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Cumulant-Based Approach to the Harmonic Retrieval *
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Abstract: In order for cumulant-based approach to be applied to harmonic retrieval and practical dynamic data, the topics
of detepminate initial phase, mult-hanmonic and wide dynamic range are studied, some new characteristics are obtained, and the
defects of harmonic retrieval and noise pre-filtering algorithms are poinied out. Finally, the improved algorithm for wide dynam-
ic range signal is given. The simulation results show that the algoritim is effective and satisfactory.
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1 Introduction

The hammonic retrieval problem involves estimating
the parameters of a hammonic signal with noise. It has
wide applications in the field of signal processing, such
as radar, sonar and so on. Up to now, most of the har-
monic retrieval approaches assumed white noise and uti-
lized second-order statistics. In order for these methods
to be applied to cokored Ganssian noise, the noise co-
vanance matrix must be known or estimated. Typically,

however, the practical noise is colored and its covariance -

mairix is unavailable. By exploiting the fact that the
fourth-order cumulants are zero for Gaussian process, it
has been demonstrated that the cumulant-based harmonic
retrieval methods can suppress the effect of colored
Gaussian noise. The cumulant-based hammonic retrieval
algorithms can improve their toleration and moderation
theoretically . To be applied to the hanmonic retrieval and
the noise filtering of the real data, these cumulant-based

methods should be studied further. The distinction be-
tween the signal model adopted widely in theoretic re-
search and the signal used in practice is also pointed out.

In the research of the cumulant theory, in order to en-
sure stationarity, it is often assumed that the initial phase
of sinusoid is uniformly distributed over [ - =, ]and it
is used in convenience. In simulations, it is also as-
sumed that the number of harmonic is two and the ampli-
tudes of simisoids are almost equal. So the dynamic
range of signal is very narrow. But the above assump-
tions are not consistent with the real signal with determi-
nate initial phase, mmlti-harmonic and wide dynamic
range. Owur simulations show that most of the harmonic
retrieval algorithms are not effective 10 the real signal.
So, the model that is consistent with real signal is ana-
lyzed in detail. The concept of mixed cumulant is intro-
duced, and its estimation and properties are first dis-
cussed. Then, the topics of the multi-harmonic and the
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wide dynamic range are ntroduced. Finally, the defects
of common harmonic retrieval and the third-order cumu-
lant-based noise pre-filtering algorithms are pointed out,
and the improved algorithm is proved to be effective.
2 Mixed cumulant of harmonic

For the sake of convenience, the contaminated single
record signal x( ¢ ), which has constant phases, is mod-
eled as

Mo
s(2) = D) apcos{ane + ow) +n(e), ¢t =1, N,
k=1

(1)
where the amplitudes a; *s and angular frequencies ay, '
s are unknown constants, «, < w; forj = i, and n( ¢}
is zero-mean additive Gaussian noise with unknown co-
variance. The amplitudes are assumed to be positive and
wh € [- =),k = 1,2, , M.

If the sinusoid phases in equation (1) are uniformly
distributed over [ -, x], the fourth-order cumulant for
z(t) is defined as the real cumulant. Otherwise, the
phases are deterrninistic, and x(¢) is non-stationary.
Consequently, an alternative statistic is necessary for de-
veloping high order statistic-based hammonic retrieval
methods. We give the following Definition 1, where on-
ly real signal is considered, and the similar result can be
obtained for complex signal.

Definition 1 (Mixed fourth-order cumulant} If
x(1) is quasistationary up to the fourth order, the
fourth-order mixed cumulant is given by

Cixlt1, 12,13} =
cim[x(t),x(t + 71}, 200 + w2} 2(0 + 13)] =
Elx(tdx(t + v)x(t + r2)a(t + 74)] - Elx()x(t +
) JE(x(e+1)x(t+1a)|-E[2 (2 )2 (2 4+ 7} JE[2 (2 +
rxlt + 1a)] — E[x{2)x (s + r3)JE[2(t +
)zl + 12} ], (2)
where
N

E[A(0)] = lim v 5 ELAD].

