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摘要：将准无限时域非线性预测控制方法推广到更一般的情况，并给出了闭环约束系统的稳定性条件及最优 

解的存在条件 ．基于反馈线性化技术讨论了广义准无限时域非线性预测控制的实现及较大终端域的获取 ．该方法 

能显著减少在线优化所需的时间． 
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1 Inlxoducfion 

In the last decade，great advances in nonlinear model 

predictive control(NMPC)have been achieved．Various 

NMPC schemes have been developed and successfully 

applied in industry【l 3I
． some of which address theoret— 

ical problems such as nominal stability(see[2～4j)．In 

[5]and[6]，a quasi-infinite horizon nonlinear model 

predictive control(QIH-NMPC)scheme with guaranteed 

stability and computational advantages is discussed， 

where a quadratic objective functional is used．For many 

practical applications，control performance may be spec— 

ified in a much general form ．This paper extends the re— 

sults in[5]and[6]to more useful cases． 

2 Formulation of the control scheme 

Consider a class of systems described by the following 

general nonlinear ODEs 

(t)=f( (t)，／／,(t))，x(o)= o (1) 

subject to input and state constraints 

／／,(t)∈ U， (t)∈ X，t≥0． ． (2) 

Some fundamental assumptions are stated as follows： 

A1)厂：皿“×皿 ( ，／／,)一厂( ，／／,)∈皿“is contin- 

tlOUS and satisfiesf(O，0)=0．In addition，it is locally 

Lipschitz continuous in ． 

A2)U c皿 is compact，X c is connected and 

the po (O，0)is contained in the interior of X×U． 

A3)System(1)has a unique continuous solution for 

any initial condition x(0)∈ X and any piecewise con- 

tinuous input function u(·)：[0， ] ． 

hl吐le framework of QIH-NV~Cc5,6]，a finite horizon 

objective functional in a general form is introduced 
I I+1 

J(x(t)，11,(·))=I ( (r)，u(r))dr+E( (t+re)) 
√ t 

(3) 

for the open·loop optimal control problem with initial 

state (t)at time t，where E( )is positive definite and 

continuously differentiable in X and satisfies 
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，．j}( ))+F( ，．j}( ))≤o． (4) 

Moreover，it is assumed that 

A4)F： “× 弓( ，u)一 F( ，u)∈Ris con— 

tinuous，satisfies F(0，0)=0 and F( ，u)>0 for( ， 

u)≠ (0，0)． 

A5)u=k( )is any state feedback law that locally 

asymptotically stabilizes the nonlinear system (1)and 

satisfies k(O)=0． 

Thus，the constrained open—loop optimal control prob— 

lem caI1 be formulated as follows： 

Problem  1 Find 

minJ( (t)，瓦(·)) (5) 

、Ⅳith(3)subject to 

= ，(元(r)，瓦(r))； (t； (t)，t)= (t)， 

瓦(r)∈ U，r∈[t，t+z，尸)， 

孟(r； (t)，t)∈X，r∈ [t，t+ ，P]， 

(t+Te； (t)，t)∈ ， 

(6a) 

(6b) 

(6c) 

(6d) 

where (·； (t)，t)represents the predicted trajectory 

of(1)starting from the actual state (t)and driven by 

a百Ven open—loop input function (t)(it is replaced by 

(·)for simplicity)； is the so—called terminal region 

defined by 

： = { ∈X I E( )≤a，a>0，k( )∈U}． 

(7) 

Clearly．力 has the following properties： 

· Th e point 0 ∈ R“is in the interior of 1"2，since 

E( )≥0 and(0，0)is in the interior of X×U； 
· is closed and connected due to E( )is continu— 

ous in X； 

· From(4)， is invariant for =厂( ，k( ))． 
Remark 1 It follows丘Dm the cOnverse theOI1岛n[7] 

that if u=k( )stabilizes locally asym ptotically system 

(1)，there exists，then，a Lyapunov function E( )sat— 

isfying(4)．It is not very easy to solve the partial dif- 

ferential inequality(4)to get a function E( )．If the 

Jacobian 1inearization of(1)is stabilizable，one can 

choose F( ，u)= II II + II u II and E( )= 

『J ，where P is the positive definite solution to a 

Lyapunov equation ．With Q>0，R>0，functions F 

and E satisfy(4)and the assumption A4)．Thus，in 

L5 J a special case of this paper was discussed．In Sec— 

tion 4，a function E( )will be determined to satisfy 

(4)with equality，using the feedback lineafization tech— 

nique．This leads to an NMPC wi th exactly infinite pre— 

dic：tion horizon． 

Assum e there is an  optimal solution to Problem 1 de— 

noted by (·； (t)，t，t+ )：[t，t+ )一 U． 

Th e feedback control is defined according to the princi— 

ple of MPC as follows： 

u (r)：= (r； (t)，t，t+z’尸)，r∈[t，t+ )， 

(8) 

