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有限精度的协方差上界控制问题 

徐巍华 吴 俊 褚 健 

(浙江大学工业控制技术国家重点实验室，先进控制研究所·杭州，310027) 

摘要：研究一个采用定点算法的同步采样有限精度数字控制器的协方差上界控制问题 ，并把这个有限精度协 

方差上界控制器设计问题简化为解一组矩阵不等式 ，使闭环系统是渐近稳定的． 
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1 Introduction 

Finite-precision controller design has been an impor。 

tant issue in modem control theory an d engineering with 

the recent advances in fixed-po int implementation of dig— 

ital controller． Improved control performance and in— 

creased levels of integration are especially im portant in 

many application areas， such as cotlSUlller electronic 

products，automotive and electromechanical control sys— 

tems．The fixed —pOint arithmetic offers the advantages of 

speed，memory space，cost an d sim plicity over floating- 

pOint arithmeticLl J．However，due to finite—word-length 

(FWL)effects，a performance degradation of the 

closed-loop system usually occurs since the infinite—-pm—- 

cision controller is im plemented using a fix ed-point pro— 

cessor． 

In recent years many results have been repo rted in the 

literature dealing with the issues of controller im — 

plementation．It is well known that there exists an opti— 

real realization of a given controller[ ’31
． so that the syn— 

thesis in these optimal coordinates will minimize a pro- 

posed coeffi cient sensitivity measUl~ or the noise gain 

fi'om round-off effects．A controller designed  without re- 

gard to ∞nnDUer synthesis can then be im plemented in 

an optimal realization for this given controller．It is also 

known that such controllers are not optimal overal1．That 

is，the design and synthesis problems are not indepen。 

den t problems． 

Some improvements are made in[4]，where the fi— 

nite—word-length covarian ce control has been studied ． 

All dynamic controllers which assign state covariances to 

the closed-loo p system ale characterized in the presence 

of quan tization eHor in the control computer and in the 

A／D and D／A devices ．It also presents a gen eral design  

idea，that is， the control problems are reduced to a 

problem in linear algebra． 

It is well kn own  that upper bounds on perform ances 

might be  mole useful than the mole diffi cult task of as— 

signing exact pe rformance【引
．
In many cases．the“sma- 
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straints on covariance matrices[ 
．
In this paper， we 

[ ]=[主荔善][薹量]，c· 
= 【 Ac t 

z (k )
1’J 

= 【cA c 二 ex( k )]’ 

puter(with wordlength )，and ez(k)is the quanfiza一 

]， 
where eⅡ(k)is the quantization error introduced by the 

D／A converter(with wordlength )．Under sufficient 

excitation conditions we can approximate the quanfiza- 

tion errors e (k)， (k)and e (k)to be zero-me~rl 

white noise pmcesses 

= diag ‘qi ⋯]， = ， =q．I， 

respectively，where q (1／12)2一 ，q：=(1／12)2一 ， 

q =(1／12)2一 凡，and is the length of the fractional 

part of the word storing the f—th controller state vari— 

able[41
．  

Define the matrix 

=  

q．1 0 0 0 

0 0 0 

0 0 + V 0 

0 0 0 Tc 

where and V are the covariance of the plant noise 

( )and the measurement noise ( )，respective— 

ly．The closed—loop system is described by 

xp (k+

1

1

)
)]_ 

【 捌蚴+ 

Dp B口Dc 

0 B 

eⅡ 1 I 

I 
n  I， 

e：+ I I 

ex J 

c ： c 。 【 ；]+ 。 。(= [ 
or simply 

(k+1)=(A+BGM)x(k)+(D+ 

(5) 

BGE)W(k)， 

(7) 

(8) 

C=[ 0]， 

] ●●● ●●● j  6  

0  

r ● 【  

／ ： 

+ ， 

、， ， D 

c=； 0 

= 
= 

=善 A w 

维普资讯 http://www.cqvip.com 

http://www.cqvip.com


No．3 On Covariance Upper Bound Control Problem with Vmite-Precision Consideration 473 

