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Abstract：Based on stochastic process theory，the bounded convergence of forgetting factor least square algorithm (FFLS 

for short)is studied and the upper bound ofthe parameter tracking eil'or is given．The analyses indicate that：i)for time．invari— 

ant deterministic systems，the estimates given by the FFLS algorithm converge to their true values at exponential rate；ii)for 

time—invafiant stochastic systems，the FFLS algorithm call give a bounded mean square parameter estimation error；iii)for time- 

varymg stochastic systems，the FH_S algorithm may track the time-varying parameters and its parameter tracking error is bound— 

ed (that is，the parameter tracking error is small when the parameter change rate is smal1)． 
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时变系统遗忘因子最dx--乘法的有界收敛性 

丁 锋 萧德云 丁 韬 

(清华大学自动化系·北京，100084) 

摘要：利用随机过程理论研究了遗忘因子最小二乘法(FFLS)的有界收敛性 ，给出了参数估计误差 的上界．分 

析表明：i)对于时不变确定性系统，FFLS算法产生的参数估计以指数速度收敛于真参数；ii)对于时不变随机系 

统，FFLS算法给出有界均方估计误差；iii)对于时变随机系统，FFLS算法可以跟踪时变参数，且跟踪误差有界 ． 

关键词 ：时变系统；辨识；参数估计 ；最／b--乘；有界收敛性 

1 Problem formulation 

Consider the following time—varying system[ ' ] 

)，(t)= (t)0(t一1)+ (t)， (1) 

where (t)is the output of the system，0(t)∈ R is 

the time—-varying parameter vector of the system to be i—- 

dentified， (t)∈ is the regressive information vec— 

tor consisting of the observations up to time(t一1)， 

and{ (t)}is a stochastic noise sequence with zero 

mean，the superscript T denotes a matrix transpose． 

The forgetting factor least square algorithm is an im— 

po rtant method to identify the parameters oftime—varying 

systems，and it has good tracking performance ．Its con— 

vergence has been attracted much attention[ _ 
． How． 

ever，most references only studied the limit be havior of 

the estimation e玎0rI ．Based on stochastic process 

theory，the convergence ofthe FFLS algorithm is studied 

and the uppe r bound of the parameter tracking elTor is 

given in this paper． 

The objective of this paper is，by means of the FFLS 

algorithm ，to obtain the real—time estimation of the time— 

varying parame~r vector 0(t)by utilizing the observa— 

tions(Y(i)， (i)，i≤ t)up to and including time t， 

and the upper bo und of the parameter estimation eiTor is 

foun d out，which results in quite good tracking perfor— 

mance in the simulation examples ． 

Th e least square algorithm with the forgetting factor 

for identifying the time—varying parame~r vector of 

model(1)can be described as 

(￡)= (t一1)+P(t) (t)[)，(t)一 T(t) (t一1)]， 

(2) 

P一(t)=AP-1(t一1)+ (t) (t)，0< <1，P(0)=P0>o， 

(3) 
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where (t)denotes the estimates of 0(t)， is the for— 

getting factor， 0(0) is a random variable with 

E[0T(O) (o)]≤ <∞，0(0)and{ (t)}are inde— 

pendent． 

2 Bounded convergence of the FFLS al— 

gorithm 

Lemma 1 For system (1)and algorithms(2)， 

(3)，assllme that the following strong persistent excita— 

tion condition holds 

A1)a，≤ (⋯ ) T( )≤ 'a．s．’for 

an y t> 0，0< 口 ≤ < ∞ ，N ≥ n，then the covari— 

ance matrix P(t)satisfies 

口，+ ‘[ 一i a--A1]≤ 

p-l(f)≤ ， [P 一1 N
-

flAI]． 

Proof See Ref．[6]，we have 

P一 (t)=；tP一 (t一1)+ (t) T(t)≤ 

“  ‘[P6 一1 N
-

fl
AI]， 

NP一 (f)：N∑ ( )9T(￡)+M 一 (o)≥ 

M +N；t⋯P6 = 

，+N；tc[ 一 ，]． 

This completes the proof of Lemma 1．As t ∞ ．we 

have 

，_< lim P_l(t)≤ ，，0< <1． ==_ ，≤ (f)≤ ，， < < ． 

For convenience，let P6 satisfy 

a ，≤ P ≤ ，
， 

then 

t~N-I 

a，≤ p-l(f)≤ ，，0< <1．(4) 。，≤ (f)≤ ，， < < ．(4) 

Theorem 1 For system (1)and~gofithms(2)， 

(3)，assllme that Condition A1)holds，{ (t)}is an 

independent random variable sequence with zero mean 

and mean square bounded，i．e． 

A2) 

