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线性多步法模糊逻辑系统 
孙多青 霍 伟 

(北京航空航王大学第七研究室·北京，1O嘲 ) 

摘要：根据求解常微分方程的线性多步逼近方法构造了线性多步法模糊逻辑系统以辨识由常微分方程所描述 

的未知动态系统．这种新的模糊逻辑系统在预测状态的同时也能够逼近系统微分方程中的未知函数．文中从理论 

上对其精度作了分析，并用仿真验证了所得的结果． 
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1 Introduelion 

Inmanylractical applicationsitis requiredtoidentify 

theilllknowlt nonlineardyr~ c system de~ ibed by Or- 

ainary diffea~mtial equalion(ODE)as follows 

= ，( (‘))， (O)= 0， (1) 

where f( (c))is an ilnkllowll h oI1．Suppose 
衄 ⋯ 

1)Statetrajectory (c)∈D c ，t∈[0，T]，and 

js a b()lI dotedd 【lajn． 

2) )is a~ IIOIIS缸lcd0n 0n D∞d salis丘es 

Lil~ttitz coalition；i．e．．nhere a a positive 

c0 咖t c suchthat II，( )一，(y)II≤c II 一y It， 

V ，y∈ D． 

3)State vector (c)is measurable． 

Under吐le d vc船sI】加pti伽s，a Rlln K叫a n酬  

network(RKNN)toide~ y un~lowll由rn疵 sys- 

tern(1)has been consmlcted [1]based oIl the 

Rlm萨 -l~ttamethodfor s0lvi】唱 i~itial value problems of 

ODEs．H0 v町，吐leR∞ 罾e_Ku舰 methodis one of吐le 

~ e-step approximaten 吐lo凼 for solving ODIN；in O1"- 

der to improve 吐le accuracy of appI∞．血n出 ~lutiom ， 

吐le m】珊M oftimes to evaluate function，(。)rrmsl be 

increasedin each step．Thusthe~ tatiom lburdenis 

large．An( fh盯 metl~t幻 jD单 yc accl舡粒y of印F - 

m劬e soh】商皿s is血at吐le ciIl‘ ladoIl of state +1(Its 

dcfjD oIlwill be g ∞ ．m Se血0n 2)n0t 0nly depends 

0n n，butis alsoIe捌 to c0∞p呻 靠一I， n一2，⋯ 

directly，Ⅲld flln~ioll，(·)is only caJcIll舯。d∞ce in 

each step．"llm of meII1ods is called mIll -step 

method．Denote =，(靠)，if吐le吣】ving for~laof 

amulti-stepmethyl cc~．sists of aline缸 c0n山 l i0n of 

， 一Ij⋯ ，tim mu】 g叼)methodis called mul一 

吐-stepmethod．In ad on．itis well kD0wn吐Iatfuzzy 

删j盯s have a【 盈ge vef neural n曲 identifiers 

inIn锄y~espeets．So吐le l of廿Iispap isto c0n。 

s咖 Ⅱ adapdve fuzzy logic system (N_S)一Ⅱncar 

md~-step me山od fuzzy logic system (IMH S)．"llfis 

fuzzy system c∞ not only predict吐leful~e state values 

*Eo曲dm ∞ i幢m： 删  Do曲x D昭鼬 n f_n毫F0 扯jon 0f o 皿 (19990006昵) 
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by扛jdningits paran~ters based onthe previouslymea— 

surcd咖 慨 ，but also q【ima把 tIle unknowll function 

)de．~ribingfire dy~ilic system． 

2 Introduction协 linearmulti-stepmethod 

Thema_m content ab0Iltthelinearmulti-stepmethodis 

sumrt~rized asfollows[ ， 
．  

InlT~ uce a sequen~ ofp ints￡ ： n
— i+ h ： o+ 

nh，n = 0，1，，’’；w h is血e step size in the se— 

clueitce， 6lle ( )to be exact solution (f)of 

(1)atpoint and tobe肌appI脚血Ⅸ 。n of ( )， 

ag~ ra]form of ]ine~ k-stepmethodis 

 ̂

∑ + ：∑丹 + ， =0，1，⋯， (2) 
J=o 』=o 

where mad丹aIc real c(ms眺 ， ≠0(usuaUy set ak 
： 1)，I a0I+I岛 I>0．Inorder compute n+ from 

