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Abstract: This paper deals with the problem of stabilization of a ¢lass of nonlinear Systems with linearly unobservable
modes by dynamic output feedback. Based on the concept of the stability in approximation, sufficient conditions Yor dynamic
output feedback stabilizability are obtained. An immediate consequence of our result is that if a nonlinear system has relative de-
gree and its zero dynamics is asymptotically stable in approximation, then it can be stabilized by dynamic output feedback, Our

main resalt may handle some non-minimum phase ponlingar systems.
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1 Introduction
Over the past decade, the problem of stabilization of
nonlinear systems by output feedback has been exten-
sively studied. Dynamic output feedback stabilization is
divided into local stabilization, semi-global stabilization
and global stabilization. For the results of semi-global
stabilization and global stabilization, the interested read-
er may refer to [ 1~ 7] and others cited in those papers.
In the paper, we will stndy the problem of local stabi-
lization by dynamic output feedback of the affine nonlin-
car system
{.'t = flz) + glz)u, (1)
y = hix),
wheez € R, a € R andy € R fru—=R", g: U
— "™, and & : U — R are smooth functions, (0} =

0,A(0) = 0, and U is a neighborhood of = = 0.
Although the problem of local stabilization of (1) by
dynamic cutput feedback has been studied by many au-
thors, the achievements are mather limited. In fact, the
systems considered in the previous studies are mainly
linearizable nonlinear systemst®®) and locally uniformly
completzly observable nonlinear sysmms[g'm]. Laocal
state feedback stabilization of minimum phase nonlinear
systems is studied in [11]. But the technigue used in
[11] is not applicable to dynamic output feedback stabi-
lization. Our result may handle some unlinearizable and
noninimum phase nonlinear systems, which can not be
handled by the methods in proposed [8 ~ 10]. The
method for the design of dynamic compensators in the
paper is based on the concept of asymptotic stahility in

+ Foundation item: supported by the Mational Manral Science Foumdation of China (59674004 & G59837270) and the Key Project of China (970211017)

Recsived date: 000 — 11 —21; Revised date:2001 - 06 -25.


http://www.cqvip.com

824 CONTROL THEORY AND APPLICATIONS

Voi. 18

121 and the design proves to be construc-

approximation
tive.

The paper is organized as follows. Section 2 deals
with dynamic output feedback stabilization. In Section
3, two examples including a nonminimum phase system
with mnobservable linear approximation are given to il-
lustrate the applications of our major result. Section 4
draws some conclusions from the study we have made.
2 Stabilization

In this section, we will study the problem of local sta-
hilization of {1} by dynamic output feedback. We first
introduce some operations and concepts.

Consider the dynamically extended system of (1)

i = flx)+ gleddy,

Ay = dg,
: (2
Aoy = A,
Ar = v,y = hix),
where A, € B™, { = 1,2,--,], andv € R™.
Define the following differential operations:
¥y = nlz),
y = #(mdg) = o) + gladan,
SO Gty 2 d A =
20 fe) b gl + B LG
9 (flx) + g(x)A; + 2 e
i=1,2,3,".k,
where 4;,, = v.

Write
Y, = Yila,d) = (47,97, U,
A = (A, a3,-, D"
In what follows, we always assume that
3y
T
Definition 2.1 The equilibrium of system (2) at
the origin is said to be asymptotically stabilizable accord-
ing to the Nth order approximation by feedback u =
a{ Y3, Ap) if the closed Joop system of (2) with u =
a( Y, ,A;) is asymptotically stable according to the Mth
order approximation.
Definition 2.2 The equilibrium of system (2) is
asymptotically stabilizable in approximation by feedback
u = a(¥;,A;) if there exists a positive integer N such

that the closed loop system of (2) with # = a(¥;.4;)
is asymptotically stable according to the Nth order ap-
Proximation .

For the concept of asymptotic stability according to
the Nth order approximation, see, for instance, [12° .

The following Theorem 2.1 is our main result.

Theorem 2.1 1If (2) is asymptotically stabilizable
in approximation by a feedback law of the form « =
a(Y;. A1}, then (1) can be stabilized by dynamic out-
put feedback.

Proof According to the assumption of Theorem 2. 1,
the following system is asymptotically stable in approxi-
mation ;

£ = flz) + g(x)Ay,
Ay = A,
: (3}
At = Ay
A = alY,,A).

Note that the foedback law u = a{¥;,A;) depends
on the derivatives of the output y. Thus we introduce the
dynamic system

ﬁl = 811

: (4)
6!: = Ek+1s
IB.H-I = 1,

where 6, € B, i = 1,2,k + L.
Let 6 = (67,8%,--,6},1)7. For system (2}, we
now use the new feedback law
v = alf,Ar), (5)
which is an output feedback law for system {1}.
By the definition of ¥'**", y'**’ can be expressed as
Y& o Fx, A, (6)
Writte, = ¢V - 8,,i = 1,2, ,k+1lande =
(el e5,",e5a ). Then ¥y = 6 + e. By (6), the
closed loop system consisting of (2}, (4} and (5) can
be written as
2= flx) + g(2)A,,
Ay = Agy A = A Ay = al ¥y + el Ay,
& = ey, 8 = €rts Cher = Flz,A) ~ 8.
(n
Take e; as an output of (7). Then it is easy to see
that (7} with the output e, is minimum phase and the e-
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guation of its zero dynamics is (3}, which is asymptoti-
cally stable in approximation atz = 0,4; = 0. By the
result in [13], system (7) can be stabilized by dynamic
output feedback , that is, there exists a dynamic compen-
sator
{u'a‘ = plw,e1},
v = ¢lw,e),
such that the closed loop system consisting of (7) and
(8} is asymptotically stable. Since e; = 3 ~ 6;. the
feedback law v = ¢(w,e;} in (8) is a dynamic output
feedback. This means that (1} is stabilizable by dynam-
ic output feedback.
Corollary 2.2 Letm = p. If (1) has relative de-
gree | ry.ry, o+, rnt at x = Oand the equation of its zero

(8)

dynamics is asymptotically stable in approximation at x
= 0, then it can be stabilized by dynamic output feed-
back.