The definition of the fourth-order mixed moment is
similar {0 the fourth-order mixed cumulant.

We refer to these statistics as mixed cumulants be-
ciuse they ave defined with the specific case of a mixed
process. In particular, mixed cumulants are appropriate
for mixed processes comsisting of deterministic signals

with finite, non-zero kth-order mixed cumulants plus
stationary random processes. These definitions also mix
time averaging and ensemble averaging. Note that for a
stationary process, the definition in equation (2) is e-
quivalent to the definition of the true fourth-order cunmi-
lants. On the other hand, for a mixed process, the defi-
nitions for the mixed cumulants and true cumulants are
different. The mixed-cumulant definition mcludes sta-
tionary signals as a special case.

Several important propositions of the mixed cumulant
are given as follows.

Proposition 1Y) Consider a signal x(z) = s(z) +
gtt), where s(i)} is a zero-mean deterministic signal,
and g(¢) is a zero-mean stationary random process. If
x(¢) is quasistationary up to the fourth order, the
fourth-order mixed cumulant is given by
3‘4,(r|,rz,r3)=Z‘4,(r|,r2,r3)= C4E(T|:Tz,73)-

(3)

Proposition 2/')  Consider a real signal s(¢) =

M
Ea,-cos(cuir + @;), if w satisfies

1=1
Wp + W = W+ Wy,
(k:mUI:m)I(k:nU !:—-m),
oWy by 5w, + 27, T =0,1

Wi+ W+ wy to, 2w, k,d,mon=1,-,M,

(4)
the fourth-order mixed curnulant is given by
645(1'[,'(2,?3. | 6) =
1 M
- Eza‘ficoswi(rl - Ty~ T3) +
=1
cosw;(rz - T3 — rl) + cosm;(rg - T - rz)} .
(5)

Proposition 3%  Consider a real signal s(z) =

M
> ascos{ws + @}, if w satisfies

Wy + wy % wy + 27T,
r=0,1, &,2,m= 1,2, M,
the third-order mized cumulant satisfies
Cy,(71572) = 0.
Proposition 1 shows that the fourth-order mixed cumu-
lant is theoretically blind to Gaussian noise.
Propositions 2 and 3 are important in the following
discussion .

(6)
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3 Mult-harmonic retrieval method

In simuolations, the number of hammonic assumed as
two is effective to the covarance-based harmonic re-
trieval methods, which can be seen from the covariance
deduction process. In the research of the cunmlant theo-
1y, it is often assumed that the initial phase of sinuscids
is uniformly distributed over [ — x, x]. This is often
used for convenience. But the initial phase of real signal
is determinate, so the result has shortcomnings in theory
and it can not solve the practical problem directly. The
concept of mixed cumulant can ensure the harmonic re-
trieval methods effective to real signal with detenminate
initial phase. In the deduction process, equation (4) is
introduced . If the number of harmonic is two, equation
{5) exists and the curmlant algorithms arc moderate.
When the number of harmonic is equal to or larger than
four, equation (5) exists only when equation (4) is sat-
isfied. We discuss the multi-harmonic retrieval method
as follows.

For the signal s{ ¢) in equation (1), no matter equa-
tion {4) exists or mot, we can obtain the following equa-
tions by equation (2)

M

Fa(c) = 5 D aleos(ws), (7
=1

g, (T1,72,73) =

lim l%i El()s(t4r)s(e+m)slt+73)]=

E 2y 210, ] lim —}VE [oos g £+ g Joos(eog {1 +7))+1) -

Elumoa=1 1=]

cos{an(t + 12) + @ )cos(w, (8 + 13) + @) ]! =

Ny 8
i E aka!amanh _1'2 ECOS[A,‘(I,;,C-I-J,;)],
8, = N

“Mm.A= t=1 a=1

(8)
where iz, (z) and iy, {1y, 72, 13) are the second-order
and fourth-order mixed moment of signal (), respec-
ﬁw’l}"-; = (flsfzvfj)s; = (Euk,cu;,wn,wn),t}: =
(e @1, Pms Pa) > and

