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Absl嘲 ：The l~-mr．Jfical identification principle is stated，end the 置铷 al slnchas6c (mo) 霉 钼b for 

themmsf~functionm矗nix(TFM)modelforI珊帖v aMe systemsis p．~med．Inthe~exmchicali出毗i盘；a吐0n，the systeln 

penmm~a地dividedintothe p日r跚螂 vector，whichincludesthe coefficle~s 0fthedunacterk~cpdyI 丑l 0fthe system， 

endtheperammrm蚵 x，whlc~includesthe coeffic~ softheimznerato~西theTFMpd 日向出 ，n~eclively．The姐 v口· 

geace∞由由， Dg e hypezco~vezgence山 ，showsthattheperammrd抽蜘 ㈣ (哑 )曲∞ bythe啪  

al雷c咖 is c~ en0yhI卫埘 ，endthatPEE c0nsis蛐 t co~verges幻 z舶 taxJetthepermteU ∞西忸妇 。o曲  ．[-rlera~o 

chlcal讪“ m硎 ∞ has a smag amoent ofcalc ∞ endis easyto be枷 碗  

l wⅡds：identification；hie*mr~ ．alidentification；mukivariable systt~3；peramet~ ~ ilI]atiogl 

Decnmmn cede：A 

传递函数阵递阶随机梯度辨识方法的收敛性分析 
丁 锋 杨家本 徐用懋 

(清华大学自动化幕·北京，100084) 

摘要：阐述了递阶辨识原理，提出了传递函数阵模型参数的递阶随机梯度(碰 )辨识方法．在递阶辨识中，系 

统参数被分解为参数向量和参数矩阵．前者是由系统的特征多项式的系数构成的．后者是由传递函数矩阵分子多 

项式的系数构成的．借助于鞅超收敛定理的收敛性分析表明，啪 算法的参数估计误差一致有界；当持续激励条件 

成立时，参数估计误差一致收敛于零．递阶辨识方法具有计算量小和容易实现等特点． 

关奠词：辨识；遵阶辨识；多变量系统；参数估计 

1 Introduction 

Reducing the la啦 computational渤 t required by 

previous identification a~gonthms for m~dtivafiable sys- 

咖 sis One ofthemost difficult projectsto be solvedin 

idenffr~ m ．One schemeis to develop ideatifica- 

tion alg0商 璐which l。qIlire less computa~on̈。．For 

exm~ le．the cO bin0didentificationmethods simukan~- 

ouslyto escalate allthe O棚 nx懈 s ofthewholemulti- 

variable system[ ·3]ratherthanto§血∞ the parameters 

0f each sI由 rsta咀 of a multivadable rs锄 【 ·引
，
the 

rnulti-il~iZovsfion idenfificmion algorithm which does not 

j口uir matrixinve~ onL ， hietaw~ caliclcntification 

al 曲 n for large-scale systems ， the hierarchic~ 

least squares al留 m for the transfe~flln~doB matrix 

mode1．and theI-i日md血al stochastic gradient algorithm 

inthis paper． 

The basic pIincjple of hieraw．hical identification is 

that．atfirst．a systevais decomposedinto sc ~bsys- 

tents with n船 dhna1 and fewex val'iable~．then 

口le parameters of each ~lbsystem aid esOxna~ed Ie即ec- 

~vely．Howevex，~aere exist associated items between 

廿Ie sub-system ．i．e．．the ith subsyst~ includesthe 

unknown parameters of other SUbSyb'~ ．So，this in- 

vol~es very difficult如嗣萱吐 c u 0ns．In order to 

solvethis problem，when compu~ngthe parameter esfi- 

mate~ofthe ith subsys~ at thne f，the lmkrr~Vn pa- 

Iam船 of other su~ tems aidmpl∞edwith 0aeir esfi- 

m船 atthne(I一1)． 

The hietaw~calidentification forTFM isthatthe pa- 

rar【 I盯s ofthe system aid dividedinto a口a】 l嘣 盯 vc- 

*~ ndatien i蛔 州删 by the№嘶叫 №n蚰1 sd朗∞ Ⅱ of Omna(h ℃)(60昕4 ，699 1O)t∞d她 uDd 皿 。f _加n 皿 
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ctor and a parmmetermatrix．andthenthey al℃estimat一 

