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Abstract: This paper is o sy the decentralized Tobust tracking control problem for large-scale uncertain systems with
time-defay. The uncertainty is value-bounded and can not satisfy its matohing conditions, A sufficient condition for the existence
of decentralized robust tracking controller is derived. This condition is expressed as the solvability problem of linear matrix in-
equalities (LMIs}. Based on that, a convex optimization problem with I MI constraints is formulated to design a decentralized
stare feedback control with smaller gain parameters which enables the controlled system to appreach the reference input asymptot-

ically.
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1 Introduction

In recent years, much attention'! has been paid to de-
centralized control for interconnected large-scale sys-
tems . Since the models often contain mcertainties, ex-
pected performance can not be obtained if the controller
is designed only based on nominal model. Moreover,
time-delay occurs in the interconnection due to the trans-
ferring information and is insensitive to the measure-
ment. Therefore, the decentralized robust control for the
large-scale systems with time-delay is of great theoretical
and practical value. The robust tracking problem for
large-scale systems with matching conditions'?*>! and for
time-delay systern[4‘5] has been solved. But the former
does not consider the effect of time-delay, and the latter
only considers the centralized control.

LMI method has received much attention for its high
solvability and becomes an effective method for robust
apalysis and synthesis %) In this paper, the problem
of decentralized tracking control for a class of intercon-
nected systems with norm-bounded uncertainty is studied
using LME method. The sufficient condition for decen-
tralized robust tracking control based on LMIs is derived
and a convex optimization method for designing con-
troller with smaller gain is proposed.

2 Problem description and lemmas

Consider a class of time-varying uncertain time delay
large-scale systems with ¥ subsystems. The subsystems
can be described as follows:

£(t) = [A; + A4yl (e) + [B; + AB Tu;(e) +
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Z}Aﬁ-(t-z—g)+ry., (1)
yi(e) = :Cm(z). i=1,2,,N,
where 7,(t} € B®, u;(¢) € R™ and y; € K are the
state, control and output vectors respectively. A;, B
and C; are with appropriate dimensions representing the
system, input and output matrices respectively. (4.,
B;) is controllable. Aj is the interconnections. z; = 0
denotes the delay in the interconnections. #, is the con-
stant but unknown dishobance associated with the ith
subsystem. The uncertainty A4;, and AB; are structured
and value-bounded ' ;
| Ay < Dy, VAB; | < E;, 1,j = 1,2, N,
where D; and E; are known constant matrix with nonneg-
ative entries. The meaning of the | A | < Ais; | ¢, | <
€iriaj = 1,2,", N, e; and &; denote the if-entries of
A and A respectively.
Assumption 1 System (1) satisfies the following
condition
A; B,
[ o
The objective of this paper is to design a local state
feedback control law for each subsystem guarantecing
that the output of each subsystern approaches their refer-
ence output asymptotically .
In the following discussion, define a two-valued func-
tion 8(-) as

]:nl+l,-.

0,E=0,
8(E) = {l, E = 0.

Here are several important lemmas.

Lemmal SupposeA,B € R"™", A= B, then we
have CTAC = CTBC, ¥ C € R**%.

Lemma 2 Suppose X and ¥ are vectors or matrices
with suitable dimensions, then for any positive 2 > 0,
we have

XY + VX < oX"X + 2 'YTY.

Lemma 3" Suppose ¥ and ( are vectors or matri-
ces with suitable dimensions, where ¢ > 0,2.f are
given positive numbers, then
YT

]<0;
- r

— al
'Y < al, ifandonlyif[ ;

. . L[Q 1
Q'<.3L1fandouly1f[l ﬁI]:-O.

Proof It can be proven by Schur complement'®! or
matrices' transformations.
Lemma 4'®) fAA € R**™ satisfies | A4 | < D,
then
2(D) = AAAAT, T'(D) = AA"AA,

b 1, DD I diag({ DD},

a(p)={” I ] | | < n diag{ DDT)
n diag{ DD")}, else

D'pli, Dot 1 diag( D™'D),

F(D):{” I I | #< m diag( )
m diag{ DD}, else

where diag{ R} = diag{ry,rp." i rm)s R = (r;)is
n-dimensional real symmetrical non-negative mairix.

