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The Precise Integtation Method

for Finite Horizon H.. Control System Synthesis
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(State Key Laboratory of Stuctural Analysis for Industnal Equpment, Dalian Unrversity of Technology * Dalian, 116023, P. R. Cluna)
Abstract: Based on the analogy between structural mechanics and optimal control, the optimal H. nomm ¥,, of Ho, state
feedback control system can be obtained through the computation of fundamental eigenvalue of a generalized Rayleigh quotient.
To synthesise finite horizon H.. state feedback control system, the precise integration method is utilized 1o solve the Riccati dif-
ferential equation and to compute the carresponding optimal H,, nomm combined with the extended Wittrick-Williams (W-W) al-
gorithm. The state equation of closed loop system is also solved by the precise integration method, although it is time varying.
Therefore the simulation of response of Ha, state feedback control system under the initial value disturbance can be accomplished
by the precise integration method also. which is helpful for the design of control system and the evaluation of system perfor-

mance .
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1 3|5 (Introduction}

H R 74 R {545 s B H, 58 S 0 B 2 o 0, A
FEMEEHRESETRA Y TR RE H R
9B HLAE BN i (B T4 WA R Ho 38
R GHIRH S ERE, A A BA R
G R HEWE HL Ha T 7., . FIHT Riceati 05
HELERNERESE MASHEXNNELITEE
Rfgn FEEM S TRE . SEHWESRMEH N
AR IR G W ST R X — [ R i T — 1M# Y
R AR R T SR R Riceati B 5} R
TE RSB Ha T 7, 0 HELERM L5
BT REHFERRESFEOWHER T 5.

R TRENERRLE

% = Az + Biw + Bou, 2(0) = zg, (1.1)

* HEWH MEEEEEMTE
W R U HE 1999 — 11 - 25; SBHEwi H H3 . 2000 - 12- 20,

‘= [;"] (1.2)

He s AnFRETE, w b FARAE, u Im
EWRE,: vp BB EIE.p = m, EF A, 8,
B., CHI D AELMER, D™D = 1,1 WKW
HEFEX (A, B,) F(A,C) BB REOTHEMATIA.
Wit B E T RRE ML RBEH
v = Kx, (1.3)

EHAF RGN w DI - WEERIER G,
iy H, T R

Il Ga |l [o,7] < Y. (1.4)
e EREFNRD y ERTR N EEMRN Ho T
B Yo SIATLBBHETF A, AIAE LR
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u=~BJA, w=y3Bla

&Rﬂﬁ)‘iﬁ.ﬂ
2 = Ax — (BB] — y**BB])A, x(0) = =z,
(1.5a)}
X =— C"Cx - ATX, Ay = 52(T) = Spxp.
(1.5b)

i E R B E B AT VLS B Riccati MR
~$5=A"5+S4+C"C-S(B,B]-¥*B,B1)S,
{ S(T) = S,
{1.6)
MAFAZHRETENATLARTRN
= (A- (BBy - ¥ *BB])S)x. (1.7)
Wi R\ —BERTS S MRS, g

B RGEREHT LR,
AR 4 DR
SQJ‘:'[ATa? - H(z,A)]dt - —?l:xj;Sfo = 0.
(1.8)
H
H(z, 4\) =
ATdx + 2 ¢ - ——AT(Bsz y*B,B1)A,
(1.9)

AUSHT AL E 5, b), XFEREMM, HE
AR(L8)RMBH 7 FBERFTY, EIRE
F=RAMTER

I,

}"2 = m1nmax .
rall 1

(1.10)

H¥

T
I, =j (AT2 - ATax - E

4]
iﬂmﬂum_%

2 v Spar, (1.11a)

F
I, = %ID(ATBIBTA)dz. (1.11b)

(1.10) ] X Rayleigh A (E{H 8B, lhAE L
T U, . BEE X Rayleigh BATEMKER. X
Rayleigh 7 S /D A1 {E MR R {f Riccati #{50 HEIEE
BEENGRBE »2, 1 v, RHR RN L
H.u¥H REEM 2 SEREWHWENEE,
B W-W B854 Riccati J7 BI04 408 53 1] LA
HEFE U B8, 7E(1.7) FE R R b 7T F e
88 XK AER R e RAB AR RGBT
5, LA RGN EEM AR ERTR.