(2)， sIar~ values must be known．These values can 

be obtained by(1)and 0lbamcan5，e．g．，withthe aid 

ofa one-slep method．After the s ng values a∞ ob- 

rained， ， +l，⋯ can be calculatedin order．A linear 

· step methodis cal姗 an implicit method if ≠ 0； 

anditis called an expficRmethodif =0．The above 

methodbecomes a 0∞一stepmethodwhen =1 anditis 

a multi-step method if ≥ 2．Denote 

c0 = ao + 口1+ ⋯ + ah， 

cl=a1+2a2+⋯ +bI一(岛+卢l+⋯ +卢̂)， 

= (at+2qa：+--’+ )一 

1 百 ( 2 ’ 
L g = 2，3，⋯ ． 

(3) 

De~ti．1ion1 Alinear multi-stepmethodis e~Ued a 

methodoforderPif co c1 ⋯ = ：0mad +1≠ 0． 

Definition 2 Thclocal缸unc i蚰 盯mr of ali唧  

multi—stepmethod at靠+★is defined as 

“ = ∑ 』一∑岛厶 
i=o J=0 

Thefirstterm oftheTaylorexpansion of + inpowers 

of h is ealtedmainlocal~'uncafion elTor ormainterm of 

a local缸uIlca60n盯mr． 

It c缸 be n【口 ∞ thatthemainterm of alocal{~lllga· 

tion elToris +lhP (P ( )，and +lis called error 

const~ t． 

In orderthattbe n~sult obtained by approximatefor- 

mula(2)is a reasonable叩pI dJIIa of equation(1)， 

(2)should sa凼母thefonow~ consistence condition． 

Definition 3 The linear multi．step method is said 

to be consistent(with n~specttoOED(1))，iffor each 

faatisf~a．ssumpfiou 2)itslocal~mcal／oner【0r + 蛆t- 

isfies 

吉 +★：0， =￡o+ · 
It c∞ be showll that a consistent linear multi-step 

method has at least order 1．Convcrsdy，it is obvious 

that a linear multi·step method of order q(g≥ 1)is 

consistent． 

1．zt e =x 一x(tn)denotethe 0b 锄】nc商蚰 e蝴  

of alinearmulti-step method．For a given initial value 

O and additional initial values l， 2，， 。， 1，we - 

pcct 

1I≤ (̂ )，i=0 1”， 一1．
^
li ra (̂)=0- 

Definition 4 The linear multi-st~ method is said 

幻 be convergentif 

=  ( )， = o+ ， 

for all0≤ ≤T，allfI】m ，sad resumption 2)， 

and allinitial values i(i=0，1，⋯， 一1)sa曲母the 

above condition． 

Th柏Ⅻ 1 A comⅫ linearmulti-stepmethod 

is also consistent． 

Def，加id帆 5 Forthelinearmulti．stepmeth~ (2)， 

a polynomi~P(̂)=∑q is曲oduc。d．If all the 
= 0 

r00ts of ( )arc ontmit cj Ⅱmfc疆札ce orinImit c如 ， 

andtbeloots onImit ckeumfe~nee am all simp~roots． 

thenitis said that method(2)satisfies tbe root eondi 

tion． 

Theorem 2 SupImsethat alinearnmlti-stepmethod 

(2)is co~sislent，then method is convergent if and 

onlyifthe root condition holds． 

De．Fam~m 6 The 1．咖 multi-step method(2)is 

saidto be stableforinitial—value pf0b1 ifforallfsat- 

Lsfy~ assumption 2)there exist consistsC andk such 

thatwhen0 < h ≤ ho，anytwo solutions and of 

(2)哟  

。 
II n—i II≤ C

。 

m a x II 一矸II， 

whcrc arid ( =0，1，⋯， 一1)Ⅲeinitial values of 
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andin，L~'pectively． 

