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AbE由日ct：In mis paper，alinear nm-AinequaU~,(咖 )aP 0achwkhoat。0ns血 啦 is developed∞solveW-andp- 

problems，which arc把1删 ∞d￡si static oustfeedback(SOF)曲出j丘血∞ consols时 linear sya~s．As粕 appliga- 

，
the SOF 啦曲 ∞ prob~ of~acemfin 砒ems con．~deted．SomeLMI-based s~fieiem andnecessmy con~ticm 蚰d 

design印 ∞由 m  esenl。d． 

geywcxds：LMI；static 0I| feed~ k；∞cem血 
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线性系统静态输出反馈镇定的 LMI方法 
王金枝 张纪峰 

(中国科学院数学与系统科学研究院系统科学研究所·北京 ，l~ s0) 

摘要：利用无约束条件的线性矩阵不等式(LMI)研究了W-问题和P-问题，而后者的解可用来设计静态警出反 

馈(soe)镇定控制．作为一个应用考虑了不确定系统的静态输出反馈问题，给出了依耪于咖 条件的sop设计方法， 

关键词：线性矩阵不等式；静态输出反馈；不确定性 

1 Introduction 

1l|e d妇 of static outputfeedback(SOF)stabillza- 

fion controllers for either cer~in or uncertain systemsis 

oQ~ofthemost basic andinlportant．control problems． 

A1Ⅱl。ugh various apploaches have been proposed，nle 

analy~cal or numerical solution is still hard to get in 

gex~a1． difficulty is thai designing m SOF stabi‘ 

lization controlleris actually equivalentto solving a set 

of bilill~u"matrix inequalities(BMIs)，which aIe BOIl— 

con~x in 蟹朗1盯al，mad therefore， difficult to deal 

wi吐r1,z1
．
Recently。some efforts have beeninadet0i- 

aon~ify sc special casesinwhichthe solvability of吐 

BM c姐 betransfen,~ mto 血at ofa set oflinearmatrix 

inequalities(【̂ m)which c∞numencaUy be solved by 

uⅢ b0xI3J．For instance，under sufficient 

conditions。 it is shownL J that the SOF stabilization 

problem is solv出le if so is血e so-called W —or P-prob— 

lems expressedin 咖 sU b and lh~earmatrix equality 

(U旺 )constraints．Howler，it is still all open prob- 

lem either to find the feasible conditions of or to con- 

stmct a solution for a set of uMb with 蚰 U肥 con- 

stntint． 

The pllIp0se of血is paperisto OVide伽 sufficient 

aadnecessary conditions forthe fe,~ bilities of both W - 

aad P-problems，and fonnttlate the conditions in terms 

of pure LMIs(i．e．，without I／dE or any other c。n- 

st~ t)．In addition．∞effective method for desi~,ain~ 

SOF stabilization con~ollersis given．As m application 

oftheideas andIn 枷 s．we axxa~ the SOF stabi- 

lization pr吐llem of stc抑 withpolytopicuncertainties， 

aad essentially a ali∞ the~ults ofRcfenmce【5J． 

Throughout this p叩盯 ，the following notations a【e 

used．A isthetranspose ofamatdxA．A>0(A<0) 

m msAis positive(negative)definite．Andfor∞n× 

mfull column rankmatrixA，A』_denotes∞ (n—m)× 

n m x with the followin~ ptop~ esI A A = 

0(⋯ )x 
．
[A A上 ]∈矾⋯ is i~verfible andA上AJ_ 

= ，( ) {⋯ )． 

* ∞da向 itcxa：捌pp吲 bytheNation,a1Natural Sdeace d鲥oⅡofChina andtheNXdonal聊  。 of - 
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2 咖 approaelaes t0 the w．and P_prob- 

lems 

Considerlineartime-invariant system 

f把 (1) L 
’ 

w}lcre ∈ 孤 ，u∈R and ∈ Ⅱ aIc system state，in． 

Imt缸Id瑚easIm丑 output，and A ∈ R㈣ ，B ∈ Ⅱ 

andC ∈ ” are state，i~Imtand ou~ut ， 

spectively． 

By sOF co曲 of system(1)We rn鲫1the controls 

0f廿leform M=一 (t)wi血L an x p cc咀stantnla~ 

trix．And by SO stabilizadc~con~ls of system (1) 

