¥ and matrix X > 0 such that

M-X  AX}+BY 0 0
{AX+BY)' -X (B X+EY) X
0 EX+EY - o [<©
5} X 0 Q!
(12)

Moreover, a suitable control law is given by u{k) =
YX-'x(k).
Proof By Schur complement, (8) can become

M-X AX +BK, X ¢ 0
(AX+BE X -X (EX+EKX)T X <0
0 EX+E KX ~el 4]

4] X 0 -g!

(13)

Let ¥ = KX, from Theorem 1 we obtain (12).
4 Robust H,., control

We are concemned with desipning a memoryless linear
stale feedback control law

u(k) = Kox(k),

such that the resulting closed-loop system

x(k+1) =

[A + AACK) + (B + AB(k))Kx]x(k) +

Ak - d) + Gol(k) = Ax(k) + Go(k), (15)

(k) = Cx(k) (16)
is quadratically stabilizable with a disturbance attenuation
7. where

A = A+ AA(K) + (B + AB(R))K, + A7,

z = &% 8¢ [0,2n).

M1+7r266T-X AX + BZ

(14)

0 E]X + Ezz
0 X
0 9.4

Moreover, a suitable control law is given by u(k) =
ZX'x(k).

Proof The proof can be completed in a similar way
to Theoremn 2.

5 Conclusions

For a class of uncertain discrete time-delay systems,
this paper has provided conditions such that the closed-
loop system is robustly stable with a prescribed Ha per-
formance. Two types of memoryless state-feedback con-
troller have been designed by solving certain LMIs.

Lemma4 Let G{z) be a real rational transfer func-
tion matrix with nonminimal realization 6{(z) = C{af -
A)-1G. The following statements are equuivalent:

a) A is Schur-stable and || €(zf - A)-'C | = < 7

b) There exists a matrix 0 < P = PT satisfying ¥*7 ~
G"PG > 0 such that the inequality
ATPA-P+ATPG(7y*1-G'PG)-'C"PA+ C"C < 0.

Theorem 3 Given a scalar ¥ > 0, system (15),
{(16) is robustly stable with a disturbance attenuation 7 if
there exist a scalare > O and a matrix 0 < @ = @Tsuch
that

M4+y2C6-X (A+ BK)X 4]
XA+ BT -X+X(C+ Q)X X(E+EK)T | < 0
0 (E] + Eng)X — el

(17)
has a stabilizing soluion XT = X > O, then u(k) =
Kox{ %) is the desired control law.

Proof By Lemma 4, system (15),(16) is robustly
stable with H,. performance 7 if
ATPA — P + ATPG(¥*1 - C"PGY'C"HA + CTC <O

(18)
Using Schur complement and Lemma 1,3 and the apphi-
cation of the same technique as Theorem 1, the proof is
completed.

Theorem 4 Given a scalar ¥ > 0, system (15},
{16) is robustly stable with a disturbance attenuation ¥ if
there exist a scalar e > O and a matrix 0 < Q = QTsuch

0 6} (AX + BZ)T
- &l 0 0
& < 0. (19)
0o - 0
0 0 -1
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bination operator and gene leap operator continually pro-
duce new schemata, while selection opemator, on one
hand, maintains the excellent schemata with high fit-
ness, but on the other hand, falls into disuse bad
schemata with low fitness. Similarly with TGA, through
genetic operator processing schemata, the individuals in
the population continually move towards the optimal in-
dividual in PGA, finally the optimal solution can be
pained.
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