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Abstract: H,, -controller design for a class of uncertain large-scale intercoonected continuous systems with ' x ' wn-
known but constant delays in the interconnections and nme varying but nomi-bounded parametric uncertainties is addressed. A
sufficient condition for the existence of a memoryless robust He. -state feedback control law for vncestain large-scale intercon-
necied time-delay systems is derived with LMI { linear matrix inequality) approach. Finally a numerical example is given to
demonsirate the design procedure for the decentralized H.. -state feedback controller.
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1 Introduction

In recent years, large-scale systerns with time-delays
in the interconnections have been receiving considerable
atention, beacuse there are a number of large-scale sys-
temns with time-delays in the interconnections in practical
situations { power systems, communications systems,
and so on). To account for implementation constraints.,
cost and reliability considerations, a decentralized archi-
tecture has been developed. Xu and Lam!!-! established
delay-independent decentralized stabilization conditions
for large-scale interconmected linear continuous systems
with ¥ x M delays; and de Souza and Lil*! established
delay-dependent decentralized stabilization conditions for
the same systems. Cheng et al'! considered H,, distur-
hance atienuation problem of large- scale systems via Ric-
cati equation approach. Mahmoud and Zribil*! smdied
the Jdecentralized observer-based feedback H. -control
problem for uncertain interconnected systems with delays

Reoeaved date: 2000 — 09 — 07; Revised date: 2001 — 05 - 14.

by algebraic Riccati inequalities. Although the Riccati e-
quation or Riccati inequalities iz well known and power-
ful, it can not be directly solved and needs tuning of pa-
rameters and/or positive definite matrices. In this paper,
a delay-independent decentralized H.. -controller for un-
certain large-scale interconnected linear continucus sys-
tems with &¥ x & uvnknown but constant delays is estab-
lished via LMI approach. LMI approach has two advan-
tages: Firstly, it needs no hning of parameters and/or
positive definite matrices. Secondly, it can be efficiently
solved numerically by using interior-point algorithms.
An example is given to demonstrate the design procedure
of the decentralized H.. -state feedback controller.
2 System description and preliminaries
Comsider an umcertain large-scale linear continuous
time-delay system S composed of N interconnected sub-
systems S;,¢ = 1,2,---¥. Each §; is described by the e-
quation
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:ﬁ;(t) = (A;+M,'(!))%(5)+(B;‘+-"lB;(!))H,UJ+

8, D (A DA ) -t )+ Gy (1),

i1
z(t) = Ca; (e} + T, ().
(1)
Here for the i-th subsystem S;, % C B, 1, T ™, 5, €
%% and w; © R’ are the state, the control input, the con-

N
trol output and the disturbance input with 2, 1, = n,
i=1

N N o
Emz‘ =m, 2, = r,a.ndEl,: I, respectively,

=1 1=1 i=1i

4.8, G, G, T; and Ay are known real constant matri-
ces with appropriate dimensions, AA;{+),AB;(+) and
AA;(+} are real-valued continuous matrix functions rep-
resenting time-varying but norm-bounded parametric un-
certainties in the system model with appropiate dimen-
sions, 0g 7, g 7 < ©{i,j=1,2,--,Nyae Nx N
arhitrary unknown but constant delays

Definition 1  Given a scalar ¥ > 0, the whole
large-scale interconnected time-delay system (1) is said
to be decentralized stable with disturbance attemuation ¥
if there exist local memoryless state feedback matrices &,
€ E=*"(i = 1,2,”,N) such that the resulting
closed-loop system satisfies the following conditions:

1) The closed-loop system is asymptotically stable
whenever w(t) = 0;

2) Subject to the assumption of zero initial condi-
tions, the following inequality holds

Il 2Ce> "z < 7l wle) ])2
for all w(¢) >« 0 and for all admissible uncertainties,
where
2(e) = [2{Ce),230e}, - zu ()],
w(e) = [wl(t),wiCe), -, wi(e)]T.