Proof We can assume without loss of generality that
fp= ry = - = r, = r, since this can always be
achieved by performing dynamic extension on (1). Let
(1} be asymptotically stable according to the Nth order
approximation. It is known from (13} that there exist a

I
positive integer [, a linear feedback » = S @), +0.a,

i=l

constant, and a local nonlinear coordinate transformation
such that (2) can be transformed into the following
form:

i = folz} + golz, 61,0, &€

&1 = &abe = S bl = b

g4 = f](:,Eh"'-EHJ) + glz, &, 808,

y =&,

(9
where & = (£1,£2,7, &,41)" and fo, go./f1 and g, have
the properties:

a) g¢(0,0,--,0) = 0;

b) fi(z,0,-,00 = OC [ = | *};

¢) £1(0,0,-+,0} is invertible;

d) The zero dynamics

z = folz)

is asymptotically stable according to the Nth order ap-
proximation,

It is easy to see that there cxists a linear feedback

rii

6= >, 8%, (10)

1=1

stich that the closed loop system (9) and (10} is asymp-
totically stable according to the Nth order approxima-
tion. Since y = £,y = &,1,i = 1,2, ,7 + 1.
(10) implies that (2} can be asymptotically stabilizable
in approximation by a feedback of the form v = a(Y,,
Ap). It follows from Theorem 2.1 that Corollary 2. 2
holds.

3 Examples

Example 3.1 Consider the system

4
2=z +51+E§,

"él = 621 (11)
éz :'-_El_z3+ u,
y = £

The system (11) is linearly unobservable and nonmin-
mum phase, so the methods presented in [ 3,8 ~ 10] are

not applicable to (11) . If the feedback u = - ¥’ = &
is used, then system (11) is transformed into
=2+ 6+ 8,
e . (12)
E=-bi-5-7,
y = &1

We now prove that (12} is asymptotically stable ac-
cording to the fourth order approximation. 1t is clear that
(12) has an invariant manifold

El = TT]_(Z),
13
{Ez = rrg(:), ( )
which satisfy equation'"*!
31‘(1(:) ( )
dz 4 2 _( T2\ % )
3:1-1(:-) (Fem()+m5(2)) = ey ()= .
dz

(14)
By solving (14) approximately, we obtain
my(z) = =22+ 0(1 2 1*), m(2) = O() z1%).
(15}
The reduction system of (12) is
i=-2+ 0(Iz|4),
which is asymptotically stable according to the fourth or-
der approximation'™™! . This implies that (12} is asymp-
totically stable according to the fourth order approxima-
tion. Thus (11) satisfies the condition of Theorem 2.1,
s0 it can be stabilized by dynamic output feedback. The
order of a dynamic compensator for (11) may be larger
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if we imitate the method presented in the proof of Theo-
rem 2.1 to design the dynamic compensator. We can
use some better methods to design a dynamic compen-
sator so long as the condition of Theorem 2,1 is satis-
fied. By using a revised method, a dynamic compen-
sator of onder 3 for (11) can be given as follows:

u = &,

81 = 6+ 6(y - 8,),

8, = 4+ 12(y - 6),

8y = 6, - 83 + 20(y — 6,).
Details of the design are omitted.

Example 3.2 Consider the system

1
2=—:3+EE§,

(16)

£ = &, {17
£1 =- & + 2+ Gu,
¥y =&
It is easy to see that the system {17) has neither the
relative degree at (z,£;,5;) = O nor the zero dynamics.
By taking the feedback 2 = -2{ y("")2= _2£2, we obtain

Z=- 23"'%53:

& = &, (18)
& =- & + 1 - 28,

y=§.

We now show that (18) is asymptotically stable in
approximation. Let

1 1 1
VegPe a8 28 186

Then V is positive definite on some neighborhood of z =
0,6 = 0,8 = 0. By a direct computation, we have,
on some neighbothood of z = 0,6, = 0,5 =0,

. 1
Va-teod+ 66 -66-28+ 75+
gel- e+ o8- 8 <

1 1 1
~ {1 & - g 8 s P 6 -
28+ y e -8l gl
L2 t+ 4 1 2 3 1 6 1 6 =

1 1 3 1 1 1
z4+§z4+EE§ - ?E%—EE‘thﬁEES <

I
Bt

4 1 1
- _ISE?_EE;'

This implies that (18} is asymptotically stable according

to the fourth order approximation. By Theorem 2.1,
{17) can be stabilized by dynamic output feedback. The
design of a dynamic compensator for (17} is omitted.
4 Conclusions

Based on the concept of asymptotic stability in ap-
proximation, we have presented a constructive method to
stabilize a class of nonlinear systems by means of dy-
namic output feedback. Qur result does not assume local
uniform complete observability, and may bandle some
nonminimurn phase nonlinear systems that cannot be sta-
bilized by existing methods. Two examples have been
used to illustrate the effectiveness of our approach. How
to find the minimum order dynamic output feedback con-
troller remains to be further studied.
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