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Robust H-stability of Hopfield neural networks
with impulsive effects and design of impulsive controllers
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Abstract: This paper studies the robust H-stability (e.g. in the sense of Hopfield) for Hopfield neural networks ( HNN
for short) with impulsive effects. By employing the method of Lyapunov functions and Riccati inequality, some sufficient con-

ditions for robust H-stability and robustly asymptotical H-stability are established. On the basis of these resulis, the author also

designs some impulsive controllers to stabilize HNN. Finally, one illustrative example is given.
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1 Introduction

Hopfield neural networks (HNN)!'2) has been exten-
sively studied in recent years. There are many stability
results of HNN in literatures such as [3 ~6]. HNN has
also been applied to associative memory, model identifi-
cation, optimization problems, etc. HNN used today
can be classified into two kinds: continuous HNN and
discrete HNN. However, sudden and sharp changes oc-
curred instantaneously in this kind of neural network sys-
tems can not be well described by using pure continuous
HNN or pure discrete HNN models. Therefore, it is im-
portant and, in effect, necessary to introduce a new type
of neural networks. That is neural networks with impul-
sive effects, which can be used as an appropriate de-
scription of these phenomena of abrupt qualitative dy-

namical changes of essentially continuous time systems.
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Literatures [7 ~ 11] have established a series of stability
results for impulsive systems. Literatures [12,13] have
discussed the measure-type impulsive neural networks.
This paper aims to study the stability of HNN with im-
pulsive effects.
2 Problem formulation

The HNN with impulsive effects considered in this pa-
per can be described:

dui U §n1
Cl- ds =_R[ + ;legj(Uj) + ]L”
i = 1;21"';71; g < 1 < tkyrs
Au(ty) = u(ef) - ule) = (ule)), t = &,

(1)
where the impulsive time instances { ¢;} satisfy 0 < tp <

1 << o, limg = ©,$. € C[R",R"].
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Let E the set of all equilibrium for system (1),e.g.
E = {u% = Z;Tijvj"' I ¢k(u) =0,
13 7=

1= l,2,"',n, k= 1,2,}

f
Denote p(u,E) —

lgg{ Il w — x|l | as the distance

from u to set E.
Definition 2.1'¢!
ble (e.g. stable in the sense of Hopfield) if for any

System (1) is said to be H-sta-

8 >0, and up € S,;i{u: |l wll < &}, the solu-
tion u(t, g, up) of (1) satisfies
olult,to,up), E) =0, when t - .

Remark 2.1 In effect, from the Definition 2.1,
the H-stability of (1) is the attraction of set £. Hence,
the H-stability is different from the L-stability (e. g.
stability in the sense of Lyapunov). But it has been ap-
plied to many aspects such as associative memory, mod-
el identification, optimization problems, etc. So it’s
significant to discuss the H-stability for HNN or HNN
with impulsive effects.

Remark 2.2 If the author considers the relation be-
tween H-stability and L-stability for HNN with impulsive

du;
effects, and let x; = -a%,z =1,2,-,n, then (1) can

be formulated as follows:

dz; _

ATy
xl
dt __CL-RL-"';C

i
g (u)x;,

VI b K0S Ly (2)
Ax(e) = x(17) - (1) = ng(x(tk»,

= 1,2, 2(15) = xo.

[ =1,2,
T

where ¢, € C[1&",i%"], ¢ can be determined by trans-

du; .
formation x; = Gu? and functions ¢,k = 1,2,---, and

@ (0) = 0.

It is not very difficult to see the L-stability of (2) im-
plies the H-stability of (1).
needs to pay the attention to L-stability of (2).

Because the neural cell functions g;(i = 1,2,

Hence, the author just

—n)
are nonlinear, it is difficult to obtain their formulations.
Suppose that the author just knows their boundary .

Let | gi( u) <
2,--,n. Considering this case, from (6], the author

7:» 7; be positive constants, ¢ = 1,

knows system (1) is dissipative in the following set.

Q:

" 2
{u 2. 1L[|u| %(vIT |7]]‘Ri+|1i|Ri)] <
1[1/% i

S 43S e ]

In the following, it just needs to consider the stability
problem of (2) in the region 2. Denote

def
p;j_mf{ g]( )}

def i y
qj :lel { ( ) }
and

A€ N[P,Q] =

{(aij) € R™":pj < ay < g5,1,j = 1,2,-,n},
where P = (pi)aynsQ = (gij)nxn € R™". By Lem-
ma2.1in[14], A = Ay + EXF, where

AO = %(P'F Q),

H = (hlj)nxn = %(Q_P)ZO’

SEst -
(3 € RS = diag (ey,

’eln"”’enl’”.’em)’

Ieljlgl;i,]‘=1,2,”',n}7

E - ET= diag{z;hlj72h2f7.“’2hij}’
j= j=1 =1

FT. F = diag{Ehjlthﬂy”'thjﬂ}'
j=1 Jj=1 Jj=1

Hence, the system (2) becomes an uncertain HNN with
impulsive effects:

jf_(D+AO+E2F)x,tk< t < oty
Ax(y) = x(tf) - 2x(t) = g (x(8)),
k = 1v2v'”7 x(tG) = Xp- (3)
where matrix
: 1 1. 1
D = dlag {_ ClRl’ - Cszy y = C"Rn}.

