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Delay-dependent conditions for

input-output energy decoupling of linear delayed systems
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Abstract: This paper presents an input-output energy decoupling method for linear systems with time-varying delay. It is

an approximate decoupling method, under which the energy of every input controls mainly the energy of a corresponding output
and influences the energy of the other outputs as weakly as possible. With delay-dependent approach, the results will be less

conservative than those with delay-independent approach.
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2 9@ AR H (Problem formulation)

Z BT A B AR LR R L

2(t) = Aox(t) + A1x(t = A(2)) + Bu(t),

y(t) = Cx(t) + Du(z),

x(t) = @(t),t € [~ p,0).

(1)
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He x(e) €R*, u(e) ER™,y(t) ER4HHINES
RE, MASHE, m < n,40,4,,B,C,D5FIHE
HHNERMWERES, HdetD £ 0.0(t) B—1
HENABEVIEER, () BRRLKOE 6T,
HO<h(t) cp< o,h(t)<sd<l,p,d IHE
]I RRE R WS A RIER R
u(t) = Fx(t) + Gv(r), (2)
FERAR RS
{x(t)=(A0+BF)x(t)+A1x(t—h(t))+BGu(t),
y(t) = (C + DF)x(t) + DGv(t)
(3)
B AT — % A B9 BB B o5 B4 1 X I A — i A B
fEE, MM EEHMEEENE T/, K
v(t) E R® W EMEHHRGEMA,F,G R E
BHMNERMEEERE. LR A- i B R
BAAMKR . FK FER™,GE€ R, HE

{J;y?(t)vi(t)dt > a,-j;ﬂ(z)vi(t)dz,

V=0, 9 = 0(j # i), i=1,2,,m,

(4)

{j{ﬁ(:)yi(z)dc < B T,

Vr=0, vy = O(J = 1), 1 =1,2,,m.

(5)
Kt 9.(0) € R™ 'R y(¢) PR . (¢) Sr BESM RO BT
FHESBEHARORE, o, 0 NAEHERE.

AXHMA-BLEEMABEESRET Rosen-
brock BT AR F 4k 7 B B IR LR HE B AR, B R RO oK
fEd AT A R X & (4), (S MRE. B EE RS
MEBEEHERAGRITTHNEESH, LT EHELK
BE R & R REM S R R ETEIR ETE .

EX 1 MFEANTRHEMHNARERHRS
(1), REHEES F,C,MEFKRMHQ),(5), HARN &
SRR E R KRR A B EEE (a,B | F,
G) fRFER .

3 FELE (Main results)

T BA AR LR R (1), iR HE
A5 R EN, W (2) T & R (LA AR
B4y, B u(e) = Go(e). sBd, ARG (3)AEN

{x(t) =Agx(t)+A;x(t-h(t)) +BGu(t), 6)

y(t) = Cx(t) + DGv(z).

EE 1 BAMER LM RLE)

A-Hi HEEE (a,B 1 0, G) EHEHY , W RFEEER X,
Yi > O,X,;,', YL_, > O,L = 1,2,"',m,j = 1,2,3, %/@

[ Ry iXA§ XAl 0 | Bg;-X,CT ]
AoX; i - Xn 0 0o 0
AXii 0 -(1-d)X, O | 0
E : < 0,
0 1.0 . 0 X8 Be
g}.BT.— o 0 TnT 2a,-(Dg; +
L cx, : Ty
(7)
Ry = X;(Ag+ AT+ (Ag+ A X; + 124 (X + X + Xi3) AT,
(8)
[ Ry YA] YA] 0 Bg YCTT
AY, - Yy 0 0 0 0
A%, 0 —(1-d)Y,; 0 0 0
0 0 0 ~Y; By, O |<0O,
BT 0 0 gBT _ g ¢
Ly, O 0 0 Dg _Bi%l'
(9)
Ry = Yi(Ao+A1)T+(A0+A1)Yi+,u?'Al(Yil+ Yo+ Yi3)AT-
(10)

Hep g, €ER"FFR CHiF,C € R FER C
FRC AR RETRBEARNER,D, €
Rm-Dxm 258k D RER D AT BTE R EfTREYH
R AERE.
iE ETRZ%G6) WE—THEA (), R5(6)
AN TRTFRE
%;(t) = Aox;(t) + A1 %, (e - h(2)) + Bgwi(2),
yi(t) = Cxi(t) + Dgﬂ/i(t)s
i =1,2,-,m.
MELERGENEBMEE, y = y1 + Y2+ " + Ym-
HTFEUTHHESIBRPHERIMEIFETR
G, AR E(BENTFTIHRRER), BEHE 2,y 8
F 4% . # A Leibniz-Newton 223, % F ¢ = h(t),
0