Theorem3 Alinearmulti．stepmethod(2)is sta． 

bleforinitial—valueproblemsifandonlyifthe ooot con- 

di~iotzholds． 

In sIⅧ1mary，for alinearmulti—stepmethod of order 

g(g≥1)themot conditionis a necessary and sufficient 

conditionthatit is convergent and stable． 

3 Izillealt multi-s惋p fury logic systems 

W ith the above preliminary a linear multi—step fuzzy 

logic system c∞ be constzlzcted．andits r,mlcttlre expres— 

sion is 

y(i+ )= 

一 。or(i)一aty(i+1)一 

。 一
一 口̂一Iy(i+ 一1)+ 

[̂岛吁(y(i))+卢l (y( +1))+’‘。+ 

一 I (y(i+ 一1))]， (4) 

wt~le ≥2，y(i)i y(ih)；q and且( =1，2，⋯， 

一 1)s撕s母the eonditieasfor c0 Ⅸu：e，∞nwIg％ce 

and sta~'ty；缸 翰1 system F，is an atg~roxima一 

妇 ot， 啦眦 ofu腰LS can als0 beillustrated 

byFig．1： 

Fig．I The structure of a linear multi-step 

fuzzy logical system 

Them~ 4 ( [o：血na on and~ vergeneeThe- 

oE∞ )Forn ap脚谢m衄 solution* +I ofODE(1)ob— 

rained by alinearmd~-stepⅡ n 

-+k = 

一 口O I一 口1 t+l一 ⋯ 一 口k 

hfNf(=,)+卢l +J)+ + 一1，( +。一1)]， 

(5) 

dHe exists aII u腰LS described by(4)such that its 

∞ Ib y(i+ )枷 sfy 

Iim『J y(i+ )一 “k『I=0，i=0，1，2，⋯． 

IfthelinearⅢu 一啦p rae~lod(5)satisfiesthe root 

condition andi协0Id盯 ≥1，thentheUⅥ阿S is cc州 一 

gent． 

Proof Am0ngthe 嘶 ng v抽 of(4)，exeept o 

0 n by(1)，the~lhers aIB 0bt习砌 by a one-step 

odFIN(c．g．，y(i+1)=y(i)十  ̂(y(i))． 

Smcetheproof也吐starting valuesy(i+1)c 删 一 

mate I(i=0，1，⋯， 一2)is siIn丑盯幻the proof 

that y(i+五) rled by LMN_．S c船 ap 出眦  

+ (i=0，1，⋯)，the staringvaluesof(5)cm be 

garded as of(4)． 

For all￡>0，sin∞，is。。minu ls onthehH】 
一  

dosed 傩D， [5]，for￡o≤— E_—一， 

∑ I岛I 
J O 

exists a FI占，s【lch血砒 

If，( (t))一，( (t))J『<Eo， (t)∈D． 

Set =，，and∞ns嘲 aIIu 璐 describedby(4)． 

Fori：0，take 8： ， h < a，one has 

ll (五)一*k lI= 

J『̂ [岛( (和)一厂(和))+风( ( 1)一厂( 1))+ 

⋯ + 一l(巧( 一1)一 一1))]lI乓 

I岛I·『I (知)— 知)『I+I I·J『 ( t)— 1)『J+ 

⋯+I 一J I·『I毋(机一1)一厂( 一1)『『]< 

o I序I≤E． 
』；0 

nle conclusion holds fori= 0． 

supp0se that the rx~clusion ds for i≤ n 一 1， 

ll (i+ )一 Ⅲ 

fori= n．one has 

his司】nicient small 

I 

< l，i= 0，1，⋯ ， 一1．Then， 

ll y(n+ )一 +。ll= 

ll口o(y( )一* )+口1(y(n+1)一‰+1)+⋯ + 

— t(y( + 一1)一 +l—1)+ 

“ ( y(n))一厂(靠)+ 

卢J( (y( +1))一厂( +1))+⋯+ 

一 l( (y( + 一1))一厂( +̂．1)]『J< 

I—I 

耱I∑ I口 l≤e(h—o)． 
J=0 

Tlgs 崎  the conclusion holds fbr i： n． 

fast conclusionis pIov日 血r0IlgbjndIl幽 ． 

If(5)satisfiesthe T∞t cc ldidon andits 0Idcrp≥1， 

吐len im + = (f)，I=ti+̂．AIso， 

≤ 

e  ‘釜 

e 
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lI (i+ )一 (t)IJ= 

Y(t+ )一 +‘+ M 一 (f)II≤ 

ll Y(i+ )一 i+I l1+l1 f+I一 (t)l1． 

Therefore，liraIl ( + )一 (t)lJ=0，f= ；+I， 

i．e．，Y(i+k)is convergent．This ends fire proofof 

Theorem 4． 

This吐0嘴 n showsthatwhen a system modelis un- 

known，as long as h is sufficiently small，the iterative 

唧 l pII劬lc。d by m I2dFLS will tend 幻 the ap。 

proxim~ solmian 0bm by a linear multi-step 

method for the accm'am mode1．and the UⅥFLS con- 

stnK：tedImsed on a~~mvergeaatlinearmulti-stepmethod 

is also convergent． 

如 the following． quantitatively analyze the ap— 

proximate accuracy that the FLS agproximaW．s unknown 

function )in(1)while all LMFI~ pn~liets 

variables of(1)．Heae only LMFI~’s of ofd日2 ate 

cvasidered． 

Theorem 5 Suolx~that，( )and毋( )defined 
o11D have continuous partialderivatives oforder 3．The 