weⅡ脚 such SOF oc咖 ls吐lat stabilizethe systenl or． 

eq Ⅶdcnlly．suchlh缸A—B／A：is stable． 

Related to tbis problem is吐le following W-and P— 

problemsL j： 

DdjIIiI如n 1 W ．Problem ：Given matrices A，B． 

C．wi血 C fIlll row raak the W．problera includesfred- 

ing，ifpossible，nmUices ，M ，N suchthat 

』 + 一胱 一c <。， (2) 【 
> 0．MC = C ． 

From[4]，if( ，̂f，N)is a solutionoftheW-prob— 

l锄 ．then“ =一 NM一 yis an SOF stabilization control 

of system (1)． 

~ tion2 P．脚 ern：Given rn 0csA，B，C， 

wi血 B fIlll coltm~a raak．the P-problem includesfind． 

ing，ifpossible，Ina岫cesP，M ，N such血at 

』PA+ P一 vc—c (。， (3) 【
P > 0，BM = 船 ． 

S my，if(P，M，N)is a solution ofthe P—prob— 

l锄 ．then“ =一 -。Ⅳy is also an SOF stabilization 

control of system (1)． 

Forthe conveaienee of ci on，wemlmducethefol— 

lowinglera~ ． 

La删衄 lL 6J SupposeD ∈ 丑 andE∈ 璇州 are 

full col~m I锄k．Then there exists an n x n positive 

deflllitematrixP thatPD = E if and onlyifD 

： E D > 0．Fl埘 eIIn0 ．all solutionsofPD = E can 

be expre~eg 

P ：E(D E)一 E +DjJ D上， (4) 

whereX∈噩( 一9) ( is aIl alNtra~pesi~ive definite 

matrix． 

Tbe0舢 1 Suppose C isfull row rank．]~lenW- 

problem isfeasibleif柚 d onlyifthere existⅡm舡icesX 

>0，V >0柚dN ∈ R P such廿Iat 

ACo嘲 +Co嘲 AT+Ac 朋 + 

cu 朋  A 一BNC—cTNrB (0， (5) 

where Co = C (CC )～．Fl】mHln0Ie，whea (5) 

holds，system (1)is stabirlzed by SOF con~l law u 

= 一 NCCvV～ 
． 

Pmof Supposethatthere e】【is【Ⅱla扛icesX >0，V > 

0 andN∈R saI 培(5)．LetM ： V(CC )～． 

1tleⅡ have 

cc fT=MCC >0， (6) 

衄d 

AC0MC+C MrC~A + c吐 朋 + 

c 朋 u  一 BNC — C < 0
． (7) 

From(6)andI Ⅻa 1，WC = C ̂fT has a positive 

~fmite mamx solution ，wkich can be pfl{ in 

thefolm of 

= C0MC + c吐  朋  
， (8) 

：~hem X is a positive definite nlanix．Substituting(8) 

illIo(7)leadsto the 'mI如a1i of(2)．耵 ，the 
W-probleraisfeasible． 

Conversely，ass㈣ 血at W -problem is feasible．Let 

V=M(CC )．1tleⅡthe result can be easilyiInpliedin 

tcTrns ofl_emma1． 

Tl1is completesthe proof． 

Remark 1 The same approach Th0DⅫ 1 can 

also easily be usedto discuss P-problera and similar re- 

sults em be 0bta删 ． 

R锄 rk 2 The presented~proaeh can also easily 

be used to design SOF stabilization eo~ ls for discrete· 

timel systems，decentralized aIlq)I】tfeedback 0Dn- 

tml，olltputfeedbackH control，and 0mer related∞n· 

tml problems described，forinstance，inl4 J． 

3 AjpplⅡca缸 l t0 uncertain sys缸砸 
Inthis secd∞ ，byruingthe approa ％ 出 velOp。din 

St~tiotl 2 we~miderthe SOF stab~ on problem of 

s)哦栅nswi血p0lyb0pic uacertainfies．． 

rt： +Bu with( ，B)∈n 垒 

{ t( ，B)：( 1，B1)，-一，( ， )j，(9) 
【 ： 

， 

where ∈ R is妇 sI劬e vector， ∈ R inpIlt and 

∈ the output． 

The system(9)actuallyRpnsents afamily ofmdti- 

input and multi-~ tput systems，and is very diffea'~lt 

_舢 thematched u口cert凼 0nes．which admits an~lli— 

aal system and matched unce 面 es．To 0ur knowl- 

edge．Ⅱlefirst pmgre~ ∞ 曲 SOF stabilization of sys。 

tern(9)、Ⅷ made byKarirI[5]，thef01l吨 three 
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assumptions i—iii w~a3e imp ed and the simultaneously 