THHAXBRESREISE +ERE
Riccatiff 7+ 5 % i+ B B IE H. M8 IFETREN
HIOHRRYHE.

2 RRBESEREKREEH (Interval mixed en-
ergy and interval combination )
2.1 ERIB&#E(Interval mixed energy)

WEEFFEBE(L)MER, TUNE 1 ¥RE

(t,,4) ELTFTIIEA MK BB AR

V(xg,45) = Al x, _Jl”[,ﬂx - H(z,4)]dt.

(z.1)
HP 0t gty < To2,A HEMIITE(LS)
(1.50), BHEMREMN 2(1,) = 2,.4(8) = &, H]
MRERBMNMN x,A. BB SERKRENLTH, V(a,,
Ay) TTLTER, 2, 5a, 2R

V(xﬂ,lb) = AIFJ.‘“ + %‘xl'Exa - _,l,'lIG.lb

(2.2
HPE,C.FHnxn B KBRS RER, WA ET
= E,60"= ¢E=PRMBRGEEEHXNERER
ETHZKX S L NERREK, $r =1 -1,
HWEE G FSRAERA BB, CHMDZHEMNXE
AAURTEYM FRESET.

35 CT"C+A"E+EA—E(B,B]- 7 *B\B])E =
FTCTcF, (2.3a)
€ _ F(B,B] - y2B,B])F"
dr 283 = ¥ \Bi)}FT =
(B,B] - v *ByB]) + AG + GAT - GCTCG,
(2.3b)
dF ( T -2p g
4; = F(4 - (ByB] - y7*B1 B E) =
(A - GCTC)F. (2.3¢)
5 ty > 1, i
E—~0,G—0,F—1, (2.4)

XA FR(2.3a),(2.35), (2.3 MMERH.
Hep I RE{rER.

fa ‘r-b Ie
[5G F | &G Fin |

M ¢ EGe A
B EEEH

Fig. 1 Interval combination
2.2 EREHRAIEMEN B (Interval combination
and eigenvalue count)
KRRAHER E,6,F B4R (2.3a),
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2.30), (2. 3c)MEBERMAEME S FE— R
BER, BATBPESE » HEH, ERHE
EMWAFENE AR, BBSHNESRAEHHE
RS, YRR R NH X EB A RERET L
B EBEHETEE, BT, LSRN
&Y P 7 R B X B A VR B A 19 . ok o A P R R Tt
4377 B 1 MR B 200 B B e A (e

A1 RSN RS (1, 0) X(t,,t) A
LA R %y, 4, BMTHTT S HRE B (1,60, FEHR
MRS HERE E.,G.,F. T HERFE S RENIE
SHEEETRREAHFETAR R

E. = Ey+ FI(E;' + G,)™"F,, (2.5a)
G = G+ Fi{ G7' + E;)'F3,  (2.5h)
F. = Fo{I + G Ey)7'F,. (2.5¢)

S 1Q#EHMETR,H, &6 EFE Y TR
EBK Ho BE 7. BT - REBRTHEMN E,
G, F RF=RHF RS, B YAEEERER
MER4HF 1 . X BX AY Rayleigh A A4 {E#E(1.10) A E
X AFRMRBEMNRBERESX N RIEEERS
HORS YA EBM R ETRRREL R
HOEHERTURES B WWHEERERERS
HEH A GE (S &, T 15 B X ) A AR GE {3
¥ AXMREFTURARE S aRitERD
A . BB E TR N FHEHE 77 R
BEHAFARIHNAE v, = 0,4, = OWERHET KB
WEARMEENT 2 BB, B R(r¥) kEJERE
—iH ¥ BH Jr B, WEE, TLUNE K
Je(7 ¥ tas ). REEER, KB 1ANTF v A
EABNA Ja(rd) RER, KR T I WEXL
K. K BE 3 AEET