Alt,t,0,9) = ag+gerai+7) + @rtonlt +
r2)+ Fm + wo{€ + 73) + @0,
At 0,9) = o+ gr+ (47 +pr—wn(t +

‘L‘g_)— P~ mn(t + 1‘3) = ©ns

Al r,w,@) e+ @ +w(t+7) +@r—awn(t +
T2)= Pm + walt + 73) + @0,

A, T 0,9) o+ +an(t+r) +@+ay(t +
)+ @ — w,lt + T1) - @,

As(t,z,0,@) o+ ~al{t+os) -+, (t +
Tal+ @ + w,(t + T2) + @y,

,5,;5) =cuk£+q7;,—w;(!+r1) - @ - wylt +

M

Aﬁ(‘s
7-'2)— Tm — cu,,(t + 1.'3) - @
A?(l,;,gj,;)=w;£+§v;,—¢ug(t+r1)—q7g+wm(t +

T2)+ @ — w,{t + 73) = @0,

i

Au(t, ,ZJ,;’)=wﬂ+¢k—we(t+f1)—?i—wm(t +
Ta)~ @n + wo{t + T2) + @,.
Obviously, if the time variable ¢ can not be vanished in
Ai(ts;sasﬁs)
hm 1 Ecos[l {(t,z,w,9)] = 0. (9)

Since k,f,m,n = 1,-, M, we consider five possible
cases for the indices &,I,m and n:

Casel k=f=m=n,
Case2 (k=Ixm=nls,
Case3 lk=m=1% nlg,
Cased4 |k =1 ms nlg,
CaseS k=1lxmsz=n.

The subscripts indicate the number of possibilities for
the indices k,I,m and n. Let

M

1
I;= Iy E Gg O Xy, *

kilma=1

lzzcm[i(trw,rp)] j=1,-,5

:]1=|

“hemk,l,mandnsahsfy the conditions of the i-th
case.

From equation (7}, the second-order tenms are given by
M, (1) (za - 72) =

[ Eakcos(wkrl)] [%iafms“w;(q - rz)]] =

=1 I=1
M

-%" E a} ot bcos[ anry + {1y - 190 ] +

Pt
cos[anr; + oy{ry - 1) 11, (10)
My (z2) g (zy — 1), (3} (2 - 71) and

Fin, (1) Fn, (73 - 72), are similar to my, (1)@, (T3
- 73), SO omitted.
If equation (4) is satisfied, the time variable ¢ in
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cos| A;(¢,t,w,p)] can not be vanished. From equa- s not equal to zero®', namely
tions (7} ~ (10), we obtain Cs,(r1,72) 0. (14)

P] = P4 = PS =0,
Colr1ir,rs | 8) =

(11}

—%éaﬂcosw,-(rl—rg—rg,)+
cosw;{ T3-T3-71) + cosw;(Ta—Ty-T2)|. (12}

If equation (4) is not satisfied, the time variable  in
cos[4,(¢,7,w,0)] among Iy, I’y and I's may be van-
ished completely. So equation (12) can not exist, it
means that the harmonic retrieval algorithms obtained by
the replaced covariance with cumulant can not exist, ei-
ther. If so, the cumulant-based retrieval slgorithms may
result in wrong results.

Considering the real signal s(:), if the number of
hammonic is two, the third-order cumulant of the signal
is equal to zero. But when the number of harmonic is
larger than two, whether the third-order cumulant of the
signal is equal to zer or not is determined by

Wy + oy 2w 75 r =01 k,Im = 1,2, M.
(13}

If equation (13} is not satisfied, such as wy + w; =
w,, , the time variable ¢ in 4;(t,7,w,) may be van-
ished completely. The third-order cumulant of the signal

To mixed noise, equation (14) shows that the noise pre-
filtering methods®**! based on third-order cumulant can
not be adopted blindly, otherwise the available informa-
tion will be filtered.

In order to prove our viewpoint, we conducted the
following computer experiments.

