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Abstract: This paper addresses the robust tracking of mobile robots with uncertain paremeter variations, Based cn the fact
that a controllable driftless system with m inpats and ot most m + 2 state variables is a differentinlly flar system, we develop a
robust control approach to the trajectory tracking problem of 2 three-wheel mobile robot via the dynamical extension approsch
and adaptive variable strocture control technique. By applying the dynamical exiension approach to the kinematic model of the
three-wheel mobile robot, the exact linearization of the extended dynamic feedback system is first realized wder mild regular
condition. In designing the robust control law we adopt the control interpolation in a boundary layer and on-line parameter eti-
mation to avoid the control chatlering under large parameter uncertaimties, Finsily, mumerical simulations are performed 1o show

the efficiency of the proposed approach.
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1 Introduction

There has been an increasing interest in the design of
feedback control laws for nonholonomic mobile robots in
recent years due to their wide applications in real
world'!-* | Mobile robots, as typical underactuated
control systems, play an important role in the theory and
applications of nonholonomic control systems''479~ 4]
The fact that no time-invariant smooth state feedback

laws exist for the stabilization of nonhclonomic systems
makes the control and motion planning of mobile robots
difficult. It is thus appealing for us to explore the appli-
cations of other noulinear control techmiques. Vanous
approaches have been proposed for such control problems
in recent years, such as time varying feedback™+>-1%],
approximate  linearization! ™,  input-output  lineariza-
tion! 1) and state feedback linearization.
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Variable structure control is a special discontinuous
control technique applicable to a broad variety of practi-
cal systems due to its easy implementation and good ro-
bustmess 1o unmodeled dynamics, parameter variations
and external disturbances. Unfortunately chattering phe-
nomencn existing in sliding mode is now one of the main
obstacle for wide application of this control sirategy,
which will excite the unmodeled high-frequency dynam-
ics, lead to Jarge control force and power consumption,
and steady state error.

Based on the fact that any controliable drifiless syst-
em with m inputs and at maost s + 2 state variables is a
differentially flat system!'®") and motivated by the dy-
namical extension approach in monlinear control sys-
tems''® "], we develop an adaptive variable structure
control approach to the trajectory tracking problem of a
three-wheel mobile robot in the present paper. In the
next section, the dynamical extension approach is ap-
plied to the kinematic model of the three-wheel mobile
robot to achieve full state and parameter linearization of
the extended system. Section 3 focuses on the design of
adaptive variable structure controllers to avoid the control
chattering without affecting the tracking performoance se-
ricusly. We connect on-line parameter estimation with
boundary layer in the situations of large parameter uncer-
tainty . Numerical simmulation results are given in Section
4 1o illustrate the efficiency of the curment approach.

2 Problem formulation
2.1 Kinemstic model

The kinematics of a two-wheel driven mobile robot as

shown in Fig.1 can be described by

2 = %(Rw, + Ruy)coad,

J" = %(Rcur + ng)sinl?, (1)
1

6 = ZD(RCUF - RIUI)

castor wheel

— 1

Fig. 1 Two-wheel driven mobile robot

Here x,y and @ are the positions of point P corresponding

to the midpoint of the rear axis and orentation relative to

the x-axis of the vehicle, w,,w; are the anguiar velocity

of the two driven motors, and 2R and 2D are diameter

and distance of the two rear wheels respectively.
Applying the following input vector

o %(w, + m;)
( )- @
1 _l‘(w ~ wyp)
2n r [
to (1), then it resulis in the following simple model
A4 = Rujcosf,
{}I' = Rulsinﬁ, (3)
6 = Ruz.

The above model (1) or (3), as a kind of underactu-
ated nonlinear systems, allows us to analyze the behavior
of the robot within the framework of the theory of non-
holonomic systemns. However, it should be emphasized
that there are two main drawbacks in the existing litera-
ture. One is that the model is kinematic (corresponding-
ty the control efforts are actually velocity), but the con-
trols applied to the robot are usvally the peneralized
forces, which makes the implementation difficult. The
other one is the semsitivity to the nomidealities such as
tire defonmation, since almost all the existing controllers
heavily depend on the assumption of known parameters.
Thus it is imperative for us to develop robust controller
design approach for mobile robot systems, as indicated
in the recent surveys {3] and [4].
2.2D3mami::feedback

It is known that nonholonomic systems can not be ex-
actly linearized via state and input transformations.
However, through proper output selection, the mput-
output linearization can be achieved as indicated in [3]
and [41. Moreover, it is possible to realize the exact
linearization if we extend the system by proper dynamic
compensations.

It has been shown that any contollable driftless sys-
tem with m inputs and at most m + 2 states is a differen-
tially fiat system which can be fully linearizable by dy-
namic feedback (c.f.,[16] and [17]). Since the kine-
matic model (3) is of two-input and three states driftless
form, it thus can be linearizable via dynamic feedback.
First, we define two suitable linearizing output functions


http://www.cqvip.com

No.6 An Adapave Varizble Structure Control Approach for Mohbile Robots 921

which comrespond to the position of { point of the rear
axis
z; = ¥ + hsind,
{21 = ¥ — hrosf, (4)
then, from (3) and (4), we obtain
2y = ReosO(uy + huy),
{22 = Rsinf(u; + huy).
Introducing the extended state variable
zy = Uy + huy (6)
and auxiliary input «; such that
Zy = wy. (7
then, with the extended state vector z, = {x,y.6,
z3)T, and the associated inputs u, and w, , we obtain the
extended system as follows
% = R{zy - huy)cos8,
¥ = R(zy - hup)sind,
& = Rus,

