FIBBHAH
20014E 12 8

Eh B 5 HM
CONTROL THEORY AND AFPLICATIONS

Vol. 18 No.6
Dec. 2001

Article TD: 1000 - 8152(2001 )06 - 0935 — (4

Robust H,, Output Feedback Control for
a Class of Uncertain Linear Systems with Time-Delay *

ZHENG Lianwei and HUANG Shoudemg
{ School of Science, Northeaster Uhniversity + Shenyang, 110006, F.R.China)
[.IU Xiaoping
( School of Informarion Science and Engineering, Moriheastern University - Shenyang, 110006,P. R. China)

Abstract: This paper considers the problem of robust H. outpur feedback controller design for linegr time-delay systems
with polytopic uncertainty. A sufficient condition in terms of quadratic matrix inequalities is obisined, which guaramees the sys-
tem is quadratically stabilizable with disturbance attenuation in the sense of Ha.,-norm via & strictly proper dynamic outpur fesd-
back controller of full order. Such a controller can be constructed from the solutions of quadratic matrix, inequalities. It is shown
that in some cases the quadratic matrix inequalities can be solved by converting them into linear matrix inequalities with the same

variables.
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1 Introduction

Since tme-delays are frequently encountered in phiysi-
cal processes and very often are the causes of instability
and poor performance of confrol systems, time-delay
systems constinte an important class of system of both
theoretical and practical significance. In recent years,
considerable attention has been paid to the H. controi
problems for linear time-delay systems with uncertainty,
€. g., for pom-bounded umncertainty, state foedback
H.. controller design methods have been proposed in [ 1
~ 3], and an observer-based H. controller design
method has been given in (4]. In the research of uncer-
tain linear systems, two typical uncertainties are norm-

bounded uncertainty and polytopic uncertainty. So far,
the control problems for linear time-delay systems with
polytopic uncertainty have not been reported.

In this paper, we consider the problem of robust Ha.,
output feedback controller design for uncertain linear
time-delay systems. The uncertainty is assumed to be
polytopic, i. e., the uncertain parameters appear affine-
1y in the matrices of the state-space model. As a stability
criterion, the potion of quadratic stability is adopted. A
sufficient condition, under which a robust H, strictly
proper dynamic cutput feedback controller of full order
exists, is derived in terms of quadratic matrix inequali-
ties. By means of their solutions, the controller is cons-
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tructed, which quadratically stabilizes the system and

achieves a prescribed level of Hy-nomm bound of the

closed-loop system. It is shown that in some cases such

quadratic matrix inequalities can be solved by converting

them into lmear matrix inequalities with the same vari-

ables, which can be easily solved with efficient numeri-

cal method, see, e.g.,[5].

2 Problem statement

Consider the following uncertain linear system with

delayed state

(2(2) = (A + A)x(t) + (A + DA ) =(t - d) +
(B, + ABy)w(t) + (By + ABy)yul1),

2(1) = (C +AC) (1) +{Cpy+ACy)x(t-d) +

) (Dy + AD)w(t) + (D + ADy)ule),

y(t) = (CQ+AC2):\’.(I)+(Cgl+A621)x(£—d)+
(Dy + ADy)w(t),

x(t) = (1), € [-4d,0],

(1)
where x(t) € R" is the state, (¢} € A" is the control
input, w(¢) € R? is the disturbance input which belongs
to L,{0,%),z(z) € R? is the controlled output, v{¢)
€ R’ is the measurement output, and ¢ > (O is the un-
known time delay, ¢(t) € R* is the continuous initial
function, A,A4,,By,8:,Cy,C1,Cy,Cy, Dy, Dyy and
D are known constant matrices with appropriate dimen-
sions. It is assumed that (A, B;, C;) is stabilizable and
detectable . A4 ,AA4,,AB,,AB;,AC;,AC1,ACy,ACy,
ADy;,ADy; and ADs, are polytopic uncertainty matrices,
which are linear matrix functions of possibly tirne-vary-
ing vector §(2) = (8,(£),3,(1)) € B, e.g., A
= §1A; + = + 3,4, where A}, -, A, are known con-
stant matrices. The uncertainty vector 4 ¢) is assumed
to range in the polytope

Q2 =1(8,.8,) € B:6 € 8,811

Let
Iy + 8n Iy + Sp Cls
oy, + Sh Oy + 8n  XCls+ U'DY,
Cia Ci1aX + DppalU -TI
BlsY + DIV Bi, Dla
ALY + ChaVT Als Cha
L XAT,Y + XCAVT XAT, XClia

Qo = U1, ,8,) ER 18 = Jior 8, = §i}
denote the vertex set of {2, which contains 2° elements.
The aim of this paper is to design a full order output
feedback controller
{xc(s) = Ax.(t) + By(1),
u(t) = Cx (1),
such that the resulting closed-loop system
£(2)=A(8)¢(2)+A4,(8)E(s-d) +B()w(1),
2(2)=C(8)&(2)+Cy(8)&(t-d) +(Dy + ADy)w(t)
is quadratically stable and has the H,-nom bound ¥, i.
€., subject to the assumption of the zero initial condition,
the constraint || z(2) ||, < ¥ || w(z) |\ 2 is satisfied.
3 Main results
Our design procedure is based on the following lem-
ma, which can be easily proved by Theorem 1 in [6].
Lemma 1 If there exist symmetric positive definite
matrices ( and § such that

(2)