2= (D) = 2() = [ 4G+ 6)d6 =

#(0)=]  [Aox(t+8)+Ayx(t-h(2)+6)+
—h(1)

Bgw,(t+6)]d6.
ERFRETFM N

£(1) = (A0+A1)x(t)—_rih(l)Al[on(z+6)+A1x(t—
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h(t) + 6) + Bgw,(t + 6)1d6 + Bgw;(t),
y(t) = Cx(t) + Dgw;(t),
x(t) = W(t),1 € [-24,0).
KB w() B— A ES R By m 5. s =k
BRI ¥
Vilt,x) = x"(e) Pa(s) + Mi(t,z),

M(t,2) = j‘iu[j"wa(s)Pi,x(s)ds .

11
j () Pox(s)ds +
t—h(e)+ 8

J,;wvrf(S)P,gvi(S)ds]d@,
MA(t,x) =
pa () (P4 Pip)x(t) 4+ 10T(s) Piaw, () -
[ T 0) Pax(es0) s LRG0 ™ (0)
0) Piax(t—h(t)+6) + vT(t+0)Pyv; (£ +8)]d0,
W (t,2) = 27(2)Qu(t) + Ni(s, %),

Ni(t,x) :J-(i#[j(ijT(S)an(s)ds.;_
f’_h(,)+8xT(s)Qi2x(s)ds +

_[’ 8”?(5) Qi3v,(s)ds ]d@,
Ni(t,x) =
() (Qn+ Qi) x(t) +p07(t) Qizv; (1) —

[ a7 (646) Qua(e48) +(1-h ()2(c - k(1)

0)Quax(t-h(z)+6) + vT(t+6)Q5v,(t+6)]d6.
ﬁqj Pi’Qi > O,Py,Qy BO,I, = 1,2,"',m,j = 1,
2,3.%F V, (¢, z) REHE S %

Vi(t)x) =

xT(t)[(A0+A1)TPi+Pi(A0+A1)]x(t) +

2x"(t) PBgw,(t) —j(ih(')ZxT(t)P,-Al[on(tHﬂ +
Arx (- h()+6)+Bgw,(1+6)]d6+ M, (x,1) <

2 () (Ag+A4,) P+ P,(Ag+A) 1x(2) +
2xT(t)Pl-Bg,4)i(t)+,wcT(t)P,'A1(]zl+.L'2 +

(0]
]i3)ATPix(t) + Mi(x,t) +J.

(!)[xT(t +
H)Ag]ﬁlex(t+6?)+xT(t—h(t) +
OATIZ Arx(e-h(£)+6) +
vi(t+6)gIB" 7 Bew, (¢t +6)]d6.

19 %
ﬁl:*:l Jl_r > Oyl = 1’2)'”)’77')]. = 1’2)3- é'\
_ 1 _
Py = AJJ' Ao, Py = 1 dA,ll‘]iZIAI’
Ps = gr{BT]i_slBgi,
me
Vi(t,x) - 2}’?”;‘ + 20!;’"?%‘ =

xT(5)[(A0+A1)TP5+P;'(A0+A1) +
tPA(Ja+Ja+J3)ATP; & w(AG T Ap +

— 2 A1TE A1) 12(1) +22"(0) (PBgi- CTvi(2) +

vi(e)(ugIB" I3 Be; + 2a - Dyg, - gDV v (1) <

()" rx(e)
[VL(Z)J S[vi(i)].

Hrh
S, PBg; - C*
S = TBT L_IB .+ ’
gBP - ¢ M Ta B

' 2ad - (Dig; + g1DT)
S = (A0+A1)TPL'+P£(A0+A1)+,uPiAl(fi1+]i2+

]zs)A?Pi+#(Ag]i_11Ao+1 _1 dATszlAl)-

A -1 1 1 1

X =P, X, = #Jil’XiZ = #Ji2,Xi3 = H"”m“
HRM(T), ()R BT, &5 e AS sk

Vit,z) - 290, + 220%; < 0.