， respectively．The parameter vector consists of虹  

coefficients of the characteristic polynomial of the sys— 

tern，andthe paIⅢ脚 matr~ consistsofthe coefficients 

ofthe nLilt~ oftheTFM polynomials． 

The hletatr．hical ideadfieafion algorithms require less 

con~vum oma Imrdea than Sen aad Sinha’s algo- 

dthln[B_
，
but its convexge~ce analysis is／itol-~difficult 

Inthis paper，the convergence ofthe HSG 血m is 

studied by Ilsing ma~n#e hypero~vergence t~ l-em， 

butthe convexgence oft|Ie hiermehicalleast squares al— 

gorithminRef．【9J will still be difficultto prove． 

2 l置ierarehiealidentificationfortheT同Ⅶ 

model 

Consider t|Ie muld—input multi-output stochastic sys— 

tern describedbytheTFM model[ J 

A(=)y(t)= 

Bl1(：) 

B21(z) 

B12(=) 

B∞(=) 
● 

占 1( ) 占l越(=) · 

Bl， 

B2 

B 

H( )+ (f)， 

(1) 

wtlel~Ⅱ(f)：[u1(t)，n2(f)，⋯， ( )]T∈ is 

咖 iIIpIlt v咖 ，y(f) ： [y1(f)，y2(t)，⋯， 

ym(E)] EⅡ is廿Ie system output vector，=-1 r印re— 

seatsthe unit delay opetator，i．e．，z-1Y(f)=Y(f一 

1)， (f)=Y(f+1)．"( )E璇mis a stochastic noise 

’ c幻fwi血zefomean，A( )is出e cMracreristic 

polyr10m ofthe system (of degree n)defined asthe 

least c0ⅡI“m  dentaninator of all e口 ofthe n nsfer 

funcdonmatrix ofthe system，and 

(：)=1+。1=一 +。2=一 +⋯ +n _。。， 

B (=)= (1)z +岛(2)=～+⋯+ (n)=～． 

TheⅡuf曲 of the parameters(啦， ( ))to be 

identifiedjn model(1)is。qual∞S1= (r-~t-4-1)． 

The sequence{16,(f)}is asslm蜘 to be a martingale 

diffexence sequem~defined oil a probability即ace(n， 

F，P)and adapted to the sequ~ of n ldⅨ 

sub-siva 咖 { ，t E N}whell~； }is generated 

bythe曲servatjms upto andincludingtime t，i．e． 

：d(y(f)，H(E)，y(f一1)⋯， (O))and F0 is as_ 

sumed to contain aIl initial condition information．1he 

sequm~{"(E)l sa the following noise assump— 

uons： 

AI)E[ ( )l 1]=0，a．s． 

A2)E w(t){l l —1]=口 (f)≤ <∞，a-s_ 

A3)lim sup{∑ll"(圳f ≤口 <∞，a．s．． 
～  I

． 1 

wheretheilonxlofthematrix is d~finedby l}Xll = 

tr[ ]． 

Eq．(1)can be e．xprt~ed as 

A(z)y( )=B(z)n( )+"(f)， (2) 

wbeIe 

B(=)=Blz一 +B2：一 +⋯ +日 ～，B E ． 

In vectorform，Eq．(2)may be writtea as 

Y( )+ ( )n= ( )+"(t)， (3) 

(f)：[Y(t一1)，y(t一2)，⋯，Y(f—n)]E R⋯ ， 

= [Bl，B2，⋯，Bn]E ( ， 

。 [ 一1) 一2) ● ： f
— n) 

∈ 】殿" 

Lct r(￡)垒 ( )一 ( )and (f)垒y(f)+ 

(f)n，then system (3)may be d。comp∞。d into the 

fo~owmg two iIl1a画肋ly subsys~ans 

s1 y(f)=一 (t)tl+"(f)， (4) 

s2 (f)：0T9(￡)+ (t)， (5) 

y(f)E ， (t)∈皿 and nE inEq．(4)may 

be regarded asthe output vector，infomuaionmatrix and 

p}啦m船 vector of system SI．Inthe s蛐 e way ( ) 