The problem addressed in this paper is that of design-

ing memoryless local state feedback law
u,(t) = Kx;(1), (2)
so that the whole closed-loop system is asymptotically
stable and to reduce the effect of the disturbance input on
the controlled output to a prescribed level ¥ for all ad-
missible uncertainties. In this paper, we assume that the
admussible uncertainties can be described by
[A4,(t) AB ()] = DF () Ey Eyl,
&A.‘;(!) = M,','F,;,'(!)Ng:

where U;, E,;, E;, , M and N; are known constant real
matrices of appropriate dimensions, F,(¢) and Fy(t)
arc unknown real-valued time-varying matrices with
Lebesgue measurable elements sadsfying the following
bounds
FIIOF() < I, Fi{o)Fele) s 1 ¥t
Substituting (2} into (1)}, we obtain the closed-loop
system as follows:
£,(8) = (A, +AA () + BE +AB (¢ ) K% () +

N

5.: D (A + DA 55— 7;) + Gans(2),

)=
z(t) = (G + TKD%(¢e), i = 1,2,---,N.

(3)
Furthermore, we define two index sets:

{J,-(A) = {1 4; %0, =1,2,--,N{,
Fi(4) = 1j14; %0,/ =1,2,-,N},

(4}
and let Ny(i) = k(J:(A)),i = 1,2,-,N, where
K(J) is the number of the elements that belong to the
set J.

The following matrix inegualities will be essential to
the proof in this paper, see [1,7].

Lemma 1 For a given constant matrix M & R"*"
2u™Me < MG M w4 "Gy, t ER*, v ER”

(5)
holds for any positive definite symmetric constant matrix
G & R™".

Lemma 2 Suppose that X and Y are matrices with
approptiate dimensions, and then the following inequali-
ty is tue.

Y+ YX < X"X + Y'Y, (6}

Lemma 3 Suppose that A, D, E and P are real ma-
trices of appropriate dimensions with || F | < 1, then
for any matrix P > O and scalar e > 0 satisfying P ~
eDDT > 0, we have

(A + DFE)'P-Y(A + DFE) <
AT(P - eDD™) 4 + ¢'EE. €
3 H.-controller design

In the following, for uncertain large-scale intercon-
nected time-delay system (1), we will present one
method for designing Ho -state feedback controller with
linear matrix inequalities that makes the resulting closed-
loop system asymptotically stable with disturbance atten-
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uation Y.
Theorem 1 If thee are positive definite symmetric

i; G xCT YT XEL YIEL M el
(ALEN ) S 0 0 0 0

cx, 0 _%1 o 0 0 0
TY, 0 0 -%1 0 0 0
EX, O 0 0 -I 0 0
EY, 0 0 0 -1 0
enMy O 0 0 0 -ej'7
M 0 0

xAj 0

dh 0

IO = AX; + XAT + BY; +
¥IBY + N,{i) +2DDT,
I; = XNG, i) = 1,2, N.
Then the clased-loop system (3) asymptotically stable
with disturbance attenuation ¥, and decentralized local
controller gain matrice K; = Y.X;'.
Proof Choose the Lyapunov functional as
N
V(i) = 2 V(o) = ZN?[xT(z)Pm(t) + Vil

izl
V(t) = E : z; (s Y PHP; x,(s)ds.
fefl-“ =%
Then time derivation along the trajectory of the closed-
loop system (3) satisfies
V() =

hd

S T(OPI(A + DA(e) + B + AB(£)K)=%(¢) +

ST 4y + 84 ()50 - 1) + Gan(e)] « Vile)} =
FTALE

hi
NzT(e){(PA; + ATP, + PBK; + KIBIP;) z( 1) +
11

2570 PoAA () m;(8) + 25T ) PAR () K (2) +

JELTAY

matrices X; € R%%, H;, € R%*" and matrices ¥; €
R™*", scalars e; > O making the following Limes feasible