0 01，F：[0 Dr 0 0]， 
0 0 0J 

： [ T。 ]T， 

w ： [e e +D eT ]，Y=Yp． 

The FWL covariance upper bound control problem can 

be stated as follows． 

Determine if there exists a controller which stabilizes 

the system and yields an output covariance bo unded  

above by a given matrix n ．Find all such controllers 

when they exist． 

3 M ain results 

Lem ma 1 Let a symmetric matrix n be given． 

Consider the linear time··invariant discrete··time system 

(k+1)=A。ix(k)+B。tw(k)， 

Y(k)= Cdx(k)+D tw(k)， 

where w is the stochastic white noise process with co— 

variance W．Then the following statements are equiva— 

lent： 

1)There exists a stabilizing feedback gain G such that 

lime[Y(k)yT(k)]<n； 

2)There exists a matrix X >0 such that 

X > A。 4 f+ B。fWB cTt
，

C。lXCcf+ D。fWD,Tt< n
．  

Proof See Lemma 6．1．2 of[4]． 

Lemma 2(see Corollary 2．3．6 of[4]) Let matri— 

ces A，B，Q and R be given．Suppose Q=QT，R=RT 

> 0 and BBT> 0
．
Th en the following statements are e— 

quivalent： 

1)There exists a matrix X such that 

(A+BX)R(A+BX)T<p； (*) 

2)Q>0 and B上(Q—ARAT)B上T>0or BBT>0． 

If the above statements hold，then all matrices X satis— 

fying(*)are given by 

X =一(BTQ一 B)一 BTQ一 A+(BTQ一 B)一 ／2￡1 ， 

where L is an arbitrary matrix such that ll￡ll<1 and 

1 垒R_。一ATQ一 A+ATQ一 B(BTQ一 B)一 BTQ_。A． 

Th us the finite-precision covarian ce upper bo und 

problem reduces to the following theorem ： 

Theorem 1 Let a symmetric matrix n be given and 

consider the system (6)，then the following statements 

are equivalen t： 

1)There exists a stabilizing feedback gain G such that 

lime[Y(k)yT(k)]<n； 

2)There exists a matrix X such that 

B上(X—AXAT—DWDT)B上T>0， (9) 

CXCT+F T<n， (10) 

AXAT+DWDT—AXMT(MXMT+EWET)一 MXAT<X． 

(11) 

In this case，all such state feedback gains are given by 

G ： 

一 (BTQ一 B)一 BTQ一 AXMTR一 +(BTQ一 B)一 ／2 l／2， 

(12) 

where L is an arbitrary matrix such that ll￡ll <1 and 

Q△ x—AXAT—DWDT+AXMTR一 MXAT>0， 

1 垒R_ 一 T(Q_。一Q一 B(BTQ一 B)一 BTQ一 ) >o， 

R 尘 MXMT+ EWET
， 

△ AXMTR～
． 

Proof Th e Lyapunov inequality in this case is given by 

X > 

(A+BGM)X(A+BGM)T+(D+BGE)W(D+BGE)T． 

Noting that EWD = 0，the covariance inequality can 

be  expanded  as 

X > 

T+DWDT+BGMXAT+AXMTGTBT+BGRGTBT
， 

where R △ MXMT+ EWET
．  

Since X >0 and there is no redundant sensor(MMT 

>0)，we have R > 0．Hence，we can complete the 

square with respect to BG as follows： 

(BG+AXMTR一 )R(BG+AXMTR一 )T<Q， 

Q ： x—AXAT—DWDT+AXMTR一 MXAT． 

Using Le mma 2，the above inequality is solvable for G． 

Now the FWL covariance bo un ding control problem 

has been converted to an algebraic problem of finding 

matrices X and G satisfying the condition(12)，which is 

given by the intersection of the three sets defined by two 

LM]s(9)，(10)and a Riccati—like inequality(11)．AI— 

though none of them are immediately verifiable，they 

ma y be useful to develop computational algorithms or al— 

gebraically verifiable tests to determine if a given system 

is stabilizable with a finite—precision digital controller． 

As shown in 【4j，the results obtained from this upper 

bo und approach are computable via convex programming 

or some other algorithms． 
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4 Conclusions 

In this paper．we have shown that the FWL covari— 

ance upper bound control problem call be reduced to 

some matrix inequalities problem ．The matrix inequality 

appmach to the control problem essentially derives from 

[6]and[7]，the covariance upper bound control prob— 

lem with fmite wordlength and fix ed-point arithmetic 

considerations，however，is first discussed in this paper． 

For discrete-time systems，there are lots of similar prob- 

lems to be solved，such as LQG control pmblem，H 

control problem，HE control problem，subject to syn- 

chronous or skewed sampling between measurement and 

control，and subject to finite precision computing in the 

A／D，D／A devices an d in the controller state noise with 

variance related wi th the wordlength ． 
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