quadratically(SQ)stabilizable concept was adopted． 

Asmm~tioni There are B and suchthat Bi= 

， whea~ ∈1 is nonsmgular and satisfies + 

G > 0for aIl i= 1，⋯ ， ． 

A蚓 唧 dOnii The nmnber of controlmputsis e— 

ql】a1to thei1Bmbl~ ofmeasurable outputs，i．e．，P = 

m．墨 matl~ce$B and C m  of the form：B = 

[0 ，m] ，c=[c1 c2]，wherec2∈ 椰 is n吼一 

singular． 

Ass1l瑚哐 oniii The~tlkgfeffunctionmatrix C(5，乱 

一 A：)～B：for each system is strictly minimum phase，i． 

e．，allthe Zel~$ofthe system fieintI1c openleft halfof 

恤 complete plane． 

Definition 3 Sys~m(9)is simultaneously qu~a- 

fically(SQ)stabilizable via all SOF control：u=一 

ifthem exist a positive definitematrix Q and a n~la-Lx L 

s tfIaf 

(Ai一8／_c) Q一 +Q (A 一 )<0，Vi=1,---,k 

(10) 

Supposethere are B and G suchthat Bi= G(i= 

1，⋯，k) Thenitis obvioUsthatifthere exist a positive 

definitematrix Q，a nonsiagularmatrix L and a positive 

scalar y sucht|Iat 

A,Q+ 一一'2。；／(BIB+BB i)<0，v ：1，⋯，k， 

(11) 

and LC={7B Q～， (12) 

m∞system (9)is SQ stab~ by the SOF control 

= 一 ． 

Tlxem,era 2[ 】 。∞ that触 Ⅱ 6ans i～iii 

hold．Thenthereexist a positivedefinitematrixQ and a 

matrix L suchthat(11)and(12)holdfor s0rⅡe positive 

yif and onlyifthere exists a positive definitematrix 】 

suchthat 

(AIl—A ) + (A l—A／12F)T<0，Vi：1,---, ， 

(13) 

where F：ci cl，and l∈ 一 andA]2∈ 

一 am pare of 一  ， 

In orderto applythe approachesdevaopedin Sectioll 

2．weflow revisitthe SOF stabilization problem of sys— 

tern(9)，weakenthe assumptions in[5 J．To this end， 

weintroducethefollowing as“ⅡI oDs： 

2~ t3tioll a There a Band Gf suchthat = 

吐lG ∈ 瑕 for alli=1，⋯ 。 ． 

A舒uⅡ删 0II b CBis square and nonsingular． 

(Yoviously，AsslⅡnpⅡ0口s a and b are weakerthanAs— 

S1．1lnpl~ioUs i andii，especiallyinthe sensethatthe posi- 

fivedefinite~ fion onmatrix G+G (fbr all i=1， 
⋯

， )andthe sp∞ial stmeture conditionollB and Cale 

notrequired． 

Acc：o!c_ding toI-emma1，mem exists a positivedefinite 

matrix Q satisfyi~ (12)if and only if there删 be 

(CB)=(∞) L >0，and Q Call be e~ ssed as 

Q= 1徊(枷 )一 B +(LC)T- X(LC)~-， 

Let 1 7(LCB)～=N．Then similarto Theoileall 1，we 
‘ 

Call show followingtheorem ． 

Theorem 3 Suppose assumptions a and b hokt． 

Thenthem exist a positivedefinitetnam~Q，amatrixL 

and a positive scalar 7 such that(11)and(12)hold if 

and onlyifthere existmatrices >0．N >0 and apus- 

itive scalar constant)'suchthat 

A~BNB +BNB A +A￡c 。。 朋  上+ 

cT_ cTJ。AT一{7(BiB +脚} )<0(14) 

holdfbri=1，2，⋯，k R删Ⅻ ，system(9)is SQ 

stabilizable bythe SOF control“=一{(CBN)～ ． 

Remark3 In addition to a andb，if Gl+C >0 

fori= 1，。。。，k，then we Call directly，without usmg 

(11)and(12)，show thatthem exist／na~ces >0，N 

>0 and a positive scalarcolmtant7inchthat(14)holds 

fori= 1，2，。一，k，if and onlyifthere exists apositive 

defimtematrix W1 suchthat(13)holds 

T0 d0 so，let’sparation c J_intheform[ c4]= 

cT上，where C ∈噩( )×f⋯ )and C4∈ 醢( ) ． 

q'hen 

Q +C4Cj= 

G +c4四 = 

whichis equivalentto 

一 c，(c c1) =一c3F (15) 

and 

c3(，【n一 ( 神+FTF)cj=，《 一 ) ( 1， 

(16) 

respectivdy，whereF：G cI∈璇 ．By(16) 

c3is n。nsinglllar，and b)r(15)， 

m 

，  

一 

m h X X 

一 一 
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cTJ-VXCr~=【一cFlc；] [c 一c。F ]： 