JrcCr¥) = Tl yd®) + Im(7¥) -
stEyl + s1E3t + GiF. (2.6)
Ry s (M| FRBEE M ZRIBAM = LDLT
E.D M AKTEENT O M. X, > 1, 8,4
FRTHERE v, BRE L(y¥) = 0.
3 Riccati B H IR S (Precise integra-
tion for Riccati equation)

TREA R 6 77 (2. 3a) B 1) 3 i) BE & Riccati 77
B(1.6),E—WEFRUFAZH RETEEAER
HiHE 2 BEE RBRGHAR(2.S) MAFGEMET
HAR(2.6) RFET. HERBE—1 28 77 HR
EHK g BB IR B A

to =0, =9, t =2g5,,

[ ty = kg, b= ke = T (3.1)

3R Riccati J7 BR7E X 26 B[] s R {4, R SR K B

SR p.29, 0 by, X BAYE-SERMERE. Fint

EEHREERXBHOAEMETR, BAREREARL

Hit§okBERLSH.

BREK » —BEEN BRALSEBLNK

G R ERF H RSB, TS

K o ERE,#H—FH 5 DK 2" B, — kA
N = 20,1 28 - 1048576, TREKE R

T = T]/ZN ~ 7 1078, (3.2)

U % X BHE S ER AR Taylor BRI R BT

E(7) meiT + ear” + €37 + eq7t,  (3.3a)
Clz) =gt + gat + g2 + got*,  (3.3b)
A2y =f+ it + i + 120 4 fort =

I+ F(z). (3.3c¢)

BRERFSHIFTRCIVNMEEF(2.)EHEE
.48 (3.32),(3.3b), (3.3c) AR 2 (2.3a),
(2.3b),(2.3c) , X L& FFWCH

(e = c"c,

e2 = (filer + elfi)/2,

es = (ffeg + etfs + fileif1)/3,

Ley = (fifer + efs + freify + fllerfa) /4,
(3.4a)

(g1 = B,BY - ¥¥¥B, B},
g = (Ag1 + 1AM 2,
g = (Aga + g2AT - gre181)73,

Lgs = (Aga + g3AT - greig1 - gre1g2) /4,
(3.4b)

fi = A,

fo = (AL - @122,

fi= (Afz - g2¢ =~ gleLfl)/3-

fo = (Afs - gaey - g2eifi - gref2) /4
#(3.32),(3.3p), (3.3c) it B BRBRIERE, &
REZEEOFEETE J = 0,ZHELBET
RBKH r WiBGRFRAI o AMEE TR TLA
2V BEITRERK Y MEBRHESRERE. FRFKH
ERE Z—-NROXEAHARERATHRRD

(3.4¢)

E. = E+(I+ F)VE4+G) I+ F), (3.58)
G = C+(I+ PG+ E) I+ F)', (3.5b)
F! = (F - GE2YI+ GE) "+ (14
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GE)"W(F - GE/2) + F'(I+ GE)™'F".
{3.5¢c)
BERFAT I EFHRBLERZ—.

WES E(p),6(5), F(p) B, R R H
KEEX 292,39, ky KEMBSHEE. RCHE
Ty KHREE, EREE 2, 2 KHKB WX
Bt 1,11(2.52),(2.50), (2.5c) W LAFH (k + Dy
KRB BSBEME,C.FEEZ iy HIKMY E
M AR R(L.6) WA RFMH. AT ARBET—
EPRE ZXBYESRERNE, = S, F, = 1,
G = O, ET BT - XBERXE 1 528
FTAHMIT. 3T E kn 4 Riccati HE(1.6) B RS, B
KB 1 KR (k- k), AR

S=E+ F(S'+G)'F =

E+ F(I+56)'SF, (3.6)
F, = (F+ GSp~'F, (3.7)
Gp = (G_l + Sf)_l, (38)

FATEH, BTG B ko 4L Riccati R (1.6) B LA
BT E(2.30), QAOTEWMH KL
REHE. MAEATSREE TEN LA FRT
—&

Jus = Jp-siSt +siS7 + 61 (3.9)

¢4 -4 no.emuRe, AHAEFR

ad;(x-‘) =- X 1ix-1, (3.10)

R E.G.F T EME 4l R(23), (2.3b),
(2.3c)¥[ 8] Ry H AT LAERA

% = -ATS—SA-CTC + S(B,BY-72B,BD)S.