XTHMN OB « B, M AR &L, TLET
Vilr.x(0)) - [ 2yl - 2a0hds < 0,
B, XA « =0, BF
J;y?vidt = aiJ-(:v;Fv,-dt.
[F] 38 o] 5
W.(t,x) <
xT(t)[(A0+A1)TQz+Qi(Ao+A1)]x(t) +
2xT(t)QiBg{”i(t)+/“7T(t)QL‘AL(KEI +
Ky + Ka)ATQu(t) + Ny(x, 1) +
Joh( )[xT(t+6)AgK,-'11A0x(t+0) +
' (t-h(t)+0)ATKZ A 2 (t—h(2)+6) +
vr{(t+0)g?BTK{313g{Ui(t+9)]d6.
ﬁq:l Ky > O,L = 1,2,'“)m!j = 1’293- /:}'\

- 1 -
Qi = AJK' Ao, Qi = 1_ d-A;rKizlAl,
Qs = gB"K3'Bg,,
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mA Tor Tor
()77 (1) L?i?idt < .Bijovividt-
1 it , . BN, 0(t) = OB, B = YREEH V. (¢,x) B W. (¢,
W.(z,x)- B2l + B8 %19 vie) | | w(e)], ’ ’ A '
() -Fron+ £79.9: < 1 1 x) YE4 Lyapunov B ¥, 1R 5 Wik,
,BiZYi ‘Bizyi Vi(tsx) < Os Wi(tsx) < O,
e ) BIZEAE(T), (8)5(9) , (10) AT 4FE R Ge o 588 2 . 52
T, Q.Bg; CT FRFEIE
7 - | 870, 1g"BTK5 Ba,— g2 g7 |, T B B AR A A O LR A R 5 (1), IR
) ) , 2 B R R S G, — b L T B A B A -6 L B
Ci D: g - BH EA R, R RERBRAERE(), REBER
Ty = (Ao+A)TQ;+Qi( Ao+ Ay) + QA (K + Ky + 1 77 SR iR 1 H 85 A5 5 45 o 50 20 66 2 40 4% . 3 B
Ka) ATQu e ATKR Age s ATKG A, SHERIHHERER, B TEA S F RS K%
- VR AT RE SRR OMR SR | BN A S BT LA RS R
&Y = Q7Y = iK,-l,Yiz - iK,-z,YB - iKg, R A2 5 ST UM A6t BB R AR AR 10 R 4, 9T

24 414 (9),(10) Sz A, 2 A SR
W.(r,%) - 2ol + 673579 < 0.
STHM 0 B + B4, R T@H &4, 7T LI5S
Wi(r,x(r))+ﬁ(ﬂi'%9??yi—Bi%v%i)dt < 0.
B, XFE r=0, BF

FRFE, A RER L EER. TEERANAR
R R A S i) BB A R A1 R

EE 2 BRANENHMKENERE()HN
WA-FHER (a,B 1 F,C) BB, WRFEER
ZBRHEEX >0,X;,Y; >0,i=1,2,,m,j =1,
2,3, 2

i Ry xA$ XAT 0 Bg; - XCT - Z™DT
AoX - X4 0 0 0
A X 0 -(-d)%x, 0 0 < 0, (11)
0 0 0 - X3 Bg;
Lg'B" - CX -DZ O 0 gBT 2a; - (Dg; + giD7)-
Ry = X(Ag + A" + (Ao + A))X + Z'B™ + BZ + 124, (X + X + Xi3) AT, (12)
[ Ry XA XAT 0 Bg; XCT+ Z'DT
AoX - Y, 0 0 0 0
A X 0 -Q-d)y, 0 0 0
0 0 0 - Y3 Bg 0 <0, (13)
g8 0 0 g -1 g
Cx+Dz 0 0 0 D - ‘8,-%1 i}
Ry = X(Ag + AT + (Ao + ADX + Z'BT + BZ + 124, (Y + Yo + Y3)A]. (14)

Hip g €RERGCHiF,C € RV %R C
HE C TN TR R EfTmBARNER,D, €
Rm-Dxm %R D R D, M BTAE R EfT MR A
BEERE. BRERIBERER
F = zx\. (15)
it BEBRINATHFRERG). 2 X, =Y,
=X,i=1,2,,m,Z = FX, BMEA&EHE.

4 EB(Ilustrative example)
% R EA AR EORENERSE), KT

-0.4 1.0 0 0.5 O 0
Ao=[ 0.2 0.3 —0.2:|,A1=[0.6 0.8 0:|,
0 0.5 -1.0 0 0.4 0.3
1.0 0.5
=03 ol e [10 08 1)
0 0.6
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0.4 0.2

0.2 0.7
KEPREFARARE, THHEHE 2ER#E. B
EHM&AMAH p=0.5Ba =a,=1.0,8 =8 =
1.0, SREBLHEEEAERQD)M(13), 7175

D - ] h(t) = 0.25 + 0.25 % cos(1).
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5 &5 (Conclusions)
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