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不确定广义系统鲁棒区域稳定性 
赵克友 

(青岛大学电气与白莉化工程学院-青岛，266071) 

摘要：本文涉及广义线性系统的 稳定性及不确定广义系统的鲁棒 稳定性，其中D是由线性矩阵不等式 

(【MI)来定义的且称为LMI稳定性区域⋯，给出LMI形式的有关判据及用于计算系统矩阵中不确定参量阵摄动 

“半径 的凸优化算法． 
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1 Introduction 

Generaliz~ systems，also called singular systems or 

desc p∞ systems，have some special characteristics and 

natures which are 11o1：scen in the tradi6onal sys— 

terns[ 
． ∞嘶 the LM1 approach has been widely 

us。din the analys~ and synthesis of conuol systems． 

Ref．[1 J jIl血I)dI∞。d I．,MI stability坤gi∞s in the COlll— 

plexpl肌e 吐l the tlelp 0f an LMI formula．Since the 

in~ ction offiniteU咀 ~gionsis also LMI region． 

TheLM1 stability n：gioils include allnost all ofthe im— 

port~t stability n：gic~s．Ref．[1 J gave a ciiterion for 

theIaMI region stabilityoftraditionallinear systemswith 

the be of∞ LMI．111is paper intends to di!n1ss the 

LM1 region sta~ ty ofgeneralized systerm，give a C-Or‘ 

rcsp0l1diⅡg LMI-type etiteriort，analyze the LM1 region 

stabilit~rol~llless of1．IPaCl~'laill g∞ ized systems，and 

also givethe steps for calculating the admissible pertttr‘ 

balioln ritdius ofuncertain pc 】击。d systems- 

／n this paper，皿，G and G—denote the real axis， 

complex pl觚e，and the open left half complex plane． 

respectively． statds forthe e~ajugate H血ber ofOCYfl[I- 

p】髓 =，sI】pe pt for the conjugate位 lspose of a 

vector ormatrix．aIld supcm：riptTforthe也m ofa 

vector Ormat／ix．LetIbem identitymatrix．whose di— 

mension is kept orL subscript in a necessary ca∞．The 

symbol 0 denoles theKroned~ productofnlllttJc．1~．It 

can be provedthat(材 @Ⅳ) = 0 ⅣT，柚d(仰 ) 

圆 (MN)=(A 0 IIf)( 0 N)， >0( <0) 

础e蛐 is asymmetric andpo萄 Ve(r嘴 Ve)de缸 te 

m曲h．ffA一 >0(a—B<O)，tIl∞ 血I ydenoted 

it withA > ( < )． 

2 P】De ∞ ades 

( 商d口 血e fo【 ng generag~  s劬 ： 

= ( +砭 c) ， (1) 

wh e昱，A，F，锄m C a肆 x ，n × “，n x p，p x n 

佗a王Ⅱ垴埘ces．rer,[~ vely，∞d0 ( 瑚 k = ，( n， 

tbe ge~ralmxl stalew~．or ∈ 蕊 ．三denotes ap×p 

uncertain pi琅m1e廿ic ma血i)【．It belongs to the following 

perturbation class 

n 圭{三：三三 ≤ 』}． (2) 

★ 啦 l啪 i岫 ：q 州 by oⅡal sd∞  枷 0Ⅱof‰ 1蛐  (愧 0瑚 B) 
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(E，A+F~G)simply denotesthel埘IccTta_m system(1)， 