E[ (t)]= 2 (t)≤ <∞， 

E[ (t) (i)]：0，t≠i， 

E[ (t—i)v(t)]=0，i≥0． 

The parameter changing rate w(t)垒 0(t)一0(t一1) 

is bounded，{w(t)}and{ (t)}are independent，i．e， 

A3) 

E[I1 w(t)II ]= 2 (t)≤ 2 <∞， 

E[w(t)wT(i)]=0，t≠ i， 

E[w(t) (i)]：0， 

then as t’ ∞ ．n1e estimation error given by the FFLS 

algorithm is uniformly bounded，i．e． 

E[IJ (t)一0(t)ll ]≤ 

3a~2A2(t-N+l (1一 ) IJ II + 

upE[ (f)]+ 
口A I 

‰ sup E[J t)II 2 3~f( )， 
where the norlll of the matrix X is defined by II X II ： 

tr[XXT]，tr[X]denotes the trace of the matrix X． 

Proof Defin e the parameter tracking error as 

(t)： (t)一0(t)． 

Using relations(1)～(3)，we get 

(t)= 

(t)一[0(t一1)+w(t)]： 

[，一P(t)9(t)9T(f)] (f一1)+P(f) (f) (f)一 (f)= 

AP(t)P一。(f一1)g(t一1)+P(t)9(t)v(t)一w(t)= 

‘P(t)P一 (o) (o)+P-(f)∑At- ( ) ( )一 

P(f)∑At-ip一 ( ) ( )垒 

yl(t)+y2(t)+y3(t)， (5) 

where 

yl(t)： ‘P(t)P6 (O)， 

t 

Y2(f)=P(f)∑ ( ) ( )：P(t)HTv ， 
i=1 

I 

y3(f)：一P(f)∑,U- 一 ( ) ( )， 
i=1 

H,T=[／2t-I (1)， ‘一 (2)，⋯，be9(t一1)， (f)]， 

vt=[／．t (1)， (2)，⋯， v(t一1)， (f)]T， 

垒 ． 

P(t)in (3)may be expressed as 

P (t)：日 + ‘PG ． 

Since 

0≤E[IJ yl(t)IJ ]： 

A2tE[1J P(f) (O)Il ]≤ 
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II II(o)II ≤ 

口一 A2(‘一‘Ⅳ+ (1一 ) ll ll Mo． (6) 

Since vT and ale statistically independent，we have[。] 

0≤E[1l y2(t)ll ]= 

E[1l P(t)础  ll ]=E{tr[P(t)HTv,vTHtp(t)]}≤ 

E{tr[P(t)HTH,p(t)]d2 =tr{E[E H,P (t) ]}d ≤ 

trtel )啦 ]} ≤ 2 for l t， 

(7) 

0≤E[1l y3(t)ll ]= 

E[1l P(t)∑2t-ip一 ( ) ( )ll ]≤ 

蒜E[II 
i 

) =
= 1 

II 2] 

E[ 
i=1 j=l 

。i T(f)P ㈤ (．『) (川 ． 

Using 2xTQy≤ xT +)，TQy，(Q≥0)，we have 

0≤E[1l y3(t)ll ]≤ 

蒜砉砉,~2t-i-JE[ f)P-2( ㈤+ 
wT(J．)P (J．)w(j)]／2≤ 

客砉22t-i-j = 
N2f
丽a~ 等≤ ≤ 面百 ‘ 

(8) 

Taking the norm ll·ll of both sides of(5)gives 

E[1l (t)一0(t)ll ]： 

E[1l yl(t)+y2(t)+y3(t)ll ]≤ 

3tE[JJ yl(t)lJ ]+E[JJ Y2(t)lJ ]+E[JJ Y3(t)lJ ]}． 

(9) 

Substituting(6—8)into(9)will lead to the conclusion 

of Theorem 1．This proves the assertion of Theorem 1． 

Theorem 2 FO r time invariant deterministic systems 

)，(t)= (t)o， 

Condition A1)holds，then for{ (t)}given by the 

b'FLS algorithm，as t一 ∞，E[1l (t)一0 ll ]一 0 

exponentially fast． 

Proof Since (t)；0 and w(t)；0，from(9)it is 

easy to obtain 

E[1l (t)ll ]=E[1l yl(t)ll ]≤ 

口一 22(‘一Ⅳ (1一 ) ll ll 垒 ( ，t)， 

E[『I (t)一0『I ]=O( ‘)一 0，0< <1． 

This proves Theorem 2． 

Theorem 3 For time invarian t stochastic systems 

Y(t)= (t)o+ (t)， 

Assumptions A1)一A3)hold，then{ (t)}giw  by the 

b'FLS algorithm，as t一 ∞ ，satisfies 

E[1l (t)一0 ll ]≤ 

2a-22 ( )(1一 ) ll ll + 

垒A(a ． 

Proof Since tc，(t)；0，from(9)we have 

E[1l (t)一0 ll ]= 

E[1l yl(t)+y2(t)ll ]≤ 

2{E[1l yl(t)ll ]+E[1l y2(t)}} ]}． (1O) 