the co rrespo nding closed—loop system is 

(t)= (t)，u (t))，t≥0 (9) 

with = 0 be ing an equilibrium [51
． 

3 Nominal stability and conditiOils for an 

optimal solution 

Let o = t+ Te．Correspo nding to an optimal solution 

to Problem I，the optimal value and open—loop State tra— 

jectory are J ( (t)，t，d)：=J(x(t)， (·； (t)，t， 

))and茗 (·； (t)，t， )，respectively．Such an ex— 

plicit notation makes it po ssible for us to investigate the 

dependence of J on Te and t separately，and then to 

show the asym ptotic stability of the closed—loop system 

(9)． 

Fix ，say o-0，the existence of an optimal solution 

implies that (r； (t)，t，o-o)∈ X for any r∈ 

[￡，d0]and贾 (o-0； (￡)，￡，d0)∈ n．For any small 

> 0，Problem 1 with o-= o-o+ admits a feasible so— 

lution： 

瓦(r)= f瓦 (r； (t)，t， o)， 

【后( (r))， 

r∈[t， o)， 

r∈[o-o，o-o+ )， 

(1O) 

which generates a trajectory satisfying the State constraint 

and the terminal constraint．The corresponding objective 

value J( (￡)，t，o-o+ )meets 

J( (t)，t， o+ )= 

J ( (t)，t， o)一E( (o-o))+E(牙(o-o+ ))+ 

I d +o l。F( (r)
，．j}(茗( )))dr． (11) 

√ d

0 

By(4)and the optimality of J ，(11)becomes 

J ( (t)，t，仃0+ )≤ J ( (t)，t，仃o)．(12) 

Th us，the following result can be stated： 

Lemma 1 Let = t+ ．Suppo se that Problem 1 

admits an optimal solution， then， the optimal value 
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function J ( (t)，t， )is non—increasing in ． 

Proof ，nle proof follows directly from(12)． 

Remark 2 Lemma 1 implies that for fixed (t) 

and t，the value function of Problem 1 is non-increasing 

in the prediction horizon ． 

For the period of[t，t+ )，apply the optimal solu— 

don (·； (t)，t， 0)：[t， 0)—’． of Problem 1 at 

time f tothenonlinear system(1)．Forthenominal sys— 

tem without disturbances，the part of the closed—loop tra— 

jectory through (t)is 

(r)= (r； (t)，t， 0)，r∈ [t，t+ ]． 

(13) 

Thus，a feasible solution to Problem 1 at time t+ may 

be chosen as 

(r)= (r； (t)，t， 0)，r∈[t+ ， 0)． 

(14) 

Note that if (·； (t)，t， 0)：[t， 0)—，．U isⅡle op— 

timal solution tO Problem 1 at time t，then(14)is the 

optimal solution at the time t+ ，by Bellman’S Opd— 

mality Principle．111e optimal value corresponding to 

(14)meets 

J( (t+ )，t 4- ，d0)= 

rt 

J ( (￡)，￡， 0)一l ，( (r)，Ⅱ (r))dr． 
I 

(15) 

By廿1e optimality of J ，(15)becomes 

J ( (t+ )，t+ ， 0)≤ 

rt+ 

J ( (￡)，￡， 0)一l V(x(r)，Ⅱ (r))dr． 
I 

(16) 

Now we are able to state the following result： 

I．eIIⅡIla 2 Let = t+ ．Suppose that Problem 1 

admits an optimal solution， then， the value function 

J ( (t)，t， )is non—increasing in t． 

Proof Because of the positive definiteness of F， 

(16)directly implies the result． 

Back to Problem 1 with a fixed finite horizon re，the 

stability property of the closed—loop system (9)is stated 

as follows： 

Theorem 1 Suppose that 

a)Assumptions A1)～A5)are satisfied； 

b)The open—loop optimal control problem described 

by Problem 1 is feasible at time t= 0． 

， for a sufficiently small sampling time > 0． 

the equilibrium =0 of the closed-loop system (9)is 

nominally asymptotically stable．Let D be the set of all 

initial states for which the assumption b)is sadstied， 

then，D is a region of attraction． 

Proof For a sufficiently small > 0，the assumption 

b)impli~ the feasibility of the open-loop optimal con— 

trol problem at each time t≥ 0[51
． Define a scale func— 

don V( )：=J ( ，t，t+ )，it has the following 

propertiesL J： 

· (O)=0 and ( )>0 for ≠O； 
·

V( )is continuous at =0． 

Moreover，from(12)and(16)，we conclude that a- 

long the closed-loop trajectory 

( (r))一V( (￡))≤一l F( ( )，Ⅱ (s))ds≤O 
t 

(17) 