Experiment 1 Consider the signal z,(i),x,(¢)
and x,{1), respectively, as
%(t) = cos{Zn x 0.8 x £) + coslZr x 0.12 % ¢ +3),

4
xalt) = Ea,—m&(?:t x0.12x¢),
£=1

23(t) = cos(Zx x 0.04 % 1) + cos{Zx x 0.12 % & + 72/3) +
cos{2n x 0.2 x t) + cos(Zx x 0.38 x £ +7/3).

Assume that Ca, (), Ca,(z) and C4,() are the csti-
mation values of the signal second-order, third-onder cu-
mulant diagonal slice and fourth-corder cumulant diagonal
slice, respectively, and

2

Culz) == %Za‘}(cosmr),

a=1
623(“‘)! (—:31(7-')) 341(7:) aIld 64;(1-) are esti.'ﬂ’lated
from 500 Mcnte Carlo trials. The results are shown in
Table 1.

Table 1 The comparison of multi-harmonic estimated cumulants

T

N= 2500
1 2 3 4 5 6 7 8 9 10
Ch(r) 0.8%46 04947  0.1021 -0.133 -0.1105 0.11% 0.3926 0.5153  0.3%41 - 0.0020
Ti(r) -0.0023 —0.0028 -0.0019 -0.0007 0.0001 0.0003 -0.0007 -0.023 -0.0029 -0.002
ulo Co(ry —0.6419 —0.3708 -0.0758 0.09¢ 0.0825 -0.09%0 -0.2936 -0.3346 -0.2781 0.0032
Colz) ~0.6417 - 0.372 -0.0776 0.0967  0.0830 - 0.089%4 -0.2042 -0.3268 -—0.2816 0.0000
Tolz) —0.4177 —0.0742 - 0.438¢ -0.090 -0.496 00728 -0.7595 1.551 0.5267 - 0.5008
T.(r) -0.2108 -0.6072 —1.0138 -0.554 - 11288 -0.3608 - 1.2057 3.6773 1.7347 -1.1283
) Colr) —0.6748 09580 - 1.1767 -0.5677 -1.3553 -0.3983 -2.1375 5.2532 22862 -1.9175
C.(r) 0.3142 0.055 0.3294 0.0289 0.3750 -0.0554 0.5698 -1.1661 -0.3934 0.3750
Culr) 0.5764 0.0354 0.093 -0.3593 0.5590 -0.369 -0.570 0.7878 0.17%68  0.0579
T, () ~0.0021 -0.0006 -0.0001 -0.0010 -0.0019 -0.0021 -0.0021 -0.0040 -0.0021 - 0.0007
s Culr) 0.8968 0.4141 0.2686 09438 0.401 -0.4198 -0.450 1.2880 0.0085  0.0184
Co(T) —0.4335 -0.0270 —0.0724 0.2698 -0.4193 0.2767 0.4335 ~0.5003 -0.1330 - 0.0443
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From Table 1 and the above statement, we can obtain
the following conclusion :

1) If the mumber of harmonic is larger than two and
wy + @y = ay,(k,l,m = 1,2, M}, third-order cu-
mulant of the signal is not equal to zero, and the noise
pre-filtering methods!>*! based on third-order cumulant
can not be adopted blindly, otherwise the available in-
formation will be filtered.

2} If the number of harmonic is larger than three and
equation {4) can not be satisfied , the fourth-order cumu-
lant diagonal slices can not satisfy the following equation

- 3 M
Colr) == §Zaf(msw,~r).
=1

The wrong results may be obtained by adopting cumulant
algorithms blindly.
4 Processing method of wide dynamic
range data
In simnlations, the harmonic amplitudes are almost
assummed equal, so the signal dynamic range is very nar-
ow. However, the real signal has wide dynamic range.
Our simulations show that the common harmonic re-
trieval algorithms are not effective to the real signal.
They are not tolerant to the signal dynamic range, in
other words, it means that the performance of the har-
monic retrieval methods based on fourth-order cumulant
declines rapidly with the increase of data dynamic range .
The hamonic retrieval methods based on cummnlant
should be improved so that they are effective for signal
with wide dynamic range. It is very valuable in practice.
Supposing the model of the real wide dynamic range
signal s(¢) as
sfr) = iaicos(cu;t + gD;)s