Substituting(6)and(7)into(10)will lead to the con— 

clusion of Theorem 3．This completes the proof of Theo— 

rem 3． 

Theorem 4 For time-varying systems  

Y(t)= (t)o(t)， 

Assumptions A1)一A3)hold，then{ (t)}given by the 

FFLS algorithm ，as r一 ∞ ，satisfies 

E[1l (t)一0(t)ll ]≤ 

2a一 ／~2(t-N+1)(1一 ) ll }} + 

—

2 d 垒 ( )．22(6' 1 口 一1)( 一 ) 。 垒．， ’‘ ‘ 

Proof Since (t)E 0，from(9)we have 

E[1l (t)一0(t)ll ]= 

E[1l yl(t)+y3(t)ll ]≤ 

2{E[E ll yl(t)ll +E[1l y3(t)l} ]}． (11) 

Substituting(6)and(8)into(11)will lead to the con． 

clusion ofTheorem 4．This completes the proofofTheo— 

rem 4． 

Th eorem 5 For system (1)and algorithms(2)， 

(3)，assume that the conditions of Theorem 1 hold， 

then for the variable forgetting factor 0 < ≤ I≤ 

『Ilax
< 1，we have 

E[1l (t)一0(t)ll ]≤ 

3a一 2
一
(t-Ⅳ (1一"~min) ll ll + 

! 二 里．m2 2． 三 2 ——— d + i = i 二 d 
‘  

Proof To be omitted． 

Theorems  1—-5 may be used to compute the upper 
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bounds of the estimation errors given by the FFLS algo— 

rithm ． 

3 Sim ulation studies 

Example 1 Consider the following time—invariant 

system 

A(z)Y(f)=B(z)u(f)+ (f)， 

A(z)=1+01z一 +02z一2=1—1．2z一 +0．52z一2， 

B(z)：b1 一 +62 ～ =1．2z～ 一0．52z～， 

0T：[一1．2，0．52，1．2，一0．52]， 

T(f)：[一y(f一1)，一)，(f一2)，u(f一1)，u(f一2)]， 

where{u(f)}is taken as a zero mean and unit variance 

random variable sequence，and{"(f)}as a white noise 
sequen ce with zero mean and variance 盯2" = 0．22

．
The 

FFLS algorithm is applied to estimate the parameters of 

this system ． Th e results of simulation are shown in 

Table 1，Table 2 an d in Fig．1，where the noise—signa~ 

ratio of the system is = 23．49％ ，the forgetting fac— 

tor is ．；I： 0．95． 

Table 1 Th e parameter estimates of Example 1 

Table 2 Th e estimation error and its 

upperbound ofExam ple 1 

Example 2 Consider the following time—varying 

system 

Y(f)+01(f)Y(f一1)+Q,2(f)Y(f一2)= 

b1(f)u(f一1)+b2(f)u(f一2)+,／3(f)， 

01(f)=一1．20+0．01sin(0．01f)，02(f)=0．52， 

b1(f)=1．20，b2(f)=1．2+0．001 f+100． 

Sim ulation conditions ale the sanle as those of Ex am  

pie 1． = 0．75．Th e estimation error an d its upper 

bound are shown in Table 3 and in Fig．2 

0．4 

0．3 

O．2 

0．1 

r 

Fig．1 The estimation error and upper bound of Example 1 

Table 3 Th e estimation error and iIs 

uppe r bound of Exam ple 2 

0 200 400 600 800 1000 1200 1400 1600 1800 2000 

r 

Fig．2 The estimation error and upper bound of Example 2 

From Tables 1～3 and Figs．1，2，the estimation error 

is less than its uppe r bo un d，the conclusions are correct． 

4 Conclusions 

From the convergence analyses the following conclu— 

sions are reached ：i)for time—invariant deterministic sys— 

tems，PEE given by the FFLS algorithm converges to 

zero at an exponential rate，but PEE given by the RLS 

algorithm converges to zero at the rate of(1／t)；ii)for 

the time—invariant stochastic systems， the FFLS algo— 

rithm gives a bounded mean square PEE，but PEE given 

by the RLS algorithm converges to zero un der the mean 

square sense，and its convergence rate is of(1／t)；iii) 

for the time—varying stochastic systems ，the mean square 

PEE given by the FFLS algorithm is bounded，but the 

mean square PEE given by the RLS algorithm is un一 

9  8  7  6  5  4  3  2 ●  

O  O  O  O  O  O  O  O  
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bounded，SO the RLS algorittam has no performance to 

track the time—varying parameters． 
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