Mpenw AnXy ApXy 0 0]

0 0o - 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

T A B P
<m0 0 0

0 -H r 0

0 0 —HN 0 FN

0 it D —ej! 0

0 0 ry 0 —epl ]

(8)

=Y )P Gav(t) + wi(8) CPx () +

Zx'f(t)P,- E (Ag + AA,;(E))xj-(t - T'g') + i’ru;(t)].
PLFAT]

Using Lemma 1 and Lemma 2, we have
2x5(1) PAA () x, (1) =
22T () PDF(3) Egi(2) <
w1 ) PDDPx (1) + x(¢) ELEaxi (1),
szt)P.-AB;(t)Km(z) =
251 () PDF (1) EuKix(t) <
xT(t)PDDPx (1) + x1(3) KEELE K (1),

2TOP D) (A + AN xe - 1) <
JEJI_H)

SCOP; 2 (A + 8 PPHTP (A +
TN

MG Pxe) + 2 =)t -
JE LA

) PHPE (¢ - 5).
Note that

i',u'(t) =

5N

d

ST PHPa (1)~ 25 x}(t-ry) PHPa(1-1y).

€ 1i4)
Therefore
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-
-~

(

)<

o

D isT()(PA; + AP, + PBK, + K'BYP, +
=1

2PDDIP; + ELE, + KIEVELWK) 5 (t) +

2 () PG (¢) + wl(1) 6 P; (1) +
TP, 25 (A, + A4 PTHTPT (4, +

yE184)

A () P (e) + )
14041
Using Lemma 3, we get
D5 (4, + AA ()PP A, + A4, (1))T =

_]E.Jll-n

x,T(z)Pi};gP,x,-(z) .

Y (A +MF (ON)PTHTP (A + MF, (DN, <

00

S A(PHP - e, NN AT+ D) e M MT.
_,EJI\M CEARY

Fuarthermore, we have
Vo) <

N
ST PA; + AP+ PBK. + KTBTP +

1=1
2P:'Di"-)'!))z + EE.;EaE + K?ELEEJ:K, +
Pi E A‘J(P}H!PJ - EQN'I,;NQ')_IAEPI- +

JEL4)

> e PMMTP, )x (1) + sT()PGa (1) +

I

wl( 1) G (¢) + 23 xI()PHPx (1)} =

FSFALY
*,
N 1xT ([ PA, + AP, + PBK, + KIBP. +
e=1

2PDDP, + ELE, + KELEK, +

P X3 A(PHP; - e NN ALP: +

FE L4}

20 e PMMP, + N,(i) PHPIx,(2) +
JE LA

()P Gaw; (1) + wi(t)CIPw (1)},

First, we prove asymptotic stability of closed-loop
system (3), let w(t) = 0, thatis w,(¢) = 0,i = 1,2,
N, obviously V(1) < 0if

PA; + AP+ PBK,+ KIB™P; +
2PDDP, + ETE; + KTETER, +

E)Aﬁipﬂiﬁ ~ &V AL +
JES(4

b sqlp,wqu + N (i)PHP; < 0. 9
JEL L4}

Next, to establish that ) 2(e) 112 < 7 1| w(e) Y > whenev-

er w(z) s Owhich implies that the desired robust H.., perfor-
mance is achieved, we ntroduce

=j’°(zT(s):u) Pt w())dt =

| NI ORBEEER AW

N)teﬂ'latforzemunualomdmas, V() = 0, we get
J=
N

Ef:[:f(r):,(z) Yl (e)w,(2)+

1=1

V(r}]dz—

.=]

V(o)
Ej:[:?(z):f(t) — Pul(eus(e) + V() ]de <

¥ rm -
D T IOUPA, + AT+ R (DPHP, +

PRK, + KIBiP, + 2PD.D'P, +
EYE, + K'FELEK, +

21 PA{PHP, - e NN AP, + CIC +

€l
> e PMMP; + CITK, + KITIC, +
JEL14)