ER ， (t)EⅡ and ER (坩 inEq．(5)maybe 

Icgard。d as the output vector，information vector and 

paxametermatrix of subsystem S2． 

According to the least squares principle，the least 

squares esdInames ofthe parame~ vector n andthe pa- 

ranmmrmatrix目may be~ tainedfrom 

d(f)=d(E一1)+Ll(f)[y(E)+ (t)d(t一1)]， 

(E)= (f一1)+L2(f)[zT( )一 (E)a(f一1)]， 

wl1盯e ( )and (f)are the estimates ofⅡ趾ld at 

timef，and L1(t)and (E)arc a朗 matrix and a 

gain vectl~． 

Since r(t)and (f)coaminthe unknown paran~tgr 

nm~ix占and unknown 氍町1啦 vectorⅡ，it is]mpo~si- 

bleto realizethe algorithm．The problem can be solved 

lls the hierarchicalidentificatiou／control principlefor 

-●●●● ●●f●●● ●●●●●-- L__J  
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larg~scale ， and these iJ~known variables 

may be replacedwiththeir corresponding esti／nates0 and 

a attime(f一1)．Ttleiesllltisthe hierardaical stochas． 

tic gradientidentification algorifltm of~stimadngthe pa一 

『arnc螂 fbrtlle，IR m~lel： 

) f-1)一 [y㈤ + 

(t)4( 一1)一 ( 一1) (t)]， (6) 

( )= ( 一1)一 [，( )+ 

( (f)d(t一1)) 一 (t)O(t一1)]， (7) 

r( )=r(t一1)+lI ( )II +II (f)It 2，r(O)=1， 

(8) 

where厶representsm m xmidentiIymatrix．Theinitial 

values oftheHSG algorifltmmay be chosen as 4(0)= 

a smm real vector(10“)，a(O)=a small Teal matrix 

(10“)． 

3 ~ e．nce ofthe lIsG algorithm 

L呲 n1 AssIⅡl嘭that廿leⅦ咖  (t)∈丑 锄d 

the (t)∈ s越sfy d fo g equati~ ： 

(f) (t)=0，for f一 

and 

lim[ (t)一 (t—k)]=0，for any 0<k<∞， 

and山砒吐Ie vec衄 ≠(c)is~ ciently rich(persistently 

excited)，i．e．there exit c0璐劬ts0<口≤ <∞and 

m integerN ≥ suchthatfor any > 0，thefollowing 

inequalities hold： 

(A4)aj≤ (⋯ ) +i)≤ ， ．， 

崎  

limx(t)=0． 

P Let￡(t+k)： (t+k)一 ( )Or (f+ 

k)= (t)+￡(t+k)，itisobvious吐Iate( +k)o0n— 

vergesto珊D，i．e．1i]m￡(t)=0．In d1e sameway，let 

1(f)= (t) (t)， have limel(f)=0．So 

(t+i) (t+i)= l( +i)， 

(f+ ) ( )=一 ( + )￡( +i)+￡1( + )． 

r蛐 tlle1101111 lI*II ct'both sides ofthe above 

equation．dle$111111111~on丘orni= 1toi= N is 

‘= 

( )[∑ ( + ) (c+ )] ( )： 

|= 

∑ l1一 ( +f)￡( + )+e1( + ) ≤ 
‘=l 

2∑[1l (̈  )l (̈ f)+e}(̈ f)]． 

Taking甘le trace of Condition (A4)will lead to 

It (f)It ≤ M 垒 T卢<∞，and using C~dition 

(A4)，we have 

0≤̂b ll (f) ≤2∑[胜 (̈  )+ei(̈  )]． 

Taking the limit of both sides。f the above'珊删 ily 

will obtainthe cc~elusion ofLemma1 aceo~lingtolira— 

ited existence criteflon． 

~aeorem 1 For the nmldvariable system (3)nd 

the}IsG algori~ln(6)一(8)，if As 坤 s(A1)一 

(A3)hold，arId∑r一。(f)：∞，崎 tlle parameter 

吐m on erro~given bytheHSG al Ⅱ岫 is eonsis— 

k址 bounded，i．e． 

1im II d(f)一口ll + lI (f)一0 ll <∞，a．s．． 

Proof Define the l~rameter estiI嘣 on a哪 V。咖 r 

(t)andthe parameter estimation㈣ rmatrix口(t)as 

(f)垒a(t)一n， (9) 