Remark 1 || M || is defined as the meximum sin-
gular value of M, || a || is the 2-nomm of a, 7 represents
different unit matrices at different position.
3 Decentralized output tracking con-

troller design

In this section, the sufficient condition for the exis-
tence of controller for large-scale uncertain systems with
time-delay is derived. Then, a convex optimization
problem with LMI constraints is formulated to design a
decentralized state feedback control with smaller gain pa-
rameters.

Construct the augmented system equation as

(e} =[Ag v Myl (e) + [B; + AB Jus;(2) +

EA,,J,I;(L -1y} + 7 (2)

g:{(2} = Cx{t} - yu, i = 1,2,~,N,
where ¢,(t) € R’ and v,; € R” are the state of the aug-
mented system and reference input vectors respectively.
Rewriting (2} into an augmented state equation, we
gel
2(t) = [Ag + AA512(e} + [By + AB; Ju; (1) +

gfli;th-rwa. (3)
where
[l =16
e[ i1
o< %] om < [ e [ ")

The augmented sysem obviously satisfies the following
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conditions :
| AAG V< Dy, VAB V< Eg, i,j = 1,2,

(4)
where

po = (% 9 me ]

In terms of Assumption 1, the pair (A, , By) of aug-
mented system (3) is controlled. The following theorem
is the main results in this section.

Theorem 1 For large-scale system (1), if there
exist positive definite matrices X, , Z; € B4 {nv b}
matrix ¥, € R(m..u.)xtnlu‘) , and positive number a, , 8, ,
which satisfy the LMIs (5) ~ (7), then the decentral-
ized state feedback law (8) will serve as a robust track-
ing controller and make the closed-loop system internal
stable.

[ Ay AL X ALX, AbXy ]
X, (AT -8(a5) 2z
X(A%)T -3(A%) Z, <0,
L XN(A:N')T -3(A%) Zy.
(5)
—al  X[(Dy)?
1 < 0, {6)
LM{D;)2X; -7
1
Bl YI(E,
ﬂl I )z}< 0. .
LI(E;)ZYT -1
where

Ay = XAL + AX; + YIBY + BY, + 21 + ad +

B + i‘aug)z,.,

g=1
u = Kz, K = YX7U (8)
Proof The proof is divided into two parts:
1) Internal stability, When the augmented system (3)
is controlled by (8) and &, is first neglected, the closed-

loop system equation becomes
£ = [Ag + AL 15(8) + [B; + AB; | Kz (t) +
Z\’:Az 3;(5 - rij)‘ (9)

Consider the following Lyapunov function:

V() = E[zp,z,+2j S(Ad)zH,-zjdt],

i=1

where P;, H; are positive definite matrices.

The time deviation of V(z)} along with the state tra-
jectory of the system of (9) satisfies
V(z)

E{iTP,Z; + 2P, + EB(A NaHz

EB(A.;) (t—r;.-)H,-z_,—(z—r.-j)} =

x

E LZT(ATP + PA, + AP+ PAA, +KTBLP +

PB.K +KIABLP; + PABK, )z, + EZ:TPAﬂﬁ(t—rgH
b1

ES(A aHz - 5 8(A%N (e - ) Hgle - 7))

i=1 J=1

(10)
From Lemmas 1,2 and 4, we have
PP; + I'(Dyy) =
PP, + MTLAAL = PAA, + AALP,,
(11}
PiP; + KIT(E)K: »
P.P; + KTABLABK; > P.AB.K; + KTABTP,.
(12)

Put equations {11) and (12) into (10), we have
V(z) <

N
Z 12T ALP
=1

i + PAy + 2PP; + T'(Dy) + KIBLP, +
PBK; + KT (Eq)K; 15 + 232 WP (2 - o) +

D 8(AL)Hz - EB(A Dz (e~ ) Hg (s-1y)t.

(13)

From Lemma 4, I'{ D;) and I'( ;) are positive de-

fined or semi-positive defined matrices, which can be

divided as I'( D) = ['(Dy)*I'(Dy)"? and I'(E,)

= P(E )T (E,;)"?, then there exist a, > 0, 5; > 0,
which satisfy

I'(Dy) < aPP;, KID(E K, < BPP;.