Definition 2.2 The HNN (1) with impulsive ef-
fects is called robustly H-stable, robustly asymptotically
H-stable if for any A € N [P, Q], the equilibrium
z = 0of (3) is L-stable, asymptotically L-stable, re-
spectively.

Definition 2.3 Let V: R
said to belong to class vq if

*x R* = R*, then Vis

1) Vis continuous in (#;,¢;,,] x R" and for each x
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€ Rk = 1,2,--, lim

Ceoy)— ey %)

V(t,y) = V(t},x)

exists;

2) V(t,x) is locally Lipschitzian in x.

The author denotes by K the class of functions
¢:R*— R* which are continuous, strictly increasing
and $(0) = 0,K, the class of continuous functions
V¥ :R*— R* such that ¥(s) = Oif and only if s = O,
and PC the class of functions ¢ : R*— R*, where ¢ is
continuous everywhere except £, (k = 1,2,*-) at which
@ is left continuous and the right limit ¢ (¢} ) exists.

3 Main results
3.1 Robust H-Stability for HNN with impulsive
effects

Lemma 3.1 LetS € 37, Then for any positive
constant A and for any £ €& lﬁi"z, VS R"z, the inequality
holds:

26873 < A7'ETE 4 ATy (4)

Proof Using the Schwartz inequality and 3 - 37 =
3T . 3 < [, The authar can easily get (4).

Theorem 3.1 Assume that there exist constants
> 0,a and a positive definite matrix X such that

1) there exists a powithO < pg < p such thatz € S,
implies that x + [, (x) € S, for all k € M.

2) the Riccati inequality holds:
X(D+Ag)+(D+A0) " X+ 'XEE"X + uF'F < oX,

(5)

3)  (m+ () X+ ou()) <

Wk(x'IEXxk)» (6)
where ¥, € Ko, %, = %(t;), k € N.

4) there exist constants ¢ > 0, 74, & € N, such that
for all z € (0,0)
¥, (z)

z

){a(lkH - t4) +In }S— Ye. (D

e
Then system (3) is robustly stable in the sense of Lya-
punov if ¥, = 0for all £ € 1Y, and asymptotically stable
if in addition 2, ¥, = + ®.

k=1

Proof To prove this theorem, the author only needs
to testify that all the conditions of Theorem 2.1 or Theo-
rem 2.2 in [10] are satisfied. Let V(z,%) = »" Xx.
Clearly, V belongs to V, and

() - 212 < Vg 2K - N2 ]2, (8)

where A ;,(X) 5 A, X) is the minimum and maximum

eigenvalue of matrix X.

Let a(s) = App(X) » sand 5(5) = Agin(X) * 5%,
s € R, thena,b € K, such that

b(llxll) < V(e,2) < alll2ll), (9

where (1,x) € R*x S,.

Using Lemma 3.1 and condition 2), for some z > 0
and any t € (t;,1;.1], the author gets

D* V(t,x) =

x"((Ag + D)"X + X(Ag + D))x + 22" XESFx <

x"((Ag + D)'X + X(4o + D) +

,u_lXEETX + ,uFTF)x <

a-x'Xx = a- V(t,x). (10)
Hence, if @ = 0, then by Theorem 2.1 in [10] and the
condition 3) and 4), the author can conclude that this
theorem is true. If @ < 0, then by Theorem 2.2 in [10]
and the condition 3) and 4), then this theorem is true.

In the following, the author considers the HNN with
linear impulsive effects. The corresponding systems can
be described as:

% = (D+A0+EZF)x, I < t << tgsas

Ax(t) = Byra(ty), k=1,2,, x(18) = xo.
(11)
where matrices B, € R"**"*, k &€ 1Y all are constant matri-
ces.
In order to obtain the robust stability results for (11),
the author first introduces the following lemma.
Lemma 3.2 Let X € R"™" be a positive definite
matrix and ¥ € R™*”" a symmetric matrix. Then for any
x € R", the inequality holds:
2TYx < A (X71Y) - 2T Xx. (12)
Proof Since X is a positive definite matrix, there
exists a nonsingular matrix C such that X = C"C. De-

note J = ;TT )}(/: . Making a nonsingular transformation z
= Cx, then
= zT(C"l):‘Y(C—l)z <
zZ 2z
A ((CTDTY(CTY)). (13)
Moreover

(cH'v(cH)Y=c-ct-(cHvc! =
c-x'v-c,

hence,
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Ao (X7Y) = A ((C7D)TY(CT)). (14)
By (13) and (14), the author knows (12) is true.
Theorem 3.2 Assume that the assumptions 1),2)
of Theorem 3.1 hold. Suppose further that
5) denote B = An(X71(1 + B)TX(I + BY)),
there exist some Y, such that
alty,; - ) + Inf <- 7, kEN. (15)
where 7 is the identity matrix.
Then system (11) is robustly stable in the sense of
Lyapunov if 7, = 0 for all ¥ € N, and asymptotically
stable if in addition Zn) Y =+ ™.

k=1

Proof 1Iet V(¢,x) = x"Xx. Then, from the con-
dition 2), the (10) still holds. Moreover, by -using
Lemma 3.2 and 5), the author gets

V(ti,xt) =23 (1 + B)"™X(T + B <

B+ 22Xy = B+ V(ty,%). (16)
The following proof is similar to that of Theorem 3.1,
the author omits it here.

