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A Class of Nonlinear H., Controller Design

via State Feedback for Disturbance Attenuation *
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Abstract: A class of disturbance attenuation approach is proposed for affine nonlinear systems, which yields the local
stable systems of these problems via state feedback standard H., control for unkmown finite bounded periodical distarbence. The
method for these problems is showed by using dissipation inequality, and the parameters of controller are derived,
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1 Introduction

A popular method to solve the standand He. control
problem is the state feedback approached and developed
in[1]. Recently, attention was extended to H.. robust
performance problem for nonlinear systems and there has
been considerable progress in the design of robust H,
controller for nonlinear systems. The H. optimal control
or sub-optimal control was developed by several au-
thors' =1} | The discussion of these problems was almost
focused on output-feedback or measurerment feed-
backi?"*) and state-feedback!'38)  Specially, [ 3]
shows the concept of disturbance attenuation in the sense
of L, norms and gives a set of sufficient condition for the
problem of local disturbance attenuation with internal
stability in a nonlinear affine system via neasurement
feedback, that is when the set of measured variables is
just a function of the state of plant and of the disturbance
inpat (also see [2]), and in terms of the solution of a
pair of Hamilton-Jacobi inequality, which is the nonlin-
ear version of the Riccati inequality considered in analy-
sis of the He. (sub) optimal control problem for linear

systems. [2] presents a necessary condition for the exis-
tence of a solution to the problem of (local) disturbance
attenuation in the case of measurement feedback, and
yiclds the construction of a feedback law for disturbance
attenngtion. The necessity of these sufficient conditions
has also been discussed in [4] and [9]. [10] discuses
the H.. -controller design problem in case of decentral-
ized large scale nonlinear systems by using the Hamilton-
Jacobi inequality approach via measurement feedback.
The solution to the output feedback H.. control for non-
linear systems was obtained in {4] and [9]. The state
feedback Ha. control has also been investigated in [5]
and [6].

More recent contributions to this area of research are
the works [6] and [10]. In particular, [6] presents the
problem of H. control for nonlinear systems with a
known Lyapunov function, and using dissipation in-
equality a state feedback controller is designed to grant
that the closed-loop system is globally asymptotically sta-
ble. The most advantage of this method is not rely on so-
tution of any HIIE’ s{ Hamilton-Jacobi-Isaacs equation ) .
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In this paper we addressed, along the research line of
[6] and [10], nonlinear H. -control problem for peri-
odic disturbance attenuation (or, periodical nonlinear
Ha -control problem PNHP) . Using the notion of dissi-
pativeness and Lyapunov function , some disturbance at-
tenuation for the solution of Hw control problem are ob-
tained and the suitable state controller is constructed ex-
plicitly .

2 Notation
Definition 2.1 If the signal w(¢) satisfying
w(t) = ap’2 + Z(a;cosimz + bisimiwt) =

N
ag’ + E(a,—cosiwz + bisiniwt) + R(iat) =~

i=1

N
20’2 + E (a;cosiwt + bsimiat), (1)

=1
where lim R(iwt) = 0, we call (¢) is a periodical sig-
nal.
For all intemal stable systems, the system gain for

3

w(t) = Zw,-(z) as input signal can be approximatcly
expressed as follows! ™!
[ty « a0 e
Tm = IDAX ‘l] 1
=] [ Twd() & ) dae

where z,(i = 0,1,-*,1) are the output of disturbance.
Consider nonlinear system Z

(2

]

op .\':=f(.r)+§g,,l(.r)w,-+g(.r)u, (3)
2 =h(x)+d(x)u, (4)
where x € R” stands for the state, v © R" is the local
control put, w; € R'(i = 0,---, ) as Definition 2. 1,
are the square-integrable exogenous disturbances, z €
[%? is an output to be regulated, f(x),g(x) are smooth
vector fields in R" and R™. g.,l(x) is a matrix for
weight of exogenous distwbances, A(x),d(x) are all
known smooth mapping vector functions of appropriate
dimensions, and satisfying f£(0) = 0,4(0) = 0. For
convenience, we denote g, (x) = [g..n,'",g..[].w =

[wa,-+*, wl]T,such that 2 can be written as
Sx=flx)+g.(x)w+g(x)n, (5)
z=h(x)+d(x)u, (6)
Definition 2.2  Suppose for the initial state of sys-

tem 2 is xo = 0 and a neighborhood of X ¢ R of xp, for
anyEEX;thereexistazlanda w(t) such that ¢ = &
(21,0, x,w(1¢)). If this happens, then called that the =
is state reachable at x,. Where the fumction ®{¢,,0, r,
w(:)) is the solution of eguation # = f{x) + g (x)w
+glxiuatxg=0and u=0.

Definition 2.3 The pair {f, &} is said to be local-
Iy detectable if there exists a neighborhood X of the point
xr = Osuch that, if x(¢) is any integral curve of £ = f
(x) satisfying £(0) =0, 4(0)=0.

The PNHP to be addressed in this paper is as follows.

Given a scalar 7 z Vg > 0, design a locally smooth
nonlinear state feedback control game u = o (x) for =,
with « (0) = 0, and such that:

1) The origin is locally asymptotically stable equilibri-
um point of the closed-loop system;

2) the Lj-gain of the closed-loop system from w to Z
is not larger than ¥ , i.e., satisfies the following in-
equality
I;zT(r)zT(r)dr < sz;wT(r)wT(r)dr, foral t = 0.