for all r≥ t．Thus，the equilibrium = 0 of the system 

(9)is stable，without having to use the continuous dif- 

ferentiability assumption of V( )[引．Moreover，(17) 

implies the existence of liraV( (t))．It follows then 

from F( ，Ⅱ)≥ 0 that F( (t)，Ⅱ (t))—，．O as 

t ∞，which leads to (t) 0，u(t) 0 as 

t—’．∞．Together witI1 the stability result． we have 

proven the asymptotic stability of = 0．Using the Salile 

method in[5j，we can show that D is a region of attrac— 

don for the closed-loop system(9)． 

In fact，it can be shown that the feasibility，not nee— 

essarily the optimality，of the open-loop optimal control 

problem is required for the guaranteed stability[ '51
．  

However，to achieve optimal
、
control performance，one 

does need the optimality．In the following，we will dis— 

CUSS the existence of an optimal solution tO Problem 1， 

based on some results in[8]． 

First，we give the following definition of an admissi— 

ble control input functionⅡ(-)to Problem 1． 

Definition 1 A piecewise continuous input (·) 

defined on[t，t+ )is said tO be admissible tO Prob— 

lem 1 if there exists a corresponding trajectory of(1) 

such that 

·Ⅱ(r)∈U，r∈[t，t+ )； 
· (r； (t)，t)∈X，f[t，t+ ]； 
。 (￡+ ； (t)，t)∈n； 

。r一，( (r； (t)，t)，Ⅱ(r))is in L1[t，t+ ]． 

The set of all admissible inputs is denoted by ．A tra— 
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joctory corresponding to an admissible input is referred to 

as an admissible trajectory．Clearly，the existence of a 

nonempty implies that Problem 1 is feasible．In addi— 

tion，the existence of a non—empty is related to the no’ 

tarion of controllability．As a compari~n to Definition 1， 

we give the following definition of co mtrained controlla— 

bility，according to[7】． 

Definition 2 The nonlinear system (1)is said to 

be constrainedly controllab le，if for any two points Xl 

and x2 in X，there exist a finite time T and an input 

function u(·)：[0，T]一 U such that the corresponding 

trajectory starting from Xl satisfies (t；Xl，0)∈X，t∈ 

[0，T]and ( ； l，0)= 2． 

Next，for a fixed ∈ X，the values of ( ，u)and 

f(x，u)for all u∈／1 trace out a set inR ，defined by 

)：：{()，。，)，)I)，。≥ F(x，u)，)，=f(x，u)，u 

∈ U}．Thus，we have 

CoraUary 1 Suppose that 

a) is not empty； 

b)A~ npriolls )～A4)ale satisfied卸nd Uis collvex； 

c)for each fixed ∈ X，the set )is convex， 

then，Problem 1 admits an optimal solution． 

Proof Assumption A3)implies that for all admissi— 

ble inputs／2,(·)：[t，t+ ]一 U，the corresponding 

trajectories are bounded on[t，t+ ]．It follows that 

all admissible trajectories lie in some compact set． 

Moreover， is closed，the proof follows then from the 

satisfaction of the conditions in Theorem 5．1 in[8]． 

Remark 3 The convexity of U is true if，for exalIl- 

pie， ：={u∈盗 I Umi ≤ u≤u }．The assump— 

tion(c)is strong and ordy sufficient．It is satisfied if 

the nonlinear system being controlled  is桶 ne in 11,and 

F(x，u)is a convex function of u on U． 

4 Implementation on feedback lineariza． 

tion 

If the nonlinear system (1)is afflne in u，i．e．， 

，u)=a( )+b( )u，and exactly feedback lin— 

earizable in X，then， with a well-defined  coordinate 

transformation and a IlOrdiIlear feedback[9 J 

z = ( )， =一A( )一 g( )+A( )-1 ， 

(18) 

the nonlinear system can be wartsformed into a linear 

system in a controller normal form：2= Az+Bv，where 

is a new input； ( )，A( )，g(x)and constant ma- 

trices A and B have co rresponding forms．W ithout con— 

sidering co nstraints for the moment，we can fin d a linear 

feedback such that Ar：= A + BK is asymptotically sta— 

ble．Th us，the feedback 

u= ( )=一A( )一 g( )+A( )一。 ( ) 