From (13) and (14}, we have

V(x) =

(14)

N

D 1HALP; + PAy + KIBLP + PBK, +
=1
2PP; + a;iP\P; + PPz +

EZ:TP,A,,F,(; - )+ ES(A )ZJH’-‘.,VJ


http://www.cqvip.com

942 CONTROL THEORY AND APPLICATIONS

Vol. 18

Zﬁ{Ai)z}(t - I',,)Hr”.}(t - I',’)i =

As P4d) PAL, PA%y

.| 4R (i,
SOMT (g, -3(AdH, M,
=1 . "

(AZ)TP; —3{ A%y ) Hy
where

z,(t)

21(3 - Til)

M=

z(t - 1) |,

:N(Ii - I','N)
Agi = ALP: + PAy + KBLP, + PB.K +2PP, +

aPiP; + BPP, + 2, 0(AZ)H.

where

As = P7AG + AuPT' + PTKIBL + BKP!' +

21 + a1 + B + ia(A;‘,-)P{IH,-P;l.
t=1
Let
X = Pi', Y = KPP, 2 = PYHPT,
then X; > 0, Z; > 0 are satisfied. Thus (16} is equiva-
lent to (5) aud (14) is equivalent to
XD(D)X, < ad, Y}‘P(E;‘.)TYI < Al.

From Lemma 3, if and only if (6) and (7) are satis-
fied, then {14) is satisfied. And the internal stability is
then assured.

2) Asymptotic tracking. First define the following
matrices.

A, = block-diagl 11, , Aww ]

AA, = block-diagl Ad,y1 .-+, Adaww ]

Ag = block-diagl A1, A ],

Ay = [Ag, = Aw], i = 1,2, N,

(e -1) = [2(e - vy),or, R0 - 7)1,

sl - ) = [oe - o)y 2wt = oy 1.

B, = block-diag[ By, **, B 1,

Based on Lyapunov stahility theorem, if the following
LMl

[ A, - PAY PA%, PAd i
(A% VTP, -3(A%)H,
(A%,)7P; —8(A%)H, <G
[ (A%, VTP, ~8( A%y ) Hy
(15)

{s satisfied, then large-scale system (3} can be state
feedback stabilized.

Next, (15) is pre- and post-multiplied by block-diag
| P, P, Pil, -, PR respectively, then we have

[ A AL P! ADH P3! AP ]
PiUASYT  _8(A4) PTLH, PT
P {AS)T —8{A%)Y P H, P! <0, (16}
[ P (AZ)T - 8(A%) PHHPH

AB, = block-diag[AB,, "~ ,ABy],
¢ = [&,& ],
K = block-diag[ K;,*++, Ky]T.
Then when the feedback law (8) for each subsystem
is chosen, large-scale system (3) will be
(1) =
[A, + A4, +(B, + ABYK]2(1) +Ag(t-7)+§ =
Az(t) + Ag(t - 1) + €. (17)
Differentiating both sides of (17), we have
(1) = Az(t) + Agz2(1 - 7).
From the first part, i.e. intemnal stability, 2(¢) will ap-
proach zero no matter how the inital condition is, that js
¢(t)=yi-yi—>0,as t = forall i =1,2,""", V.
Therefore, it is obvious that the property of asymptotic
tracking is achieved. Combining (1} and (2), the proof
is completed.
Theorem 1 gives the sufficient condition, which, how-
ever, can not guarantee the feedback pain as small as
possible. In engineering applications, control laws with
smaller feedback gain are always adopted to guarantee
performance and better disturbance-rejection!'?).
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To get smaller feedback gain matrix, we consider
YIY; < 64, X7 < vd, (183
where §; > 0.7¥; > 0. Then the following eguation is
denived
KK = 6X7YIYX;' < 87
Therefore, smalier feedback matrices can be obtained by
minimizing &; , 7;.
From Lemma 3, (18) is equivalent to
-84 Y! } [}i’l
v, -7
therefore,, system (1) has decentralized tracking control
law with smaller feedback gain which can be solved by
the following optimization problem

I
] > 0, (19)
¥d

[ N
I'll."iﬂ( E Ba' + E '}’l] ]
=1 i=1

with LMI constraints (5) ~ (7) and (19). This is a
convex optimization problem with ILMIs constraint,
which can be solved by LMI ToolBox!"! .
4 Conclusion

For a class of uncertain interconnected large-scale sys-
tem with time-delay, according to the Lyapunov stability
theorem, its decentralized output tracking control can be
solved by LMI. By solving the convex optimization
problem with LMI constraints, the design of smaller
feedback gain is given.
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