and(E，A)its n DiⅡal one．A(E，A)± 1 ∈ ： 

det( 一A)：0}，and calledthe setoffimte eigenval— 

lies of(E，A)．Obviously，A(，，A)= A(A)is just 

the set of~igeuvalu~s ofA．A nurabcrofdefinitions and 

D d西 舡 listed below for generalized systems。叩 一 

sid~-edinthis paper． 

1)(E，A)is call~ to be吣 if det( 一A)is 

notidentically aero；tobe_m1pulse—fleeifdcg det(sE— 

A)=rank E． 

2)(E，A)is calledtobe stableifA(E，A)c 一；to 

beD—stableifA(E，A)c D． 

3)(E，A)is called to be admissible if it is regular 

hD口lIsc．丘ee and stable；to be D—admissible ifit is regu— 

lar impulse-flee and D。stable． 

4)(1，A)is admissibleifA is stable，i．0．，A(A)c 

e一．(，，A)is D．admissible if A is D—stable，i．e．， 

A(A)c D． 

5)(E，A+厄 c)is called rdmslly D—stable(a~]Js— 

sible)if(E，A+厄 G)is D—stable(admissible)forev— 

ery三 ∈ n ． 

6)For any n×n咖 sjn{；IlIarmatl~ P and Q，LE， 

A)is D．admissible if and。Illy if(PEQ，PAQ)is D— 

admissible；also(E。A+厄 G)is robust~ D—admissi— 

bleif and only if(PEQ，P(A+砭 G)Q)is robusdy 

7)Suppose(E，A)is Iegu1 趾d i玎】puI∞。 ee，there 

must exist11．×n aonsingularlllatl'io~sP andQ∞that 

PEQ ，PAQ=【 
W ithoutthe loss ofgenerality we cm assB111ethat 

A ： 
l

o

t
1，

㈣ I厄G=【 F I~
⋯

G2]， 

一 F ：【 】枷G：【乏】 —脚s 
blocks corresponding widlE． 

L咖 a 2．1 Su )∞0 

< ， (4) ‘ ’ 

where；(·)In themaximal singular value of al'Ba— 

niX．thenthe system derml~by(1)一(3)isIegu1ar and 

impulse-flee for every三 ∈ n ． 

Proof Condition(4)impliesthat(L一，+F2三 )is 

nonsi~gular for V三 ∈ n ；the latt~l"insures the ira- 

pulse-fi~e of(E，A+厄 G)；of colrsethe regul usis 

insured． Q．E．D． 

The fonow~ refers to the LMI region． 

Definition 2．1L j We called an open regionD to 

beLMI regionifit is definedby 

D± { ∈C：U+zV+ <0}， (5) 

where U ： t／r and V are both， ×， teal raat~es． 

R~nark Since the intersection of finite LMI re— 

gi0ns is also m LMI region，so the whole of all LMI 

stability regioas contains almost evely of -mlp枷  

stability Iegi0ns，for instance，the open left complex 

pla~e，蛐 sector，ei~ele Ie ∞ ，etc． 

Conce~aingtheLMI region stability oftraditional lin— 

e systems．thefoUow~ is a pow~~ criterion． 

Lemma 2．2t 】 Given all n×ntealmatrixM and 

theLMI r~gionD definedby(5)，thenMisD—stableif 

and onlyifther~exists锄 n x nteal > 0 sothat 

％ (M， )<0， (6) 

w 

Mo(M， )士U0 +V0(朋 )+ 0(朋 )T． 

(7) 

3 咖 region stability 

For the D．stability of pair(E，A)，a c0nesp0II 

criterionis givenbelow． 

Theorem 3．1 Given a l~gBla[pair(E，A)and 

LMI regionD definedinDefinition(2．1)，m∞(E，A) 

is D stableifthere exists such眦 n× n real > 0that 

(，m 0 wT)Mv(E，A， )(k 0 )<0， (8) 

for any real ∈} ：E l‘．≠0}，where 

肘D(E，A， )± 

0 (EXE )+V0 (AXe )+ 0 (EXA )． 

(9) 

Conversely，if pair(E，A)as in(3)is D—stable，then 

there~xists∞n×nl叫 >0which sa (8)for 

anyteal ∈{ ：E it,≠0}． 

Proof The 嘶 of(E，A)imvlies the iloll- 

Ipti玎ess of A( ，A)．Suppose ∈ A(E，A)and 

that ： 十 is a。0m Ⅺ ngldt~igcavector 

i．e．． A ： E．NotethatbolhE u andE。 can 

notbe z既o simultaneously，so" EXE 1o= EXE n 
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+ EXE >0．From(8)and( 0 )％ (E，A， 

)( 0 )=(U+ +i伊) EXE 仲，We de． 

rive(U+ + )<0，hence the D—stability of 

(E，A)． 

Conversely，fromtheD—stability of(E，A)asin(3) 

we know the D—stability of A，．Recalling Lemma 2 2 

derives衄 there exists∞ r×r realmatrixX1 suchthat 

加D(A，， 1)<0， (10) 

whl~e 

 ̂(4，x1)圭U 0 1+ 0 (A 1)+俨 0(A,XI ． 

(11) 