statetrajcelory of system(I)is predicted bym出腰LS 

of 0rder 2： 

Y(i )： 

一 0 ( )一a1 (i+1)一⋯ 一 I一1x(i+ 一1)+ 

[岛 (i))+ ( ( +1))+⋯+ 

凤一l ( (i+k一1))]． 

If IJ (i+ )一 (i+ )ll o(h3)，thenthe atoll— 

racy ofBarvro~ fis 

IIf(x(i)+rhf(x(O))一毋( (￡)+r ( )))II—O( )， 

where 

一  
! ＆! ：：!! = 2 =! 

一 po+p1+⋯ + ～I ’ 

岛 +卢1+⋯ +风～1≠0， ≥2． 

Proof De~otethe Jmobi offand Ff byjf 

and，，，respectively，the stale ofSystem(1)attime(i 

+ )h cm be expressed as 

( + )： 

( )+ I x(f)·从+{ l (i)(kh) +o(h3)= 

( )+咧  (i))+ J )，( ( ))+o(h )． 

TheoultJut ofd，eIM斑．s砒time(i+ )h canbewrit一 

觇 inthe foUm~agform 

(t+ )= 

一 ctox(i)一al【 ( )+hf( (￡))+ 

等 I )，( ( ))+o(h )]一⋯一 
ä [ (i)+( 一1) ( ( ))+ 

= l ) ( ))+o(h )]+ 

{̂岛毋( ( ))+ [ ( ( ))+坼 f (。以 ( ))]+ 

⋯+ 一l[毋( ( +( 一J)̈  I (j (f))]f+D(̂ )． 

Denote 

1= t71+2a2+ ⋯ + b ， 

52 = {(口1+22口2+⋯+k2a )， 

whcre I= 1．By thedefinition of ofd~r， 

风 + +⋯ +凤一i： I， 

岛 +2fl2+⋯ +嘏 ～1= 2． 

Thus 

(i+ )一Y(￡+ )I1= 

ha1 I1，( ( ))一毋( ( ))+ l ( )，( (i))一 

rhJr l (．)，( ( ))Il+O(矿)． 

Hence 

J{ ( )+州  ( )))一弓( (i)+彬 ( )))ll≈O( )． 

This completesproof ofthe theorem． 

The above il es that if ll ll and 

1l I1 doⅡ0t vary 嘶 and his sufficicmly small， 

while m U predicts state variables，the H inthe 

LIvlFLS can also叩pID) unknown fimetion on 

fits ri~tsidc of(I)，but its aWrc~a,mz accm"acy is 

low~rthanthat oftheLIvlFLS predicting state variables． 

In日螺)r ’5
， the condition 0+ 1+⋯+风一I≠0， 

k≥ 2is not strict，s．mcelhere exist m∞y linearmulti- 

stepmethodswhich s分this conditic~and are comis_ 

tent， convergent and stable．For ex~aple，the linear 

two-stepmethod ofO【der 2 g cn bythef~ncws Adams 

fonmfla 

： +l+鲁( +1一 ) 

does蛐  + l≠0．Infact，it callbe provedthat 

pIm恤 g 

ct0> 一 1， 1< 3，一3 < 2< 1， 

岛+ l<0 D10<岛+ 1<5， 

lineartwo-stepmethods of oId盯2 smsfy岛 + ≠0 

and are consistealt．~onvcrgent mad stable． 
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*( ；粕)s (访； 。)，i：o，⋯，【 】：L+ 一1 

( ( ；日)， ( ；日)，⋯， ( ；口)) ， 

， 、 察唧【( ) ] Ⅱ既pI{ l I 燕,u x~2
1 1 

’ 