KT 1%, (1) + 2T () PiGan; (1) +
w(t)GCPa,(s) - Ywl(t)w,(¢)ide.
Using Lemma?, we have

/<

é[: |zT(2)[PA; + AP, + N,(i)PHP, + PBK, +
K'B'p. + 2PDD'P; + ELE, + K ELEK; +

20 PAj(PHP; - eNiNy) AP, +

]GJ“(.!:I

D) e PMMIP, + 2CC; + 2KTTT, 1=, (¢) +

1€ J"(M

xT(I)P;GmI,(E)+wHI)CTP‘x;(L)—)’Zw?(t)w,(I) tdt =

¥

EJGE?(I)‘F&(:ML
=170
where
& =[21(1) wi(e)]",
; PG
i =[c‘{P,- - }’21]'

0, = P.‘A: + ATP,- + ﬁ,{(ﬁ)PiHipl +
P'B‘E; + ,K'{B;rp, + EC?CI +
2KTITK, + 2PDDP, + EFy +
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KEVEK: + 2 e3PMMP, + S
. E714) ¥ = & <0, {11)
PA(PHP. — e NTN,)1ALP,. ~
ot P (P — €Ny )T AP, S =AX + XA+ NaG)H, + BY, + VBT 4
Therefore, we obtain J < O if 2XCCX, « 2Y'TTTY, + 2DDT +
ﬂ: PiGi - -
v = " co (10) XELEX, + VIEWEY, + 3 e'M} +
) | 1€ 4141
Inequ.ahures (110) pre-mutlnplymg and post-multiplying >0 A;(BHP, - e NN, 14T,
by Diag [ P;' 7], and introducing the new variables. JEITAI
X, = PILY, = KX,, we get the following Then using Schur’s complements, we obtain from {11
[ @i G; AIC-{ Y{T.{ ,Y,EL }TEL M,']_ M,'_l\r A=1 e Aw~
&1 -7 0 0 0 0 0 0 - 0
X, 0 -ir o o o 0o « 0 0 - 0
TY, 0 0 -ir o o 0 0o 0 0
EgX, © 0 0 -I 0 0 0 0 0
EyY, 0 0 0 0 - 0 0 0 0 [<0, (12}
MY 0 0 0 0 0 -—eul 0 0 0
M, 0 0 0 0 0 0 v —gx O O
Al 0 0 0 0 0 o - 0 Uy :
: : : : : : : : : . D
L ATy 0 0 0 0 0 0o - 0 0 o Uyl
Where
@, = AX; + XAT + BY, + YIB! + Ny(i)H, + 2D.D7,
Uy = - PHP; + e, NN,
Inequalities (12) pre-multiplying and post-multiplying by Diag [I 1 I 1 1 I ey - en X - Xyl, we
have
[ &, G et YT xEL YEL eilM, - ewMw AuXi v Awy]
[, | 0 0 0 0 e 0 0 - 0
cx, 0 - %1 o o o 0 - D 0 - 0
T.Y; 0 0 - %1 0 0 o} 0 0 0
E.X; 0 0 0 -1 0 0 0 0 0
E.Y, 0 0 0 -1 0 0 0 0 |+
edMl 0O 0 0 0 -exl 0 0 0
eaMy 0 0 0 0 0 0 e o—enl 0O O
x47 0 0 0 0 0 0 - 0 - H :
: : : : : : : : : 0
L XnATy 0 0 0 0 0 0 0 0 - Hyd
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r 0 0 F 0 0o 7"
0 0 0 0
0 0 0 0
0 0 0 0
1] 0 0 0
0 o | o1 o 0
0 0 0 o | <O
: ;o0 el ;
1] 0 0 0
XNy 0 N 0
L 0 XV iy L 0 XaNT
Using Schur’ s complements to {13), it can be readily -1.97 -0.31 -0.5 0.3
verified that IMIs (13) are equivalent to LMIs (8), and Alz[ 0.91 0.8 ]'Anz[ 0 1,2]'
1Lﬂs{13)canguaranteell\fﬂs(93.'lhereforethepmof -0.3 0 - 1.32 0.3
is completed. A“:[ 0 0.4]'A’=[ 0.1 _0.37]‘
Theorem 1 presents a decentralized H.. controller de- _0.5 0 {0
sign procedure for the large-scale interconnected time-de- Ay = [ ], Adp = [ ],
lay system (1), In order to reduce the conservativeness o 1 01
of Theorem 1, a method of designing a decentralizing Ag:[—3-42 0‘06], 31___['0'5 0],
state foedback control law with smaller feedback gain is 0.7 0.2 0 0.5
formulated by a convex optimization problem. [0.3 0 ]
We enforce 2 0o o4l
N N
[min(Eswzt.-), Bl=[ll,32=[0],33=[0],
= (14) 0 1 1