LetX=diagiX1，X4}where real squarematrixX4>0 

with(n—r)一dim can be selected as olle pleases．For 

rea-～ = 】∈ m，幽sub-block 
l≠ 0，itis certain thatEx" ≠ 0．Notethat 

AXE ： TA 1 I， 

似TEXA =w,TxIA。,rwh 

then 

(，m 0 T)Mo(E，A，X)(，m 0 )： 

(仲} 1 1)+v(wTa．x1 1)+ ( } 1A 1)= 

(k 0"f) (A ，X1)(k 0 I)． 

． (8)thenfollowsimmediatelyfromthis and(10)． 

Q—E．D 

Somem~es we carI usethefo~wing resulttotest吐le 

D-stability． proof will be omitted here since it is 

血Ⅱilarto蜘 givenin'Illl~relll(3．1)． 

T11eo嗍 3．2 Given a regular pair(E，A)and∞ 

I．MI regionDdefinedinDefinition(2．1)，then(E，A) 

is D—stableifthere exists卸 n × n real matrix ythat 

i) EY=(EY) ≥0， 

)％ (E，A，Y)<0， 

where 

％( ，A，y)圭 U0( +V0(Ay)+ 0( y) ． 

Remark 

i)"Itle conditions given abovemay not be necessary， 

衙exa毗c 【l00]，【-02 0])’kt 
。 ～  (5)m ：【．2 。]ana ： 

【-o0 -e circle region cen删 z， 

j0)with radim 1．It is easily se吼 血at only y = 

】m”。can 母训岫 s 
calculating re~lts in 

"INsIl1eans％ ( ，A，y)《0for锄y 1，y3锄d y4． 

n)In s伽∞cases d1e Te andir叩l】ls。- may 

not be necessary． 

4 Robust D．stability 

IF岫 mleeaain generalized system，defined by(1)～ 

(4)．satisfies吐le伽o conm60ns of 戚∞n3．1 for 一 

ery三 ∈ n ，then call it to be robustly D-stable． 

For all三_mn ifthere exists ao ⅢIlonX >0~atisfying 

(8)，then it p se es a stronger property than robust 

D—stability Forthis 百ve吐Iefollowing result． 

~ eorem4．1 The system definedby(1)～(4)is 

robustlyD-stableifit satisfiesboth of conditionsbelow： 

i)The n∞njnal system(E，A)is D—admissible， 

ii)There aIl n×n realmatrixX >0缸ld a al 

numb ￡ )0that 

( 固 仲 ) ，E)( 0 )<0， (12) 

for V ∈{ ∈ ：E 仲≠0}，where 

积x，e)圭肘D(E，A，x)+ (V0 F)(V圆 F) + 
E。 

E2(k0 EXG )(k0 EXG ) ． 

Proof Botll ofconditionsi)and(4)deducethe reg— 

darity andi唧山 of systems(1)一(4)．Reeallmg 

dle usefulmatrix_meq ty 

MN + Ⅳ jIf ≤ ￡ MM + 1 NTN
， V e>0， 

we adu棚 y deduce 

(E，A+F2G，x)= 

( ，A， )+ 0(I~GXE )+ 0(F2CXE ) ≤ 

％ ( ，A， )+e ( 0 EXG )( 0 ) + 

圭(V0 F)( 0三三 )(V0 F) ≤ 

，￡)． 

From this and(12)we get 

(，m 0“ )肘 ( ，A+ ： ， )( 0 )<0，V三∈ 

byTk 旧 3．1，l砣nce result． Q．E．D． 

O ” 0 O 

0 n y 0 

O O n  ̈

y O  0 O 
一 

-．．．．．。．．．．．．．．．．．．．．．．．．L  

II 

n 

A  
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Under the admissibility of(E，A)，and algorithm is 

given below for calculating the admissible perturbation 

b~und of pemu'l~tion classn ． 

Algorithm 4．1 

Optimizationindex：maxt }． 

Conswaint condition：Ineq．(12)，E ≠0， >0， 

E > 0， ： > 0． 

As ：㈨ { l is reaclled，then 

= n{ l 
(G2F2) 

1StheI~tmd wewant． 

Explanation i)Theorem 3 1 tells us that there 

may existmany >0 satisfying(8)providedtllat(E， 

A)is D-admissible．After selecting an ，generally 

speak~g，there always exist and E solong asthey are 

smaU enough，that is to say， n initial pertlⅡb越 ol1 

b0tmdis available．From 吐ljswe c~ln_uscAlgorithm 4．1 

to find a biggerbound． 

ii)Forrobust D-s咖)ility，the b0l1rIdⅥ reached by 

usirIgAlgorithm 4．1may be conservative． 

iii)Algorithm 4．1 is a convex optimization problem 

wim aI1啪 constraint．which carl be solved with the 

t ID ofLMItoolboxinMarlab software，and血eii13irl 

sentence sel~rns“mjIlc)【”． 

5 Concl~ ons 

The paperintroduced咖 region stability．discussed 

robust region stability of general~ linear systems，and 

finally gave 恤 relevant LMI criteria and con．v~ opti- 

mization algorithm for ealeul~ing恤 admissible permr- 

bation bound．Of c0lⅡ∞，many problems of uncertain 

ger~alized systems are still叩 肌 to be discussed and 

needfurther，in-depth study． 
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