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of Linear System via Controller Switching *
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Abstract: The output feedback robust stabilization problem is studied in this paper. It is addressed in the case that only fi-
nite pre-designed output feedback controllers are allowed to be used. By using single and multiple Lyapunov function tech-
niques, we present sufficient conditions for the problem to be solved. Also, the switching laws are explicitly designed. Numeri-
cal example shows the effectiveness of the proposed approach.
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1 Introduction

Hybrid control is not only applicable to hybrid sys-
tems, but also applicable to ordinary systems. It is com-
monly understood that hybrid control often provides bet-
ter robustness than conventional control, and is suitable
for dealing with problems with state and control con-
straints!’), In some situations it is possible to design
several controllers and then switch between them to pro-
vide a performance improvement over a fixed controller.
In other situations the choice of linear or nonlinear con-
trollers available to the designer is always limited and the
design task is to use the available set of controllers in a
stabilizable fashion.

In paper [2], Daniel Liberzon discussed the problem
of stabilization with finite-state hybrid output feedback,
but no uncertainty is involved. This paper studies the ro-
bust stabilization problem of uncertain linear systems by
means of output feedback controller switching. Two suf-
ficient conditions in terms of Riccati algebraic inequali-
ties are given by using single and multiple Lyapunov

function techniques respectively for the problem to be
solved, and the switching laws are explicitly designed.
2 Problem statement
Consider the linear time-invariant control system
(A +AA)x + Bu, (1)
y = Cx,

z

where x, u, y are the state, control, and output respec-
tively, AA is the uncertainty .

Now suppose that we are given a collection of gain
matrices K, K,,-, K, of suitable dimensions. Setting
u = Ky for some ; € {1,2,*,m}, we obtain the sys-
tem

£ = (A +AA + BKC)x. (2)
Denoting A + BK;C by A; for each ; € {1,2, -, m},
we are faced with the following problem: using the mea-
surements of the output y = Cx, can we find a switching
signal: o: [0, + ©) — {1,2,-,m} such that the
switched system 2 = (A, + AA)x is asymptotically sta-
ble?
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3 Main results

For simplicity, we assume that m = 2. Given two
matrices A and B, the matrix pencil 7,(A4, B) is defined
as the one-parameter family of matrices ad + (1 — «) B,
a € [0,1]. Suppose that uncertain matrix AA has the
following structure

AA = EFD, (3)
where E and D are constant matrices, F satisfies the fol-
lowing condition

F'F < I, (4)
where [ is a unit matrix .

In this paper, we will use single and multiple Lya-
punov function techniques respectively to construct a
switching signal o: [0, + ®) — {1,2} such that the
switched system

i = (A, + A)x (5)
is asymptotically stable.

Method 1 Single Lyapunov function technique .

I there exist a matrix A € y,[4,,
A, ], symmetric positive definite matrices P, () and a re-
al number ¢ > O, such that

AP + PA + eD"D + ¢ 'PEE™P = - (, (6)
then there exists a switching signal 5: [0, + =) —
{1,2} such that system (5) is robustly asymptotically
stable.

Proof Since A € 7,(A;,A,), there exists a number
a € (0,1) such that A = ad; + (1 — a)A,. The equa-
tion (6) can be rewritten as

a(ATP + PA)) + (1 - a)(ATP + PA,) +
eD™D + ¢"'PEE™P = - (, (7a)
or equivalently,
a(ATP+PA+eD"D+¢ ' PEE"P) +(1-a) x (AP +
PA; + eD'D + ¢'PEE™P) = - (, (7b)
which implies
ax"(ATP + PA, + eD™D + ¢ 'PEE™P)x +
(1-a)x" x (ATP+PA,+eD"D+¢ ' PEE™P) x =

Theorem 1

- X"0x <0 (yzx € R \1{0}). (8)
Let

;= {x 1 2T(ATP+ PA; +eD™D + ¢ ' PEE"P)x < O},

i=1,2. (9)

Then from (8) we know 8" \ {0} = 2, U ,.
Let
19 x(t) e Ol)