A(3)Q+QAT(8)+S8 QC™8) B(8) A8)Q
()0 -1 Dy+ADy Ci{8)Q
B'(5) plsadh -1 o |
QA(8) QLT o -8

{3)

for all § € {2, then system (3) is quadratically stable
and has the H.-norm bound ¥.
In the sequel, dencte

Ajs = Ay + DAy, Bys = By + ABy,

Cis = €1 + ACy, Cyya = Cpp + ACyy,
Dya = Dn + ADy, Dyys = D + ADy,
Cna = Cn + ACy, Dyp = Dy + ADy,

for saving space.
Theorem 1 There exist a controller (2) and sym-

metric positive definite matrices (¢ and $ such that (3)
holds if and only if there exist matrices X > 0, Y > 0,
Su>0,82 >0, U,V,Z, and 8, such that

YBia + VDya VYAua + VCys YA uX + VCyaX |
Bia Aa AraX
Dya Cua CiaX
2 <0
-y 0 0
0 - Sll - 312
0 - Sh - S» ]

(4)
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for all 8 € 0,.,, where
I = Y(A + AAY + (A + AAYTY + V(Cy +
ACy) + (Cy + AC)TVT, (5}
My =Z + YAAX + YAB U + VAC,X + AAT,
Op =(A + AAYX + X(A + AAYT + (B, +

ABYU + U'( B, + AB,))T, (6)
and
Y |
P Y X] > 0.

Moreover, the controller matrices can be taken as
A = X(CYX-D"Y(YAX+ YR U+ VG, X+ AT-2) X1,
C. = UX', B, = X(I-YX)'V.
Proof Partition ¢ in (3) as
[ X Qm]
=loh 0a
with ¢, € R"™". Without loss of generality, Q;2can be
assurmed to be invertible. Let
T, = diagll, O5' X!, T2 = diagl T\, [,1. T},
I, - [Y - R"]'
I 0
and Ty = diagi Ty, 1,1, Tyl. Left and right multply

Performing the state transformation x, = @LX"'2, to
the controller (2}, and defining
U=CX,V=-R!B,
Z = YAX + YBoU - R7UAX + VC,X + A7,
the theorem can be proved.

Since (2,., contains only 27 elements, (4) are 2°
quadratic matrix inequalitics, We now give a sufficient
condition for their solvability in terms of linear matrix
inequalities. The condition needs the decomposition:.

AA = D,E,, AB; = DyE,, AC; = D.E, (T}
where the factors are linear matrix functions of &, or
constant mairices with appropriate dimensions. Note that
such decompositions aiways exist since some factors can
be chosen as identity matrices if necessary.

Theorem 2 Decompose A4 ,AB;,AC; as in (7).
If for some positive scalars €1, €2,€1,84, the matrices X
>0,Y>0,8; >0,U,V, and Z are solutions of the
following LMIs for all § € 2, , then they together with
S» = €,X*and Siz = O are solutions of (4) for all § €

O
[‘I’u Dy ]
< 0,

(3) by T, 77 and T, T]. Define oL - Ip
R= X000 X-X,Y=R"'+ X" where
[ I + Sn Z + 04" C'II;‘.‘: ¥Bia + VDya YAja + VCys YAis + VC:IA-|
ZT + A4 189 XCl, + U'D34 Bia Aia Asa
& - Cia CiaX + Dl -1 Dyys Cua Cna
BL,Y + DL, V7 B1, Dlia - 71 0 0
ATY + Ch VT Als Cha 0 - 5u 0
ATY + CR V7 Als Chia 0 0 S S
with I1,; and II given by (5} and (&), respectively, mula and the inequality
and A"B + B"4 < A"GA + B"G™'B
(YD, YD, VD, O 0 0 0] for
0O 0 0 XE! UE} XE' X G = diagle; 1,657,641},
o, = 0O o 0 0 0 0 of Remark 1 In the Riccati equation approach for
0 0 0 0 0 0 0 nom-bounded uncertainty developed in [4], some ma-
0 o0 0 © 0 0 0 trices must be specified at first, while in our LMI ap-
L 0 0 0 0 0 o 0 proach every matrices are determined acconding to the in-

@, = diaglei ,e5' 1,63 611,651, e51,67' 1.
Proof Setting S;; = 0.5y = ¢,X%in (4), and left

and right multiplying (4) by diag t7,7,7,1,1,X7!],

the theorem can be proved by the Schur complement for-

equality (3}. This is one advantage of our approach.
One more advantage of our approach is that it applies to
more general systems when the uncertainty is polytopic.
In [4] , the measured output equation and the controlled
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oulput equation contain only the present state and do not
allow the uncertainty. Even if the polytopic uncertainty
is converted into nom-bounded uncertainty, the ap-
proach given in [4] does not apply to the system (1).
4 Conclusion

We have proposed a robust H.. output feedback con-
troller design method for linear time-delay systems with
polytopic uncertainty. Based on the notion of quadratic
stability, a sufficient condition, under which a robust
H.. strictly proper dynamic output feedback controller of
fuli order exists, has been derived in texms of quadratic
matrix inequalities. By means of their sclutions, the
controller has been constructed, which stabilizes the sys-
tem and achieves a prescribed level of H..-norm bound
of the closed-loop system. It has been shown that in
some cases such gquadratic matrix inequalities can be
salved by converting them inte linear matrix inequalities
with the same variables, which can be numerically
solved very cfficiendy, see,e.g.,[5].
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