The above results can also be used to HNN with no
impulsive effects. the author gives the following corol-
lary, which is not difficult to be proved by using Theo-
rem 3.1 and theorems in [15].

Corollary 3.1
tions holds,

1) there exist constants # > O and a > O and a posi-
tive definite matrix X such that the Riccati inequality
holds:

Assume one of the following condi-

X(D + Ag) + (D + Ap)'X +
p Y XEE'X + pF'F < - aX. (17)
2) there exist constants # > 0 and ¢ > O such that
there is only a positive definite matrix X satisfying the
Riccati equation
X(D + Ag) + (D + A))™X +

p Y XEE'X + uF"F + el = 0. (18)
3) D + Agis Hurwitz matrix and satisfies
W F(sI - D - A))'Ell » < 1. (19)

Then the HNN (2) with no impulsive effects is robustly
asymptotically L-stable and (1) is robustly asymptotical-
ly H-stable.
3.2 Impulsive controller design for HNN

By approaching Theorem 3.2, the author can design
the impulsive controller Ax(#;) = By, for HNN so that

the HNN is robustly H-stable and robustly asymptotically
H-stable.
Theorem 3.3 Assume that o is the smallest real
number satisfying the Riccati inequality
(D + A))"+ (D + Ay) + EE" + F'F < al.
(20)
Then, the impulsive controller Ax(t,) = B, that en-
sures the HNN (1) robust H-stability ( robustly asymp-
totical H-stability, in this case: z") Yy =+ %) can be

k=1

designed according to the following laws:
max {I 1 +Amin(Bk) I’ 1 +Amnx(Bk) Il =

e T )y, 2 0, kEN. (21)
Proof In the Theorem 3.2, let X = I, then the au-
thor can get the results.
In order to design and use conveniently, let
B, = diag (dy1.dia." " din), kK € N.
That is to say, the author simply sets Ax;(t}) =
dix;(2,),i = 1,2,"**, n, and can ensure the H-stabili-
ty for HNN (1). From Theorem 3.3, The author can
get the following convenient impulsive controller for
HNN (1).
Corollary 3.2 Suppose (20) is satisfied. If
114 dy | e 20 a=t)+7)
Y =0,i=12,",n, kEN,
then impulsive controller Ax; (¢}) = dpx;(8;),i = 1,
2,:*, n, can ensure the robust H-stability for HNN (1)
and robustly asymptotical H-stability for HNN (1) if in

n

(22)

addition Y =+ .
k=1
4 Example
Consider a HNN:;
du 1
Cl—d—tl =- Eu1 + T11g1(u1) + Tugz(uz) + 1,
du2 1
C;3" =- 5w+ Tngiur) + Tpga(uy) + b
dz R,
(23)
where
Lol 1a
C; = 2,R,-— 3,1_1,2,
qii =3’ Pii =_1’ i = 152;

P =-3.5 g2 =3, pp =-3, g =4,
then



http://www.cqvip.com

172

Control Theory & Applications

Vol.20

(D +A)" + (D + Ay) + EE" + F'F =
0.75 0.25
(0.25 0.75)

is a positive definite matrix.

Now the author designs the impulsive controller
Ax;(t}) = dyx; () ,i = 1,2,-+, n, for (23) by us-
ing Corollary 3.2. In this case, it is easy to geta = 1
= 0, let

=

and for any 7,
1 _ 1
-1 -e Z(thl tk+yk) < dk' -1+ e_Z('k+l_tk+yk),

(24)
then (24) can guarantee the robust H-stability of (23)

I = 1121“'771'1

with impulsive effects Ax(t}) = B (t;), where
Bk = dlag (dkl! dkz,"' ,d/m), k e B.\\][

If, in addition, 27,, =+ o, then, (24) can also

k=1
guarantee the robustly asymptotical H-stability of (23).
5 Conclusions
In this paper, the author has formulated and studied
the Hopfield neural networks with impulsive effects. By
establishing the relation between H-stability and L-stabil-
ity and employing the method of Lyapunov functions and
Riccati inequality, some sufficient conditions for robust
stability and robustly asymptotical stability in the sense
of Hopfield are established for this kind of HNN with
impulsive effects. On the basis of these results, the au-
thor has designed some impulsive controllers to stabilize
HNN. In addition, the robust stability results for HNN
obtained in this paper can be extended to general uncer-
tain impulsive systems. The author will discuss them in
future papers.
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