(5)

(8)

23 = wy.
From (5) and (8) it follows that
#; = Reosfw; — Rsinfzu;,
{.’:'1 = Rsinfuw; + R%cosfzau;, )
where

1 7
zjzﬁ %+2§,

cosfl = =" (10)

then

¥ o= R(_mwl - izui) '
N .
¥ = R(mwl +—-|uz).
Obviously, the new decoupling matrix is singular only
when the linear velocity z; of ) point is zero. Let

{11)

1 Za
£ '3
T 2%”' ¥ 2+ :‘%vz’
then it results in (11) or the following linear dynamic

system

ki

(12)

y =

¥ = R, (13)

where Z = [z; z,]Tand v = [v; v2]T. So the extended
system (8) is linearized by input transformation (12) and
diffeornorphism (14) under regular condition zy 0,
o= (24 2 2,)". (14)
Consequently, the exact linearization which has some
advantages compared with input-output linearization is
realized via the dynamic extension algorithm. From the
control standpoint, the above conclusion is meaningfol
since the resulted system is no longer in kinematic form,
but in dynamic form. Thus one of the designed controls
is the peneralized force which is commonly used in cur-
rent actators.
3 Adaptive variable structure control
In the above section we assume that the related param-
eter radius R is exactly known. In fact the parameter ra-
dius may be varied to some extent mainly dve to the
wearing between the wheel and the ground. To obtain
the robustness of the proposed control algorithm against
parameter variation and to avoid control chattering, we
will apply an adaptive robust control law here rather than
classical sliding mode control to the trajectory tracking
problem of this system.
To develop the adaptive robust control approach(®’ we
first define the switching surface S = O as
s=(22)z-242-2, (5
where Z = Z(t) - Py(t) denotes the tracking error, S
€ R? and X is a positive constant. Again we define a
boundary layer to smooth out the control discontinuities:
B(t) = {X:18(X,t) I 8t. {16)
In the paper we choose $ to be time-invariant, to derive
a control law that ensures convergence (o the boundary

laver, we first define a Lyapunov function candidate
Vi) as

V(1) = %[S}Sﬂ + R(RY - R-1?], (D)

where
Sa = S - #sat(5/4) (18)
is a measure of the algebraic distance of the cument state
to the boundary layer, R ! can be thought of as the esti-
mate of R™!, we then select control law v as
v == R(v* +¢+sat(§5/8)), (19)
where

2" = - Pt)4A-Z (20)
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can be thought of as the control when there is no adapta-
tion etror. since
V(e) = ST, + RAURR- - 1),  (21)
using the fact that $, = 5 outside the boundary layer and
S=Z-Byer-Z=24+0", (22)
convected with equation (13) we have
8, =- RR M v" +¢-sat(§/8)) + 0", (23)
then after computing
V(&) = - RR[SL - v* - R-'+ S} -
e-sat(S/$)] + 8L -0 - R (24)
Selecting the adaptation laws 1o be:
RU=zSTev* 450 c-sat(S/$) (25)
leads to

-

VP(t) = ST 9" = R"=- 80 - ¢ -aat({5/¢).
{26)
So that
Vit)gs—e-1 85 1. (27)

From the above deduction we can conclude that control
law (19} and (25) can guarantee the trajectory eventual-
ly converge to the boundary layer and then tend to the
prescribed trajectory along the sliding surface S = 0.
4 Simulation results

In order to show the efficiency of the adaptive variable
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Desired x; thin line
z,: thick line
i
o0
-1
-2
0 5 10 15

tis

structure control, we have performed numerical simula-
tions, let the reference output trajectory Py(t) be given
as
{xd(t) = sin(t), (28)
yalt) = 1 - cos(t).

The related control parameters are sclected as A = 1, ¢
= 1 and the thickness of the boundary layer # = 0.01
respectively, and the reciprocal of the wheel radius as
R-' = 0.3 but may be variable to some extent mainly
due to the wearing between the wheels and the ground.
With the estimated parameter R~! fixed at 0.2, Fig.2
shows the simmlation results that there are large control
chattering when the adaptive law is not adopted and pos-
sibly fail 10 rack when the parameter uncertainty is big
encugh. With the adaptive law used (initial value of
R-'i50.2), Fig.3 shows that the control chaitering is
quickly weakened even for large parameter variation.

The regular condition ( Z3 = 0) should be satisfied in
the control process, singularity of the controller is deter-
mined by the reference trajectory or the initial state of
the system. Even if the desired trajectory does not result
in the singularity, suitable initial state of the system can
possibly do it but just for a few isolated points, a simple
way to avoid the last situation is to force Z; s 0 in the
singular points.
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Fig. 2a Time curves of the output function without adaptation
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Fig. 2b  Chattering of control © and u; without adaptation
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Fig. 3a Control iy and v, with adaptation
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Fig 3b Time curves of output function with adaptation

5 Conclusions

An adaptive variable structure control approach is pre-
sented for the robust tracking of two-wheel driven mobile
robot via dynarnic feedback linearization. The sliding
mode control and on-line parameter estimaticn is strong-
ly coupled so as to have significant advantages over clas-
sical‘ sliding mode control” both in reducing the control
chattering and improving tracking performance in the
presence of large parameter uncertainty .

Since adaptive parameter adjustment is not always re-
alizable, it is usually necessary to realize parameter lin-
earization. The approach presented in this paper is effec-
live to solve a class of nonholonomic control problems.
The application of the current approach will be carried
out to investigate and perform implementations on a mo-
bile robot developed by the researchers.
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