∑儿 pI—I J I 
I⋯ 。 ～ ‘ 。 

(m+1)= (m)一a螽l： 

[岛 +"'+flk-I ]fm， 【岛— — J l， 
where = 1，2，⋯ ，M ；m = 0，1，2，⋯ ；0< a < 1is a 

learning constmlt，and 

= (Pl(y( +s))，⋯，朋(y( + )) 

(8) 

wtlefe s= 0，1，。“， 一 1． 

The second o∞ is alcast-squa~ learning algorithm ． 

Denotethetotalm  b~weell ot~puts ofⅡ IMFIS 

andlhe~ining位畸ec es by 

e ： {∑lI y(i+ )一 (1+ )ll 2．(9) 
‘=0 

From(6)， 

y(i+k)+口o (i)+口l (i+1)+⋯+。I—l (￡+ 一1)= 

( [̂岛p( (f))+⋯ + 一lp(x(i+k一1))]，⋯， 

日 [岛p(x(i))+⋯ + 一lp(x(i+ 一1))]) 

D缸  

A( (i)， (i+1)，⋯， (i+k一1))： (̂山) I， 

= 岛p(x( ))+⋯ + 一1p(x(i+ 一1))， 

= 1，2，⋯ ，n． 

S曲 n妯 it into(9)，it cm be s嘲l that n1e商IIi· 

A x(L

‘ 

J 2 ]_ L ( 一1)， (L)，⋯， (一))儿 j 
f。。 ‘。 ⋯ ‘ 一 ‘ 1 
L口o (L一1)+⋯+畸一1 ( 一1)+ ( )J 

a】霉皤i曲墙 for L̂ 婀Ls’s：theBPl翩=ning a】ga油 n锄d 

reached by ch0岫 g ap~per for viIIg(10)． 

 ̈
～ 

一

，

卜 
=三 

h 
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5 Emmsple and siraula廿on 

Comiderthe蜘 两ng system 

： 一 √1一 ，y(0)=o， (0)=1，o≤ ≤16． 

Asalmettultthe nlcn缸e ofthis system is Ullknow／l but 

its onY and velocity，at eachtime stepih can be 

measured．Let 

1： 。 2=y， (t)：( 【， 2) ， 

，( (￡))：(̂( (t))，正( (t) ：(一~／‘1一 }， 1) ， 

蛔 the sysmnbecomes 

t=f( (￡))， (0)：(1，O) ． 

Take step sizes^ ：0．05，0．0l，0．OO5，respectively 

U曲嗥 the obtained states aslraining dam，we applythe 

BPlfigofilhm∞~justtheparametersofallI．1CFLStmtil 

‘=8．Tausweotnain∞ 12vlFLSthatcm aplnoximate 

the m system ．Andlhcuwetest d1cpredictio~capac- 

ofthe obtainedI_／vlFLS flora￡=0to￡= 16．The 

simulatic~n ll a埠 giveninrig．2． 

f／s 

(a】The cLⅡvc ofcrrors betweenyand co~espondJng 

outputs ofthe LMFLS 

t，s 

tb) The c~n"ce ofetl'orS be【wcen and con sponding 

outputs ofthc LMFLS 

Fig．2 The simulation results 

In F ．2 ㈣ l，2 and 3 denote the~lTo~cup／~ 

血 ：0．05，0．01 and 0．005，respec~vely．The 

mea，1 value of absolute errDrsforWacking y afe0．0335， 

0．13068，0．12038，respectively；The rneanvalueof alr,o 

lute㈤ rsfortracking are0．0322，0．O064，0 0028， 

respectively．From Fig．2． sce that the shol'l；~-the 

step sizchis，the snlall~ the stateⅡ∞ 唱 ofthe 

U蛐FLS a ． 

6 Conclusion 

Inthis paper aiIew Î 怔1Sispresented based uftthe 

linearnaflti-stepmelb0ds Itis provedthatthe U FLS 

can pi'~dict states ofm unknown system ∞d simultane- 

ol】sly approxmmtothe皿bl0wn function detetmim~ the 

system．Sincemulti·step methods make full use of pre— 

viousinformationto reduce e【r0rs，but 0n}stcpmethods 

needto n'~arease o：~mpuCe quanaty in each step for this 

pI珥'ose．Gener'dly，bx艘 achievingthe s黜 a【l彻 一 

cythe computational qu,~ ity of amulti-stepmethodis 

less dlalIthat of a OIle—stepm出 0d，the pIq，0sed LM- 
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