Y < tf, X7' < si
to Theorem 1. It makes K'K; = X7'YTY.X7! < 1%,
According to Schur’ s complements, inequalities Y7Y; <
td, Xi' < s;f equal to the following linear matrix in-
equalities
- ¥T — s I
[ Y -1]<0’[ I -X
Corollary 1 To obtain smaller decentralized H.. -
state feedback gains, we may solve the following LMI
optimization problem:

] < 0. (15}

i

=1

Minimize i(s, + 8,
{ (16)

Subject to (8),(15).
4 Example
In this section, we give a numerical example to iflus-
trate the design procedure developed in corollary 1. Con-
sider the uncertain large-scale interconnected time-delay
system with N = 3.

¢, =[0.1 0], ¢; =[0 o0.1],
C, = (0.2 0.1],

& = [gi] b2 = [0?3J’ &= [0?2]’

n=01,7=01,7T =01,

D E N S

E;,=[-0.04 0.03], E, = [-0.06 0.04],

Dy

Es = [-0.07 0.02],
Ey = 0.04, Eyy = - 0.05, Eyy = - 0.03,
My < [0.02]' M, = [-0.04]’
0.01 0.04
My = [0.05}’ My = [0.4],
-0.3 0.05
-0.06 0.2
Mo = [ 0.5 ] 2= (_0_001}'
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Ny =[0.03 0.1], Ny = [0.3 -0.03],
Ny = [-0.01 0.6], Np = [0.4 0.05],
Ny = [0.3 -0.3], Ny = [0.3 -0.3],
Ay =0, dn = 0, Ay = 0.
Obviously N, (1) = 2, N,(2) = 2, N,(3) = 2.

Let ¥ = 1 and solve the LMIs (16), then obtain a
group of the parameter matrices as follows:

[ 11.0819 _zssss] - 0.010 -0.0935]
= om0t oo Lo !
o[ 48 _o.zm?]. [ B9 -5.2175]’
_0.407  0.545 ~52075  1.4%0
wo| 57 "0'5158],33; 13.67%9 —".39151
_0.518% 0.7 L_2.8915  0.9163

ez = 1. 373, €33 = 0.7850, €1 = 2.1435,
£y = 1.9009, ey = 1.9014, e; = 0.3124,
s = 2.7082, s; = 1.5068, s, = 1.3217,
1, = 5.2323, t; = 3.1535, t; = 2.1103,
Y, = [0.3620 - 1.6054],

Y, = [0.0086 - 1.2275],

Yy = [-0.1730 - 1.1366],
K =[-21732 -8.3267],
K. = [0.1528 - 3.8657],

K; = {-0.26942 - 2.408].

5 Conclusion

In this paper, some criteria of Ho-controller for a
class of uncertain large-scale interconnected continucus
systems with ¥ x ¥ unknown but constant delays in the
interconnections time-varying and nomm-bounded para-
melric uncertainties is addressed by LMI approach. A
numerical example has been provided to illustrate the
procedure of designing decentralized H..-state feedback
controtler.
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