2, x(1) € 2\ O, (10)

o(t) :{

and V(x) = xTPx. Differentiating of V along system
(5) yields
Vix) =
xT[(A, + AA)TP + P(A, + A4)]x =
x"(ATP + PA, + D"FTE"P + PEFD)x <
xT[ATP + PA, + eDF'FD + ¢ 'PEE"P)x <
x"[A%P + PA, + eD™D + ¢ 'PEE"P)x. (11)
So, by (9),(10) we have
V(x) < 0. (12)
Therefore V decreases along solutions of system (5),
which implies asymptotic stability.
Method 2 Multiple Lyapunov function technique .
Theorem 2 If there exist two numbers 2, and (3,
both nonnegative or both nonpositive, two positive defi-
nite matrices P, P, and a positive number ¢ > 0, such
that the following inequalities (13), (14) are satisfied,
then there exists a switching signal 6:[0, + % )— {1,2}
such that system (5) is robustly asymptotically stable.
- PlA - ATP + Bi(P, - P;) - P,BK,C -
C"KIB™P, - eD™D - ¢-'P,EE"P, > 0, (13)
— P,A — A"Py + By(P, - Py) - P,BK,C -
C"Ki}B"P, - D™D - ¢"'P,EE"P, > 0. (14)
Proof Without loss of generality, we suppose that
B1,B2 = 0. Substituting A; = A + BK;Cand 4, = A +
BK, C into (13) and (14), results in
—PA-ATP +B3,/(P, - P,)—eD"D—_¢~'P,EE"P, >0,
(15)
—PyAy— AT Py + By( P — Py)-eD"D -¢~' P,EETP, >0.
(16)
By virtue of the S-procedure in paper (3], we reach the
following conclusion.
x"(PA, + ATP, + eD"D + ¢"'P,EE"P)x < O,
(17)
whenever x7(P; - P,)x > Oand x = 0, and
x"(PyA; + ATP; + eD"D + ¢ 'P,EE"P))x < 0,
(18)
whenever xT(P, - P\)x > Oand x = 0.
Let
0, = {x1 2P - Py)x = 0 and z = 0},
(19)
{x 1 x™(P, - P)x = O and x = 0},
(20)

o,

and Vl(x) = xTPlx,Vz(x) = xTsz.
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tott 2, x €\ nsider the sy Consider the following system

(5),when x(t) € 0, applying (17), we have
Vl(x) =
2T (A; + AA)TPy + Pi(A; + AA) 1x <
x"[ATP, + P,A, + eD™D + ¢ '"P,EE"P;]x < 0.
(21)
When x(t) € 2, \ 2, applying (18)
Vz(x) =
[ (A; + AA)TP, + Py(A; + DA) ]x <
x"[AJP, + P,A; + D™D + ¢ 'P,EE"P,]x < 0.
(22)
Note that (21) holds whenever xT(P; — P,)x = 0 and
x = 0, and (22) holds whenever x"(P, - P)x = 0,
and x = 0, we know that at any switching time ¢;,
V,(,j)(x(zj)) < }iTV,(,)(x(z)). Therefore, asymptot-

ic stability of systen; (5) follows immediately from mul-
tiple Lyapunov function theory in [4].

Remark Theorems 1 and 2 show that systems
which can not be stabilized by ordinary static output
feedback controller could be stabilized by means of static
output feedback controller switching. Equation (6) or
bilinear matrix inequalities (13), (14) are easy to be
solved by standard methods of matrix equation and in-
equality .
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Fig. 1 The state response of system (23)
under feedback u,
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Fig. 3 The state response of systems (23)
under switching feedback controt
law from Method 1

£(t) = (A + AA)x(¢) + Bu(e),
}’(t) = Cx(t):

2 1 1 0
whereA:[ ],B:C:[ ],andtheuncer-
1 1 0 1

(23)

tainty

0
0.01
Suppose there are two controllers

]F(t)[O.(;)S 0

AA = EF(t)D [O'Ol
= t = .
0 0.05

-8 -1 -1 -1
u1=K1y=[_1 O]yand u2=K2y=[_1 _7])’-

sin(t) 0

0 cos(t)
neither controller u nor controller u, can stabilize system

(23) (see Fig.1 and Fig.2), but system (23) can be
stabilized by using Method 1 and Method 2 (see Fig.3
and Fig.4). ™n fact, in (6), (13),(14), we can take

Tet F(t) = [ . It is easy to see that

5 o

e=p=8=1a=08,andP = 0 6 Py =
5 0 1 0 _y
[O 1],P2 = [O 5]. Then by (6), the switching
law is 6(t) = 1, whenever — 3x% + x% < 0, and 6(¢t)

= 2, whenever - 32 + 22 > 0. By (13),(14), the

=

‘switching law is 6(¢) = 1, whenever 7 > x3, and

o(t) = 2, whenever 23 < x3.
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Fig.2 The state response of system (23)
under feedback u,
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Fig. 4 The state response of systems (23)
under switching feedback control
law from Method 2
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