3 Main result

Lemma 3.1 If system Z at xo= 0 is state reach-
able, and there exists a differentiable smooth positive
definite matrix function V{x), satisfying V(0)=0,s0
(BVAx)f(x)+ A"(x)R(x) +
(3V/ax)g.(x)gil{x)(@V/ax)T/(4y*) < 0. (T

Proof Since the L,-gain of the system is less than or
equal to ¥ and the system is reachable, for any Ty = ¢,
we have

0 [ OAWHIw(e) - M(D)a(e))dr < =
®)
That is
[ Pwioow(e) - Mey(e)de »

[ - e ©)
We onder

V() =~ lim it [ -

2/(z)z(z))dr, (10)
consider the nonlinear system is reachable at xry = 0,
when w(t} =0, the x{¢) = x; is obvicusly the solution
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of z(¢)=0, o V(x)=0.
Obviously

V(z) < | (AW () - S@aleNir < =,

(1)
when xg =0, V(0)=0
Consider the optimal problem for system 3
W(x) = il PO - (e,

(12)
It can be known from optimal control theory that
W(x(t)},1) satisfies
AW _
dx ~

— min| Y*wTw - 2Tz + %(f(x) + g.(x)w)l.

wl1)
(13}
It also can be said that W{(x(r),t) satisfies
W _
3x

- E}i.';'h wiw - 27z + j;,—(f(x) + g lx)w)i.

(14)
. a a a
Because, W(x) =-V(I),ﬂ‘lall§£=—3¥, md%

=0, so that

—m(inir wiw-z z+——(f(-t)+g.,(.r)W)3
mﬂfﬂwzz( y<>(ﬁ&uwh
- min{)’zw w - ART(x)h{x) -~ 8_,_;f(x) -~

1 3y
A2

o a2l G -

a_x’
L 3y,
2 3x8

4y (I)g,(‘r)(a)l‘ 3 g..(.\')w} =

mm{ | yw - zyg“(’)(ax T2+ [axf(") +

R (x)h(x) + ‘—2 3 g..( )g.,(-r)( )T]
We denote
P(x) = :f + R (x)h(x) +
2 T OGN (1)
Obviously
}T ? =

so that
P(x) =g—“,f(-r) + BT (x)h(x) +

i g (NG <.

Q.E.D.

Lentma 3.2 Suppose that the system X is state
reachable at xo = @, if there exist a neighborhood X
B and a differentiable smooth positive definite matrix
function V{x) for x(0)< X, and suppose system = sat-
isfies the following hypothesis.

Assumption 1  There exists a smooth function
V()20 in the neighborhood of X such that ¥ < 0

Assumption2 Matrix function 4 (x) is of full-col-
umm rank for any x © R".

Assumption 3 Punction V(x) is a diagonal matrix.
Then given any positive scalar ¥ = ¥ >0, the control
law

u =-[d"(x)d(x) ] [g"(x )V ax) /2 + d"(x)h(x)]
(16)
solves the Ha control problem for this system.
Proof For convinece we denote Q(x) =
[dT(x)d(x)]™, evidently @(x) > 0.

We know from Assuraption 1, the dissipation inequal-
ity of system satisfies

Vi(x(e)} - V(x(s0)) +

j‘IL(x(r), w(z),u(r))dr < Oforany £; = tp,

where

Lix,w,u)= || h{x)+dxdul?- 2y wl?
(1)

H(:: W) =
( ).r+L(.r w,u) =

—‘(_f(x) +g.(x)w+ g(xu) +
(h{x) + d(x)a)"(h(x) + d(x)u)-7'w'w =
ajlrf(-r) + —g(x) + -——g(x)u(x) +

RT(x)h(x) + uT(x)d"(x)h{x) +
AT(x)d(x)u(x) +
s (x)d"(x)d(x)ulx) - Ywlw.

From Assumption 1, the system satisfies the condition
of saddle point, such that for w and  fromJdH /Fw = 0,
3H /9u = Owe can get the saddle point of H(x, w, u).
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, =~ (dT(x)d(x))" gT(x)( )T
d(x)h(x)). (19)
Consider (18) and (19), we obtain
H(x,w,,u,) =
( )i‘ + Lix,w,,u,) =

TPLAx) + 558 () EL(x)G))T -

L) an) g (g G -
[dT(.t)d(x)]"g(x)dT(x)h(x)] + hT(x)A(x) -

472 )gw(x)g (x)( )T

E[d'r(x)d(x)]"[gT(x)(g)T+
d (x)h(x)]Td"(x)h{x) -

L d"(x) a1 (O G)T
d'(xYh(x)] + [d"(x)d(x)]" ‘[ng(x)( LAY
d"(x)a(x)]" - [EgT(x)(ﬂ)T +d"(x)h(x)] =

Wr(x) + ARG +

1
4y

4Q(x)

23xgw( )g (I)(
g(x)g"(x)(

Q(x) 'a";g(x)dT(x)h(x) -
Q)R (x)d(x)d"(x)h(x) =
P(x) - Q(x) | % g—:g(.t) +d"(x)R(x) 2.
Since @{x) =[d"(x)d(x)] ' >0, so that
13V T 2
Q(‘t)NE gg(x) +d (x)h(x)l =0

Hx,w,,m,) < S5702) + BH(x)A(x) +

ek AOTIEICIO

From Lemma 3.1 we can obtain
H(x,w,,u) <0
Q.E.D.

4 Conclusion

This paper has considered the problem of nonlinear
H.. -control problem for periodic disturbance attenuation.
We have developed a methodology for designing nonlin-
ear state feedback controllers that ensure local stability
and a prescribed bound for the closed-loop system. The
proposed design methodology involves the explicit con-
struction of the control law on a Lyapunov function of
system, which avoids the need for solving HVIE s.
There is real value in the work of this paper.
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