(19) 

is asymptotically stabilizing for the nonlinear system 

(1)．For any initial condition z(t1)=Zl，define an in— 

finite horizon objective functional 
r ∞ 

( l， (·))：：l (『I (￡)『I +『I (f)『I妥)df 
I1 

(2o) 

with Q>o and R>0．The objective value achieved by 

= Kz is ( Kz(·))= 『I zl ，where尸is the u— 

nique positive definite solution to the Lyapunov equation 

AIP+PA =一(Q+KTRK)． (21) 

Choose an F-·function and an E··function in the original 

coordinates as follows 

( ，u)：= II ( )II +Il g( )+A( )u lI ， 

(22a) 

E(x)：： II ( )II 2P， (22b) 

that ale equivalent to F(z， )= + II II ， 

E(z) = 『l z『l刍 iIl廿1e z—coordinates．Clearly， 

F( ，u)is convex in u，that implies the satisfaction of 

the condition c)in Corallary 1．Moreover，E( )saris— 

ties (4)with equality，which leads to an NMPC with 

exactly infinite prediction horizon． 

Remark 4 With the above objective functional，the 

desired control performance in the original coordinates 

does not seem to be  clear．However，if the affine non— 

linear system(1)with given outputs竹 =h ( )，i=I， 

2，⋯，m has relative degree{rl，⋯，rm}at the origin 

and∑ ：凡，we have the fact z=()， ．-，)，[rI-1)， 
i=1 

⋯ ，ym，⋯，)， 一 ’)T and =)，{ )，i：1，2，⋯，肌 

Thus，the weighting matrices Q and R can be chosen to 

meet the desired co ntrol performance in the sense of out— 

put contro1．For example，consider a rigid robot system 

with，z—degrees of freedom．It is described by M(q) + 

c(q， )= u，where q and口represent respectively the 

position and the velocity ofjoints；M(q)is the symmet— 

ric and po sitive definite manipulator inertia matrix； 

c(q，尊)represents the Coriolis，cenlrifugal and gravita— 

tional forces；and u denotes joint torques that can serve 
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as control inputs．Let 1= q，X2= 口and，，= 1．De— 

fine a coordinate transformation ( )= and a feed— 

back linearization law Ⅱ= M(x1) +c(x1， 2)，the 

robot system is feedback linearizable．Moreover，the new 

input is ： ．Thus，the objective functional defined by 

(22)admits a clear physical explanation：the first term of 

(22a)penalties the position and the velocity of joints， 

while the second penalties the joint acceleration． 

As to the constrained case，the following procedure 

provides the largest possible terminal region n for feed— 

back linearizable nonlinear systems： 

Step 1 Use the standard feedback linearization tech— 

nique to construct a coordinate transformation and a 

feedback law， 

Step 2 Solve a linear stabilization problem for the 

feedback lin‘ system to get a stabilizing linear state 

feedback gain K， 

Step 3 Solve the Lyapunov equation(21)to get a 

positive definite and symmetric P， 

Step 4 Find the largest possible口∈ (0，∞)in(7) 

such that力 c X and ( )∈ U，V ∈力． 

5 Example：a robot system 

As a numerical example，consider a robot system con— 

sisfing of a robot arlll and a cart[ 01
．
Its motion can be 

ideally described by 

(J+ ) +2 =T。， 一』D = ， 

(23) 

where m iS the mass of the cart：J iS thejoint moment of 

inertia； and r are positions of the arlll and of the cart， 

respectively；T1 and are the torque and the force ap— 

plied to the arlll and the cart，respectively．Constraints 

aI℃given in【10J as follows： 

一 20Nm ≤ T1≤ 20Nm，一 10N ≤ ≤ 10N， 

0≤ ≤ 27Cy。 

(24a) 

(24b) 

Other values for physical parameters are also taken 

there．Define a state vector and an input vector as 1：= 

一  

，x2： 一 ，x3：= r— ， 4：= r— and Ul： 

= T1一T1 ，U2：= 一 ，and choose a steady state of 

the system with positions of = 135~and = 0．635m． 

Thus，assumption A2)is satisfied and U is convex． 

In the following，we compare the quasi—infinite hori— 

z0n nonlinear model predictive controllers based on the 

feedback linearization (controller A)and the Jacobian 

linearization discussed in L6j(controller B)．Choose 

performance weighting matrice~Q and R as follows(U— 

nits omitted) 