【一 ， ]_ 
(17) 

Let l=c~xc3．Thenitis obviousthatX>0if and 

onlyif 1>0．Substituting(17)into(14)，it can be 

s。cnthat(14)}10ldif and onlyifthefollowinginequali一 

^【一 F ?Ⅳ】+ 

【一 ． G 
(18) 

And(18)is eqmvalentto(13)in the casc where G + 

G > 0fori= 1，⋯ ， ．Thisimpliesthe result ofRe— 

Similar to．I11c0Ien1 1．We can get the following re- 

sultsfor uneeitain syste~ oftheform(9)． 

Theorem 4 S叩 pose C is full row rank．If there 

AiC0Ⅳ四+CoⅣc0T̂T + cu cT_+ 

Cr~ XCr~AT—B YC—c yT <0， (19) 

fori=1，2，⋯，f，where C0=C (cc )～，then sys． 

tern(9)is stab~ by SOF control u=一 C N～Y． 

Remark4 Comparedwith Theorems 2 and 3，The- 

Oll~II4 do∞ notmqui any ofAssLm~fiom i andiii or 

a，b．This essentially weakens the condific~s of Thee— 

m s 2∞d 3．Inthefollowing section．wewill give an 

exampletoillustrate uhis． 

D础 ple1 ~mider all uncertain system(9)with 

(A，B)=(A1，B1)，0r(A2，B2)，where 

=[ 。i]，A =[_0 z-l ]， 
c—r⋯  ． 

By a straightforward calculation，itis easyto seethat 

c( A1 Bl= ．Thisin．insthat血e zero 

of system 露 = Al + BIⅡis1，inthe right halfofthe 

complex plane．And s。，As mP ∞ iii is not satisfied 

锄dbyRam rk 3，the resultsofTl1ea衄 2Ⅲ 3 c~rmot 

be appliedtothis example．But by using1kn[efn4． 

caⅡgive．皿 SOF s∞biIiz ∞ control“ = 0．7998y
． 

5 Cond~ ion 

IntI1is p叩er，alxttelinearmauixjn。【 m吐ty approach 

(i．e without linear matrix equality or any other∞n— 

straint)is developed to solve the W-and P-l~bleras， 

which are relatedto designing SOF stabilization eontmls 

for linear systems．As an application of the印pf0ad1， 

the SOF stabilization pmNem of linear systems w曲 

polyt~ c ur~a'tainties is considered．Some I-MI-based 
conditiom and design approaches are presented，which 

not only er,ser~lly generalizesthe existing~ llts(e．g． 

【5 J)but are also Isi1y solved．In addition，0Ilr ap— 

proa~ c∞ also easily be used to design SOF stabiliza- 

tion controls for di8cl℃耙．tim  linear systems．decemral一 

；zcd output feedback control，output feedback H OO13— 

1Iol，and od3er related control删 ∞s describedforin— 

S[alICI~，in[4]． 

【1 J G0hKC．TunmL，s 刖 M G．el Bi~ltine 嘶  

op盯峨  ∞ 删 ∞缸r IA J．Pine．Americano椭 【 

o ．eCJ，B iⅡ矾 ．MD，New Y0出：正匿 ，1994．B 一855 

【2 J G血 K C．s醯脚 M G孤d P日 娜 】0pa】】∞G P Glob 0pa一 

血za 哪 缸 BⅦ Hm [A]．Pine 皿  ． 

嘶 虹0n and eC J． Buena Vi咖 ．FL．New 性 ： 

Ⅱ强 ，l ，2O∞ 一20】4 

[3] GahhIe【PA， NA驵da M 啪 c Toolboxfor 

wi血 MA'IIAI~【MJ M跚ad ：TheManl 血 

S口 ．19 

e4 嘶 l1s CAR and"rmf~ A Sultieie~l咖 c0ndjn for aLl鼬 l 

fc删Ⅺck 0∞吲 删 ems lIl 皿 m  Automat con口 ， 

1999，44(5)：1053—10卯 

l5_ IN 脚 of c0u ㈣ Ⅱ口u口foruncer~ila 

[J]．AIl ∞，1999，35(I)：169—175 

【6J CH，hⅡⅢ PA． I，n ．脚 of slrletly 一 

real 曲 g c。 feegl~k[J J 皿 3"rims 

Allb砒1a【．(h灯 ．1999，44(3)：569—573 
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