( )垒 ( )一0， (1O) 

SubstitutingBqs．(3)and(6)into Eq．(9)yiekk 

)： 一1)一 [ )一 )+ )]l 

(11) 

where 

( )= (t)d(t一1)一 (t)d= (t) (t一1)，(12) 

( )=0r(f一1) ( )一0T ( )= ( 一1) (f)． 

(13) 

Substimti~ Eqs．(3)and(7)into Eq．(10)yields 

(f)= ( 一1)+ [ ( )一 ( )+ ( ) 

(14) 

Define dle st0ch dc L】侧 ∞V fIlⅡc血m as 

(f)垒 II (f)II +ll a( )II 2． (15) 

SubstitutingEqs．(11)and(14)int0Eq．(15)，wehave 

T(t)= 

r(t一1)一 [II ( )一7( )II +( ( )一 

( )) ( )]+[ (f)一可( )+ (f)] · 

[ ㈨ 训 ≤ 
r ( ) ⋯  ⋯  

r(t-1)一南II ㈤II 一南( )一 
))T )+ · 
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[II e(‘)一 (1)II +II”(f)II ]+ 

2 f)_ 

(16) 

since e(‘)一 (‘)， (‘)， (f)，and r(‘)Ⅲc 

latedto (E)aadm 一l—measurable，takin~the c0n— 

ditional~a~cctationof both sides ofEq．(16)with — 

spect∞ 一l aadus啦 A&gtll~ OngA1)一K3)g 

E[T(‘)I 一l】≤ 

r(t一1)一 II e(f)一 (f)II + 

JL 』 jL { II e(f)一 (‘)II：+ 
r2(f) ⋯  ” 

≤ r2(1) ⋯ 

_1)一 ÷ II )一 
)11 + 业  

E[ (f)I 一1]一T(‘一1)≤ 

一  II e(f)一 (f)II + 

业  垒
一 6(‘)． (17) r2(

f) ⋯  ⋯ 

Considerthe set 

兄 =[( (1)， (‘))：II e( )一 (f)lI ≤ 

业  
． ]． 

r (‘) ⋯ 

A similar deaivaticn to Ref．[11】aad applying martin． 

gale~ vtagence恤∞ [12]to(17)show that 

T(f)coavergesto a boundedmudc~variable r0 a．s．， 

and(i(f)， (1))∈ Rl forl 窖e‘． 

If r(‘)一 ∞and 0 (1)ll + ll (f)Il < ， 

thenthefollowing relationship holds： 

lim(~(f)， (f))∈R = 

[( (f)， ( ))：I J e(t)一 (t)ll =0，a-s_]- 

(18) 

This o：auplc~s thelxcofofTheorcan 1． 

Tltem,em 2 For the mulfivariabl~system (3)aad 

theI-ISG 舳 (6)一(8)，ifthe conditions ofThe一 

一· ， ～ 垒【 ， 
2，⋯， )is st~ficiently rich， (E)is the fth row of 

(‘)；then the pararae~ estimation elTOg giv~a by the 

I-ISG alg晓j出m coasJa,~ conveages to z目D，i．e． 

1im ll d(f)一o I1 + ll (f) 0 I1 =0。a．s．． 

Proof Since (1)(i=1，2，⋯，m)is s~ tly 

rich，then 

lirar(f)=liraO(f)：∞． (19) 

From(18)，we have 

e(‘)= (f)，fort一 ∞， 

(f) (f一1)= (f一1) (f)，for‘一 ． 

(2o) 

Let i(f一1)IefH entthe 血row 0f (‘一1)，and 

a

⋯

(t-

_1)
1)]j 

then(20)may be dec0mp0s。dintothefollowingm e· 

quations： 

(‘)粒(f)=0，i=1，2。⋯。m，forf— ． 

(21) 

From(A3)，(18)，(19)，(11)and(14)， mayobtain 

hm[xi(f)一 (f一 )]=0，for any 0< <aid． 

(22) 

胁 (21)and(22)，itis notdifficulttoroachthe c0n— 

clusiom ofTheorem 2 byIlsingI．emma 1． 
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