(3.11)
ERE(.6);EEFY ¢ = M, E=6=0,F=
1,300 (3.6) IR ImA&M S(T) = SR, ol
(3.6) IHHH S(z) BE Riccati /7 B .

PR BR 7T 4 BR T N R A% Riccati b &
(1.6): % B K4 (2.4) KM (2.32).(2.3b),
(2.30), RERG.6) T RARMEGN S B HH. B
WE SR S BEA R, AFEBY S ETER
HHERS APEBARRER, TR FE TR TE
B.

il AR, E R Riccati B R ML
. T B E R, TRERGIITEEE
EHAIEETEE Jos = 0. RFTRTAEN 7 £
WRSH, TR IURILAT Jas > 0, MR 77

0 S/l YO 4 R4S, AT AR B R R

ERMERBH v

4  HIIRR LN B 145 4 43 (Precise integra-
tion for response of closed loop system)

1 Riccati B (1. DR MBRAFEL, R
BX—EREMS B, FTLEBIH & LM%
fHRE . — BN ERENS T BETERESRRS
T BERE, B THE (O 7)) R, vk
H AR 4R 18 .

BREALT)H F, FRRHMATE 4D -
SRR SR (3.10), TEHEY

dF,
—Z = - F[A - (B8] - v2B,BD)S].

di
(4.1)
FEAIR=5

Lr) = 14 - (B8] - v ?BBDSTF;.

(4.2)
XA P BREEEEAN(L.DA.EIARNR
& = FP(O)xg, (4.3)
m
x(t) = F;'(t)&. (4.4)
R, 2() KAREBHFR(L7) #7HL, AFE
HEEEBATRER. F,(0) BEREHBER, B
KEFMTREY, TEC 2SN HTEASR T
(4.4) BN () RERBLHE.
5 ¥EE B (Numerical example)

Yy #IET y52 Bf, Riccatl 7 B M W&
THRMNHRE,EFEXEREIMEE LT
KREERSF BB REG R B AR
BUNF v2 WS BUE A G R % Riccat iR, HWER
iEEE HE, AW EAETRELIERSEE,
BTyl WERBTHARRENETE, FHE
T AR S HUE T A Bt A E AL

EHEHR
0.0 1.0
i ,
39.4 3.8
0.5 0.0
m= (2, 5= 2],
0.5 1.0
[1.0 0.0] [10.0 0.0
“lo.o 10077 T Lloo 10,007

M MKBER 7 =3, iFEERN vy =
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0.12349039. R A LEME TN 2 = (1.5,1)7, &
HEBE ¥? = 0.95 x 7.2 BRI RGRE K Riccati
TREBENMETESHER 1 ME 2 hAEE K

i
B2 RALmAIETE DR

Fig. 2 Response of System

~80F ‘\\/"f‘f‘ x(2)
-1 a
00[5 (U] 1 15 2 25 3

!
B4 ABECH E RS RGN LY
Fig. 4 Rcsponse of system after the
change of matrix C

CHEFELERINRE, URE CHPHLR
C(2,2) B 7.0, HEBHAE HRERN v)? =
0.068133771, SR 2 B 326, y™> = 0.95x ¥5) A
BB GIRE R Riccati FEEM M AKRITESIE
B 4B s RAIBRRR, My = 0.90x ¥ B4 &
AR 4 X Riceati HEMRER 4 ME S 45 L
®ER MRERNTLYAM AT REN B He
FEHAN Riccati 7 B AT 8 0, 105 7 46 55 2500 G
ROBENR BT LA S XY E B 2 fE 4 153

MR y? = 0, BN —4 LQ & Hlk M,
Riccati F B BE P ZHMA N, AT R
EREHER T A E N R E BE D TEPEIE
e R T 4% .