，，1．0 0．0 0．0 0．0、 

1 0．0 0．5 0．0 0．0 l ，0．1 0．0＼ Q l 0
． 0 0．0 1．0 0．0 l l 0．0 0．1 J‘ ‘ I ． ． ． ． I ＼ ． ． ， 

k0．0 0．0 0．0 0．5／『 

(25) 

The Jacobian linearization of the robot system (in the 一 

coordinates)at the steady state gives 

0．0 0．0 

0．0 -，
+ m r ～ 。 

0．0 0．0 

0．0 ——1
—  

pm 

(26) 

In order to give a fair comparison，the following feed— 

back linearization law iS chosen： 

Ⅱ。： 。+2懈 ，+ Ⅱ ：— ■ 懈2 4 3+ )， 

Ⅱ2= 2一J0r麟i( 3+ )． 

(27a) 

(27b) 

Thus。the feedback uI ariz0d system has the sarlle dy— 

namic and control matrices as in(26)．Following the 

procedure given in Section 4， we obtain a terminal 

penalty matrix and a terminal region for controller A as 

follows： 

，，2．1960 3．1613 0．0 

l 3．1613 4．7463 0．0 P
： I 1 0

． 0 0．0 1．0642 

l 0 0 0 0 0．3162 

力 ={ ∈Ⅱ I XTPx≤3．0}， 

(28a) 

(28b) 

where constraints in(24)determine mainly the size of 

the terminal region．For controller B，the procedure giv— 

en in【6J yields 

f， ·9619 48·8059 0．0 、I 
—  l 48．8059 96．0076 0．0 0．0 } p

— l l 

1 0．U 0．0 2．O011 0．620O I 

0．0 0．0 0．6200 0．4978) 

(29a) 

力 ={ ∈Ⅱ I ≤2．1}， (29b) 

where the nonlinearity of the robot model(23)directly 

restricts the si of the terminal region．A comparison of 

(28)to(29)indicates that controller A has a signiti一 

= 

8 

、，● ● ●●● ●●／  

0  0  1  0  

0  0  0  0  
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cantly larger terminal region．This implies that a shorter 

horizon can be chosen to achieve the feasibility of the 

optimization problem．As a consequence，controller A 

needs significantly less on—line computation time than 

controller B．This can be  clearly seen in Table 1，where 

elapsed CPU times for a total sim ulation time of 10 sec— 

onds are listed．For both controllers A and B．the opti— 

mization problems are solved in discrete time with a 

sampling time of =0．Is and the same numerical pa— 

rameters r optimality tolerance= 10一 and integration 

step=0．005s，etc)．Moreover，finite horizons in con— 

trollers A and B are chosen to be as short as possible 

such that the correspo nding constrained optimization 

problems are feasible at time t= 0．This results in = 

ls for controller A and =2s for controller B．Fig．1 

shows time profiles of the closed—loop systems，where it 

is clear that input and state constraints in (24)are re— 

spected． 

一  

： 
58 

20 

g 10 

0 

一 10 

— 20 

Time／s 

Fig．1 Simulation results for the robot system with 

controller A(solid lines)and controller B 

(dashdot lines) 

Table 1 Elapsed CPU time for controllers A and B 

The use of the feedback linearization technique does 

significantly reduce on—line computation time．A real— 

time im plementation of the controller A needs，however， 

further efforts，due to the existence of state constraints 

and the use of a continuous—time model for prediction． 

In the case without state constraints，in order to let con— 

troller A real time im plementable，we may for example 

choo se a sam pling time of = 0．2s and an integration 

step of0．02s．W ith these numerical parameters，the e— 

lapsed CPU time call be red uced to about 9s for a sim u— 

lation time of 10 seconds．The price is a small decrease 

in control performance． 

6 Conclusions 

This paper generalizes the QIH-NMPC scheme in[5] 

for a general objective functional，where a general local 

stabilization controller is used to derive a tenninal pe nal— 

ty and an invariant terminal region．Closed—loop stability 

is guaranteed and suffi cient conditions for the existence 

of an optimal solution to the constrained optimization 

problem are discussed ．Compared t0 other existing stable 

NMPC approaches，the propo sed one has computational 

advan tages ．Especially，for feedback lineafizable nonlin— 

ear systems，the propo sed method leads to an NMPC 

with exactly infinite prediction horizon．Th e feedback 

linearization technique is applied to determine a larger 

terminal region an d thus the control to be determined on— 

line is only of a short finite horizo n．This reduces inten— 

sively on—line computation time and may allow a real 

time im plementation even for fast systems． 

It should be  po inted out that handling state cons traints 

is computationally extremely expensive (see [6])． 

Th us，effective method s to handle state constraints are 

highly desired  for real time NMPC． 
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