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连续时间动态复制定理的推广与证明 

刘海龙 吴冲锋 

(上海交通大学管理学院·上海，200030) 

摘要 ：推广了由 Bertsimas，Kogan andLo(1997)⋯提出的非完全市场中的连续时间动态复制定理 ，然后 ，我们 

运用随机最优控制理论证明了这个定理． 
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1 Introduction 

In financial risk management， pricing and hedging 

derivative security is an important problem (see【2， 

3 J)．Perfect hedging is impossible in incomplete mar— 

kets．To evaluate contingent claims in incomplete mar— 

kets， researchers have propo sed man y new co ncepts． 

Schweizer(1992，1995) 】solved the dynamic replica． 

tion problem with a mean—-squared-error loss function un·· 

der the pmb~ifity Illeasure of the origin~price process． 

Recently，Bertsimas，Kogan and Lo(1997)⋯ proposed 

an  interesting term e—arbitrage to replicate and price op— 

tions in incomplete markets．Although Schweizer consid— 

ered the general stochastic processes，Bertsimas，Kogan  

and Lo foc used only on Markov price processes and used 

various principles to characterize the optimal replication 

strategy．The Mai'kov assumption allows them to obtain 

thomugh results．However，Bertsimas ，Kogan  and Lo’s 

result is derived under the assumption that riskless inter- 

est rate is zero，and they did not prove the theorem ．In 

this paper，we extend their result to the case that riskless 

interest rate is not zero．Finally，this extended dynamic 

replication theorem is proved using the theory of the 

stoc hastic optimal contro1． 

2 Problem 

Consider an asset wi th price PI at time t，where 0≤ 

t≤ T．Let F(Pt，ZI)denote the payoff of a European 

derivative security at maturity date T．It is a function of 

Pr and some other variables Z 7'． 

As suggested by Melton(1973)[63，the derivation of 

the Black-Scho les form ula is to find a dynamic hed ging 

strategy -purchase and sale of the stoc k an d the riskless 

asset on【0，TJ．The strategy is supposed to be self-fi— 

nancing and to come as close as po ssible to the payoff 

F(P7'，Zr)at T．To formulate the dynamic replication 

problem more precisely，we be gin with the following as— 

sumptions： 

HI)Markets ale ffictionless，i．e．，there are no tax— 

es ，transaction co sts，short sale restrictions an d borrow— 

ing restrictions． 

1-12)The riskless borrowing and lending rate is r． 
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H3)There exists a finite—dimensional vector ZI of 

state variables whose components are not perfectly CO1Te- 

lated with the prices of any traded securities， and 

[Pf，ZI] is a vector Markov process． 

Consider a po rtfolio consisting of the stock and the 

riskless bond w initial value V0 at time 0．Let 0f，BI 

and denote respectively the number of the shares of 

the stock held in the po rtfolio，the dollar value of the 

bonds，an d the market value of the po rtfolio at time t， 

where t∈ [0，TJ．We have 

=  P + ． (1) 

In addition，we impo se a condition that after time 0， 

the portfofio is self-financing，i．e．，all long po sitions in 

one asset are completely financed by short po sitions in 

the other asset so that the po rtfofio experiences no cash 

inflows or outflows．In continuous time，this im phes 

that 

dr,=[r +(／1o(t，Pt，Z )一r)O,P ]dt+ 

0 o-0(t，Pt，Z )P dW0 ， (2) 

where r，／10(t，Pt，ZI)，o-0(t，Pt，ZI)，are called the 

interest rate，the appreciation rate and the volatility，re’ 

spectively；W0I are W iener processes ． 

We seek a self-financing hedging strategy{ }，t∈ 

[0，T]，such that the terminal value of the portfofio 

is as close as possible to the option’s payoff F(PI，ZI)． 

W 蛐 e there ale many criteria to measure the “close— 

ness”
，
an d each given rise to a different dynamic repli— 

cation problem， we choose a mean—squared—error loss 

function．Hence our version of the dyn amic replication 

problem is(see[7，8]) 

minE~[Vr—F(Pr，Zr)] (3) 

subject to the self-financing condition(2)，the dynamics 

of[PI，ZI] and the initial wealth V0．The expectation 

E￡．is taken with respect to a probability rtleasure that 

represents the randomness of the difference 一F( ， 

Zr)，conditional on information at time 0． 

3 Statement of the theorem 

For the continuous．time case，let【PI，ZI J follow a 

vector IV~ff'kov diffusion process 

dPt=／10(t，PI，ZI)PIdt+口0(t，Pt，ZI)PIdW0I， 

(4) 