1= (15)
lay I>lal, j=2,,M,

when equation (4) is satisfied, we can express the sec-
ond-order moment and fourth-order cumulant of signal
s{t), respectively, as

Mo

maylr) = %Ea%cos(w‘r). (16)

=1

6'4,(r) = - %2 a‘:(cosm,-r). {(17)

Since | a1 Il a; |, = 2,7+, M, we choose the ini-
tial value of a, as

ayp = g"#((Z—}), (18)

ma,
the efficient estimation value /| of frequency #; can be
obtained and the estimation model of the big amplimde
harmonic can be expressed as

5i(t) = aypcos(ayi + $), (19)
where 5(1) = s{&) - s{{¢).
Let
plr) = ‘}—jﬁi‘?—g) v (20)
and
cos{awi + ¢1) = coslawy i + $). (21)

When equation (21) exists, o gets the minimum val-
ve. Then existence of equation (21) does not mean that
@, is equal to ¢, because the following equation is possi-
ble

$ = ¢+ wyn,n = 1,2, N,
where ¢ € [0,2r]. We can determine the value of ¢
and the restrained signal can be expressed as

s{(1) = 5(t) - peosCosyt + #).

In order to evaluate the performance of our improved
method, the following compnter experiments are con-
ducted .

Experiment 2 Consider the following signal
2(t) = e cos(2rex0.005% ) +

cos(2xx0.01x t+5/3) + cos(2mx0.015x ¢t} +
cos{2rx0. M2xt+n/d}+nl1),
where n{i) = e(z) + 0.8e(t - 1) + 0.3e(s -2} -
0.6e(t - 3},s = 1,-, N, and the amplitude a, is a
variable constant. The length of the data is 500.

Using the common harmonic retrieval algorithms and
the improved algorithm respectively, the simulation re-
sults show that when a, is larger than four, the common
harmonic retrieval algorithms are not effective. But the
improved algorithm is very effective no matter how
much o, is. The resolts of the improved algorithin are
shown in Table 2 when a, is equal to 400,

From Table 2 and the above analysis, we can obtain a
conclusion that by modeling the big amplitude harmonic ,
the improved algerithm can improve the moderation of
the wide dynamic range signal.
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Table 2 The retricval results of wide dynamic range harmonic with the improved algorithm
SNE/dB
N = 500
20 15 10 5 2 0
average value 5.126E3  5.126E3 5.127E-3 5.127E-3 5.125E-3 5.125E-3
A average quadrantal emor 4.08E-7 1.30E-6 4.16E-6 1.38E-5 2.ME-5 5.03E-5
average value 1.0163E-2 1.0163E2 1.0163E2 1.0184E2 1.0167E-2 1.0173E2
& average quadrantal emor 4.83E-7 1.53E-6 4.844E6 1.56E-5 3.26E-5 5.61E-5
average value 1.5192E6-2 1.5192E-2 1.5192E2 1.5192B2 1.5139E-2 1.5190E-2
5 average quadrantal error 7.01E7 2 BEe6 7.10E-6 2.32E5 4.88E-5 8. XE-5
average value 2.(282E-2  2.0Z83E2 2.02M4E2 2 .0086E2  2.0301E2 2.0316E-2
S average quadrantal emor 1.91E6  6.06E6  1.91ES  6.12E5  1.24E4  2.02E4
5 Conclusion cesses Their Applications, 1984, 52(2):329 - 349

In this paper, the cumulant-based hammonic retrieval
approaches of real data are discussed. Topics of determi-
nate initial phase, multi-harmonic and wide dynamic are
studied . The defects of harmonic retrieval and noise pre-
filtering algorithms are pointed out. Finally, The im-
proved algorithm for wide dynamic range signal is given.
The simulations show that the improved algorithm is ef-
fective and satisfactory, The proper understanding of cu-
mulant-based harmonic retrieval can be obtained from
this paper and it is of important engineering guidance
value to applications.
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