6 LB (Conclusions)
FEmhESEEEROENMEIER H. K {but
HE R RBEYE T — T H e (71 Wm0o]as
FHEH T H.RER B A SR Ha B 8RN Ha
Hi# 5 Rayleigh ff AR EEZ MR FLHHEF L,
FERIEt44 T A 4 B4 35K ## Riccai FEBIER.
FIHE—FENATREEATOT R EEE, 5
BT HREE HoRER RERRESTTSWE

T 72 = 0.90x 732 BHRGRE R Riccati HEAY
FEEEM 2 TP 3 ey BURTSC w7 B R0
Rt H B2 L3 RGeS SR KRR

e A N
S(LD)
10t
1 v
wowth 5(22) ﬁ‘\
10!
100 L

] 05 1 15 2 25 3
!
B3 Riccatif AT i2m

Fig.3 Solution of Riceati differentiat equation

16+ -

_ 1.1
S _N Y

10°

10 ¢

10!

Q0

!
s miEE i S Riccatiy 2 4F
Fig. 5 Solution of Riccati differential equation after
the change of matrix C

WHHHER EX[RIHDEELNE T HRAE LQ
BRARR T SMEBN T EHRARME. FX
MR R0, W TH RN E Ho REKBRE
WAL, BRHARRERSTEP T ARNERE,
I35 2% SEAD{E MR 7348 BT LA RS R AT s ok 1 30
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Fi# A(Appendix A)

K& n 6% & #i1 M ( Computation of mixed energy of in-
terval J?)

Step 0 EE ¥

Stepl H(3.3a), (3.3b),(3.3c)HHE E(r),G(z}.

F(r} ##t? Ecsan:::E- Jﬂﬁ' =0

A2

Sep2 for(k = 05k < Nik ++)
{Ey= E3= E;G =G = G F| = Fj = Fi}
IZARR E, R Ei' + G, 1%(2.6) T Jpl
B Jac > 0,8/ v FFHIFE Step 1 FH
{87(3.5a},(3.5b},{3.5c)H & E,,G,. . F|
by

Sep3 F, =1+ F.
K5 5748 803 3 ( Computation of critical value)

Step 0 BE 77

Stepl {E = E;CG = GiF= Filp=0:E: = Sp

Gr= 0y = 13 Jm = OF;

Swep2 for (k= ke - L3k =05k - - M
{H(2.52),(2.5b), (2.5c) B (2631 E,. G..
F. 8 Jxcl
{Es= EsG= G Fy= Foidp = Jpe| BBy,
G FiJu A%
i Jpe > OM{BEBIESF BN 73 WM
i

Stepd if (Jpe > 0)

|73 & ¥;2 85 LR (upperbound) , BT H W B 5
WA |
else
| 73 RERSEE 7.2 89T F(lowerbound) |
if{ upperbound-lowerbound) > &
hE yP EHHE| . EMARENIE
£t 4
else
[break | 3
t
B NHEARARMEREHERS, FIEERN TR

(lowerbound )} #E 29 772,
Al HRREAER Riccati A B 4 (Integration of

closed-loop system equation and Riccati equation)
Sep0 & ¥ < ¥
Step1 (¥ E(9),CG(5), F(3)3E = E. = E(4).G
=G = G(y).F, = F, = F(pl;
Step2 fortk = k- 13k = Osk —-)|
| Tt E..G., F, % k351
|Es = E,iGy= G,3Fa= F,| ¥:E8,,G , FL A%
{HH(2.5a), (2.50), (2.5), HHEHH £, 6.,
F,l
f
{BEANRENE = 5.6, =0,F, = I3
Step3d for ( k = O3k < ksk ++)|
tEAFEHN E, G, F
(M (3.6),(3.7) HHE 5. Fl
1 (4.4) HE R EMEE R
f,

FAAEE R A
KEM 1971 B4 REIEEERETE FRNEN H BH

ERTH . SR ESEH . S AFEEHE.  Emil:wahg @
dlut. edu. e

ShAR 1934 g HE PENYERT BNNEERRS

RAfIE EhHEER, R RIT¥.
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