d = (t，P ，Z ) dt+ (t，Pt，Z ) d ， 

= l，2，⋯ ，Ⅳ， (5) 

where ，J．=0，1，⋯ ，N are Wiener processes with mu— 

tual variation d~,dg／kI= (t，PI，Zt)dt． 

Th e co ntinuous．time Bellman principle is the Hamil— 

ton-Jacobi-Bellman equation(see[9，10])，and this 

yields the following results： 

Theorem Under Assumptions H1)～H3)and(2)， 

if the value function J(t， ，PI，ZI)is quadratic with 

respect to ，i．e．，there are functions 0(t，PI，ZI)， 

b(t，PI，ZI)and c(t，PI，ZI)such that 

．，(t， ，P ，z )=o(t，Pt，Z )[ 一6(t，P ，Z )] + 

c(t，P ，Z )，0≤ t≤ T， (6) 

then the solution of the dynamic repficafion problem (3) 

is characterized by the followi ng conditions ： 

i)For t∈ [0，T]the functions a(t，PI，ZI)，b(t， 

Pt，Zf)and c(t，PI，ZI)satisfy the following system of 

partial differential equations 

3a__aa + N 

+ 塞 z P O2 a= 
(c 2r)。+ 姜 P 笼+ 

l0 

3a 3a
， (7) 

+ 

N

确差+ 煮 啦 P 32 b= 
r6+ P 3b

+ 

N 

白( l0 一l0 3a 3b
， (8) 

+ 

N

确毫+ N P 02 C= 
。 ( l0q，一l0 3b 3b (9) 

i． =0 一 I —J 

wi th boundary conditions 

f 0(T，Pr，zr)=1，b(T，Pr，zr)=F(Pr，zr)， 

【c(T，Pr，Zr)=0， 

(10) 

where Z denotes the i—th compo nent of ZI and Z0 Pt． 

ii)The optimal control 0 (t， ，PI，ZI)is linear in 

and is given by 

0 (t， ，P ，Z )= 

6lzl 3b vt—b 6IZi 3 台 胁 一 胁 一 
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／．

盯

tO 

么

--

。

r( 一6)
· (11) 

J(t， ，P ，Z )=m
⋯
inE"[ 一F(P丁，Z丁)] ． 
【·J 

+ {~ +o／lJZJ —— 一 +ml —— 一+ 
吉

。 

P 小  + 

(／lo-r)O( ’zI)z0] + 

吉 ’PI’zf) o)2 + 

o(t Pt z )妻 P 糍 )：。i 0 ， ，z )∑ 10 }=0 = 一’l—I—i J 

a(t， ， )[ —b(t， ， )]2+c(￡， ， )，0≤t≤T． 
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。妻 巍 一 
aj

姜 蕞． ， 

3

一
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+吉煮 啦 P 02 a+ 

2一( 姜 P aa一 
。妻盯 孙 3a 3一a，]( _6) + 

2n[一 一姜 差 吉i 榴P 一 
煮 z西10 3a 3b+ 

煮 3b 3b一 

薹 P 差]c + + 

姜陷毒+吉 听z P a 2c+ 
n叠嘶 10 3b 3b— 
n煮 啦 3b 3b_0． (20) 
3

a_a _a+姜 毒+吉差 啦 P 0 2a+ 
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2一 ( P 3a一 

吉 啦 胁阳 3a 3a：。， (21) 

一  一  

N 3b
一 吉煮 啦 P 32b；一 

萎? ojz跚 3a_a 3bi 七 

吉塞 榴胁P 3a 3b+ 
10 
3b．0， (22) 

爱+ N 3c+吉煮 P 32 c+ 
口 啦  3b 3b一 

口 啦  a3_ bb 
a

3 b
_

b ．0
． (23) 

The results of(7)，(8)and(9)can be obtained by re— 

an'ang_mg terms in(21)，(22)and(23)． 

By bolmdary condition(14)we call obtain(10)im— 

mediately． 

5 Conclusion 

In this paper， we extend a method for replication 

derivative securities in dynamically incomplete market． 

Using the theory of the stochastic optimal control，we 

construct a self-finan cing dynamic portfolio strategy that 

best appmxirnates an arbitrary payoff function in a mean— 

squared sense．W hen riskless interest rate is ZeI'O，Otll" 

ootimal hedzin~ strategV coincides with the results of 

Bertsimas ，Kogan and Lo，which are special case of O121" 

research． 
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